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Abstract
Fluid-driven fracture initiation from oil and gas wells is examined in detail. The
dissertation covers three subtopics: drilling, completion (stimulations), and post-blowout
capping-induced fracture initiation.
Drilling-induced tensile fractures (DITFs) are located in an azimuth orthogonal to
wellbore breakouts and are observed from image logs obtained during drilling operations.
Fully analytical criteria for the orientation of DITFs initiating from wells in porous,
permeable media are derived considering fluid infiltration from a pressurized wellbore.
DITF orientation (longitudinal or transverse-to-the-wellbore) is used to constrain the
magnitude of the local maximum horizontal principal stress. The range of the possible
stress states is indicated on dimensionless plots vis-à-vis a given DITF orientation and insitu stress regime.
Completion-induced hydraulic fractures (CIHFs) are initiated from perforated wells
during stimulation practices, aimed at improving the permeability in the near-wellbore
region. For application in low permeability formations, such as shale reservoirs, transverse
fractures are more desired from a productivity perspective. A horizontal well with multiple
transverse fractures outperforms the same horizontal well with a gigantic longitudinal
fracture. Closed-form analytical approximations from the literature for the longitudinal and
transverse fracturing stresses are modified to incorporate pore pressure effects and then
used to develop a criterion for the orientation of fractures initiating from perforated wells.
The validity of this criterion is numerically assessed and found to overestimate transverse
fracture initiation, which occurs under a narrow range of conditions; when (i) the formation
tensile strength is below a critical value, and (ii) the breakdown pressure within a
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“window.” At a known breakdown pressure, the fracture initiation pressure can be
determined semi-analytically.
Following blowouts after mismanaged loss of well control situations, tensile
fractures can initiate during capping stack shut-in. Upward propagation of these fractures
can provide a broaching pathway for reservoir fluids towards the seafloor leading to an
ecological disaster. Being able to predict fracture initiation, a-priori to post-blowout
capping, thus preventing broaching from taking place is of considerable importance.
Capping stack shut-in procedures can be optimized using the post-blowout discharge
flowrates. A deepwater Gulf of Mexico case study is performed, extended to a
comprehensive stability analysis of the casing-cement sheath-rock formation system.

xxx

Chapter 1. Introduction
Fluid-driven fracturing during the lifetime of a well – whether intentional or
circumstantial – is a major research topic for petroleum engineers. Fractures induced
during drilling visible from image logs can provide insight on the local in-situ stress tensor
and hence the subsurface stress regime. Hydraulic fractures induced during stimulation
treatments provide a pathway for hydrocarbons to reach the wellbore in low permeability
formations. At the same time, however, loss of well control can lead to situations where
fracturing from the drilled, openhole section of the wellbore can provide a pathway for
reservoir fluids to broach to overlying formations, surface or the seafloor.

1.1

RESEARCH SCOPE AND OBJECTIVES
In this dissertation, fluid-driven fracture initiation is examined analytically and

numerically for drilling, completions (during stimulation treatments), and loss of well
control situations. The goal is to improve our understanding on fracture initiation in porous,
permeable media considering the influence of key independent variables, such as the insitu stress state, (geo)mechanics, and fluid properties. The primary objectives of this
research are the following:
•

Derivation of closed-form analytical orientation (longitudinal or transverse) criteria
for tensile fracture initiation during drilling and completions from non-perforated
and perforated wells, respectively, and analysis of tensile fracture initiation from
loss of well control events.

•

Numerical assessment of the orientation criterion for fracture initiation from
perforated

horizontal

wells

developed

approximations.
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using

closed-form

analytical

•

Validation of the analytical and numerical approaches using laboratory-scale
experiments from the literature.

•

Development of a robust modeling approach for a-priori prediction of the
orientation of fracture initiation and the fracture initiation pressure from perforated
wells if the in-situ stress state, rock mechanical properties and perforation geometry
are known.

•

Application on case studies on hydrocarbon-bearing shale plays, namely the
Barnett, Bakken, Fayetteville, Haynesville, Niobrara, and Marcellus in the United
States, and Vaca Muerta in Argentina.

•

Development of coupled reservoir-geomechanical workflow for fracture initiation
prediction, during post-blowout capping applied to typical deepwater Gulf of
Mexico (GoM) parameters.

2

Figure 1.1. Chronological series of the literature milestones for the topics of fluid-driven fracture initiation studied: drilling,
completions (stimulation), and loss of well control.
3

1.2

DISSERTATION OUTLINE

1.2.1 Structure
This dissertation consists of nine chapters. The content of each of the following
chapter is summarized below:
Chapter 2 reviews existing literature dealing with fundamental rock mechanics
concepts influencing fluid-driven fracture initiation. The governing and constitutive
equations of the linear elasticity theory are presented along with the modifications made to
extend to poroelasticity. The subsurface in-situ stress regimes are reviewed based on
Anderson (1951)’s faulting theory and the stress states possible are indicated considering
the frictional limits (compressive failure via shear fault slippage). The stress state in the
near-wellbore region are shown for poroelastic media and fracture initiation resulting from
exceeding the tensile failure criterion is discussed. Chapter 2 provides the fundamentals on
which this research is based. The chapters following Chapter 2 focus on research questions
and the individual scenarios of fracture initiation that occur during the lifetime of a well
(drilling, completions, and loss of well control).
In Chapter 3, derivation of a fully-exact analytical orientation criterion is presented
for drilling-induced tensile fracture (DITF) initiation from non-perforated wells in porouspermeable rocks, considering fluid infiltration from the wellbore. The orientation of DITFs
from a well can be used to constrain the local in-situ tensor. Thereafter an orientation
criterion is developed for completion-induced hydraulic fracture (CIHF) initiation from
perforated wells using closed-form analytical approximations for the longitudinal and
transverse fracturing stresses from the literature, modified to incorporate pore pressure
effects. Transverse CIHF initiation is found to occur when the breakdown pressure is
within a certain range (“window”). The analytically-approximated criterion is applied on
4

seven shale plays (Barnett, Bakken, Fayetteville, Haynesville, Niobrara, Marcellus, and
Vaca Muerta). Results indicate that transverse CIHF initiation is the likely outcome in six
out of the seven cases (excluding the Vaca Muerta Shale).
In Chapter 4, a true-3D numerical model written in FLAC3D – a finite volume
simulator for geomechanics-based problems – is used to assess the validity of the
analytically-approximated orientation criterion for fracture initiation from perforated
horizontal wells. The numerical results indicate that the analytical approximations
overestimate transverse fracture initiation, which is a rarity compared to longitudinal
fracture initiation. In addition to the breakdown pressure window a second constraint to
transverse fracture initiation is observed – the critical tensile strength. Formation tensile
strengths above this magnitude cannot yield transverse fracture initiation at any breakdown
pressure value. The frequent occurrence of longitudinal fracture initiation leads to
tendencies for fracture reorientation in the near-wellbore region. This in turn causes nearwellbore fluid tortuosity, which triggers completion and production-related problems.
Chapter 5 presents a procedure for the development of a correction factor set for
the closed-form analytical approximations presented on Chapters 4 (slightly more
simplified to those presented in Chapter 3) to make them match the exact numerical
solutions. Then the resultant semi-analytical modeling approach (numerically-developed
correction factors to closed-form analytical solutions) is used to predict fracture initiation
pressure and the orientation of fracture initiation expected for an application example on a
Barnett Shale case study.
In Chapter 6, the semi-analytical modeling approach presented on Chapter 5 is used
to develop correction factor sets for the seven shale plays used in Chapters 3 and 4. Hence,
a comparative study is performed on the same seven shale plays (Barnett, Bakken,
Fayetteville, Haynesville, Niobrara, Marcellus and Vaca Muerta) to assess the use of
5

oriented perforating either for the promotion of transverse fracture initiation, or when this
is not possible, minimize the initiation pressure for longitudinal fracture initiation.
Chapter 7 investigates fluid-driven fracture initiation following loss of well control
situations, like that resulting in a blowout. These are tensile fractures initiated during postblowout capping procedures. Quantitative information from the preceding post-blowout
discharge period is used to indicate fracture initiation, or lack thereof. A workflow is
developed to optimize multi-step/“incremental” capping stack shut-in strategy in regards
to the number of steps and the duration per step, such that fracture initiation is prevented.
The workflow was applied on a hypothetical case study on deepwater GoM.
Chapter 8 presents analytical modeling of the stress distribution of a casing–
cementing sheath–rock formation system. The stress state within the casing walls is
modeled according to existing relationships for linearly elastic thick-walled cylinders,
while the stress state within the surrounding rock formation is given by existing
relationships for the vicinity around a pressurized cylindrical cavity in a porous-permeable
medium, as in Chapter 3. The stress state within the cement sheath is dictated by
experimental results from the literature. The impact of the extreme stress variations taking
place during loss of well control situations (post-blowout discharge and capping stages) is
examined via a hypothetical case study using numbers typical to deepwater GoM (same as
in Chapter 7).
Chapter 9 summarizes the general findings of the research questions and hypotheses
investigated in this dissertation and presents conclusions in light of the overall concepts
developed and explored in this dissertation.
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Figure 1.2. Flowchart of illustrating the dissertation’s structure, the topics it comprises
and their interrelations.

1.2.2 Notation, Units, and Sign Convention
General terminology and units from the petroleum industry is used. A full list of
the symbols used and their definitions is presented in the Nomenclature section. Appendix
A presents the conversion factors between the SI/metric and oilfield/English units.
Contrary to most texts on engineering mechanics where tension is assumed to have positive
direction, rock mechanics considers compressive stresses are positive. In this research all
equations are presented with the compressive stress component being positive, consistent
with existing literature in petroleum geomechanics.

7

Chapter 2. Rock Mechanics and Fracture Initiation Fundamentals
An accelerated interest in unconventional shale exploitation using hydraulic
fracturing brought about detailed studies of the rock mechanics. Many of the ensuing
developments applied classic fracture mechanics. This chapter reviews the basic principles
of rock mechanics and the major themes of the existing literature on the geomechanics of
compressive and tensile fracture initiation, important for the exploration of the research
questions and hypotheses investigated in this dissertation.

2.1

ELASTIC BEHAVIOR OF ROCKS: GOVERNING EQUATIONS

2.1.1 Continuum Mechanics for Solid Materials
Continuum mechanics refers to the sublet of mechanics, which deals with the
mechanical behavior of a continuous mass as opposed to separate particles, developed by
the French mathematician, Augustin-Luis Cauchy during the 19th century.

2.1.1.1 Stress Tensor in 3D Space
Considering a solid mass element in an orthogonal coordinate system comprised of
three, mutually-orthogonal directions 1, 2, and 3, all stresses can be grouped together in a
matrix, 𝑺, such
𝑆11
𝑺 ≡ [𝑆21
𝑆31

𝑆12
𝑆22
𝑆32

𝑆13
𝑆23 ]
𝑆33

(2.1)

where the diagonal corresponds to normal stresses and off-diagonal terms represent shear
stresses. Figure 2.1a shows the graphical representation of the 3D stress tensor. Assuming
8

angular momentum equilibrium, where the solid element is not spinning around any of the
three axes, makes off-diagonal stresses symmetric, thus 𝑺 becomes symmetric with respect
to the diagonal.
Every tensor containing non-zero off-diagonal terms (as in Eq. 2.1) can be
simplified to a tensor with its eigenvalues on the diagonal and zero off-diagonal terms at
orientation in the 3D space, which coincides with the eigenvectors (Figure 2.1b). For a
symmetric 𝑺 composed of real values, three eigenvalues can be calculated, what is known
as the principal stresses, 𝑆1𝑝 , 𝑆2𝑝 , and 𝑆3𝑝 . Each principal stress represents an eigenvalue,
associated with a principal direction (1𝑝, 2𝑝, and 3𝑝); an eigenvector (Eq. 2.2). The stress
tensor in a coordinate system aligned with the principal stress direction, 𝑺𝒑 , is populated
by the three eigenvalues (principal stresses) in its diagonal and zeros in all off-diagonal
terms.
𝑆1𝑝
𝑺𝒑 ≡ [ 0
0

0
𝑆2𝑝
0

9

0
0 ]
𝑆3𝑝

(2.2)

Figure 2.1. Graphical and mathematical representation of (a) the stress tensor, 𝑺,
arbitrarily-oriented in 3D space (directions 1, 2, and 3), and (b) the principal
stresses (tensor 𝑺𝑷 ) and the associated principal stress directions (1𝑝, 2𝑝 , and
3𝑝 ).

2.1.1.2 Cauchy’s Stress Equilibrium Equations
Stress equilibrium mandates the summation of all forces in every direction to be
resulting to a net zero. For example, summation of the forces in direction 1, considers the
body force term, 𝜌𝑉𝑏1 , which is proportional to the density and volume of the solid mass,
𝜌 and 𝑉, respectively as well as the acceleration component, 𝑏1 , requiring
∑ 𝐹1 = 0
𝜕𝑆11
𝑑𝑥 ] 𝑑𝑥2 𝑑𝑥3
𝜕𝑥1 1
𝜕𝑆
+𝑆21 𝑑𝑥1 𝑑𝑥3 − [𝑆21 + 21 𝑑𝑥2 ] 𝑑𝑥1 𝑑𝑥3

∑ 𝐹1 ≡ 𝑆11 𝑑𝑥2 𝑑𝑥3 − [𝑆11 +

+𝑆31 𝑑𝑥1 𝑑𝑥2 − [𝑆31 +

𝜕𝑆31
𝜕𝑥3

𝜕𝑥2

𝑑𝑥3 ] 𝑑𝑥1 𝑑𝑥2 − 𝜌(𝑑𝑥1 𝑑𝑥2 𝑑𝑥3 ) = 0
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(2.3)

Dividing by the volume of the solid mass, 𝑑𝑥1 𝑑𝑥2 𝑑𝑥3 , simplifies Eq. 2.3 to
𝜕𝑆11 𝜕𝑆21 𝜕𝑆31
+
+
− 𝜌𝑏1 = 0
𝜕𝑥1
𝜕𝑥2
𝜕𝑥3

(2.4)

Generalizing stress equilibrium in all three directions (1, 2, and 3) yields Cauchy’s
equations of stress equilibrium
𝜕𝑆11 𝜕𝑆21 𝜕𝑆31
+
+
− 𝜌𝑏1 = 0
𝜕𝑥1
𝜕𝑥2
𝜕𝑥3
𝜕𝑆12 𝜕𝑆22 𝜕𝑆32
+
+
− 𝜌𝑏2 = 0
𝜕𝑥1
𝜕𝑥2
𝜕𝑥3
𝜕𝑆13 𝜕𝑆23 𝜕𝑆33
+
+
− 𝜌𝑏3 = 0
𝜕𝑥1
𝜕𝑥2
𝜕𝑥3

(2.5)

2.1.1.3 Time-Dependent Solution: Cauchy’s Equation of Motion
For a stationary continuous mass body, arbitrarily-shaped and arbitrarily-oriented
in 3D space, there are six unknowns and three equations (Eq. 2.5). If the mass body is
moving at velocity 𝜕𝑢⁄𝜕𝑡, the terms on the right-hand side (RHS) containing the
acceleration term is non-zero, yielding nine unknowns from three equations:
𝜕𝑆11 𝜕𝑆21 𝜕𝑆31
𝜕2
+
+
− 𝜌𝑏1 = 2 (𝜌𝑢1 )
𝜕𝑥1
𝜕𝑥2
𝜕𝑥3
𝜕𝑡
𝜕𝑆12 𝜕𝑆22 𝜕𝑆32
𝜕2
+
+
− 𝜌𝑏2 = 2 (𝜌𝑢2 )
𝜕𝑥1
𝜕𝑥2
𝜕𝑥3
𝜕𝑡
𝜕𝑆13 𝜕𝑆23 𝜕𝑆33
𝜕2
+
+
− 𝜌𝑏3 = 2 (𝜌𝑢3 )
𝜕𝑥1
𝜕𝑥2
𝜕𝑥3
𝜕𝑡

where the induced displacement is 𝑢 = (𝑢1 , 𝑢2 , 𝑢3 ).
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(2.6)

The general solution of a time-dependent problem (Eq. 2.6) with arbitrary boundary
conditions requires knowledge of equations, which relate displacement to strains
(kinematic) and displacement to stresses (constitutive).

2.1.2 Constitutive and Kinematic Equations for Linear (Isotropic) Elasticity
For displacements and displacement gradients small enough in rock mass, the
theory of linear elasticity is valid. The conservation of mass and equations of motion are
satisfied in the non-deformed reference configuration. Using conservation of momentum
the Cauchy’s equations (in vector notation) of motion are obtained as

𝛻𝑺 + 𝑓 = 𝜌

𝜕 2𝑢
𝜕𝑡 2

(2.7)

where 𝜌 is the density of the rock mass, 𝜕 2 𝑢⁄𝜕𝑡 2 is the acceleration of the solid rock mass,
𝑓 is the net sum of the forces per unit volume acting on the rock, and 𝑺 is the stress tensor,
which in Cartesian coordinates (x, y, and z) is
𝑆𝑥𝑥
𝑺 ≡ [𝑆𝑦𝑥
𝑆𝑧𝑥

𝑆𝑥𝑦
𝑆𝑦𝑦
𝑆𝑧𝑦

𝑆𝑥𝑧
𝑆𝑦𝑧 ]
𝑆𝑧𝑧

(2.8)

𝑆𝑖𝑖 are terms where 𝑖, 𝑗 = 𝑥, 𝑦, 𝑧 indicate normal stresses and 𝑆𝑖𝑗 are terms where 𝑖 ≠ 𝑗,
indicate shear stresses. For a static case, 𝜕 2 𝑢⁄𝜕𝑡 2 is zero and thus Eq. 2.7 is reduced back
to
𝛻𝑺 + 𝑓 = 0
12

(2.9)

which is equivalent to Eq. 2.5. 𝑆𝑖𝑗 = 𝑆𝑗𝑖 decreases the number of unknowns in 𝜎 from nine
to six and constitutive equations describing the stress-strain relationships of elastic solid
materials are used to solve for the stresses. These constitutive equations are based on
Hooke’s law (force applied ∝ displacement),
(2.10)

𝑺 = 𝑪𝜺

where 𝑪 is a tensor of coefficients, which is determined by the rock’s mechanical properties
and 𝜺 is the strain tensor, such that
𝜀𝑥𝑥
𝜺 ≡ [𝜀𝑦𝑥
𝜀𝑧𝑥

𝜀𝑥𝑦
𝜀𝑦𝑦
𝜀𝑧𝑦

𝜀𝑥𝑧
𝜀𝑦𝑧 ]
𝜀𝑧𝑧

(2.11)

where 𝑖 = 𝑗 for 𝜀𝑖𝑗 terms indicate normal strains and 𝑖 ≠ 𝑗 indicates shear strains. Treating
all strain components in 𝜀 in relation to the displacement, 𝑢 = (𝑢𝑥 , 𝑢𝑦 , 𝑢𝑧 ) expands Eq.
2.11 into
𝜕𝑢𝑥
1 𝜕𝑢𝑥 𝜕𝑢𝑦
(
+
)
𝜕𝑥
2 𝜕𝑦
𝜕𝑥
𝜕𝑢𝑦
1 𝜕𝑢𝑦 𝜕𝑢𝑥
𝜺≡ (
+
)
2 𝜕𝑥
𝜕𝑦
𝜕𝑦
1 𝜕𝑢𝑧 𝜕𝑢𝑥
1 𝜕𝑢𝑧 𝜕𝑢𝑦
(
+
)
(
+
)
𝜕𝑧
2 𝜕𝑦
𝜕𝑧
[ 2 𝜕𝑥

1 𝜕𝑢𝑥 𝜕𝑢𝑧
(
+
)
2 𝜕𝑧
𝜕𝑥
1 𝜕𝑢𝑦 𝜕𝑢𝑧
(
+
)
2 𝜕𝑧
𝜕𝑦
𝜕𝑢𝑧
𝜕𝑧
]

(2.12)

For a linearly elastic, isotropic solid material, only two moduli are necessary for
expressing all non-zero coefficients in 𝑪. These moduli are Lamé’s first parameter, 𝜆, Pwave modulus 𝑀, bulk modulus, 𝐾, shear modulus, 𝐺, Young’s (or elastic) modulus, 𝛦,
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and Poisson’s ratio, 𝜈. Table 2.1 shows the conversion equations for the six elastic moduli.
Given any two, the four remaining moduli can be calculated using the displayed equations.

Table 2.1.

Conversion equations for the six elastic moduli: bulk modulus, 𝐾, Young’s modulus,
𝐸, Lamé’s first parameter, λ, shear modulus, 𝐺, Poisson’s ratio, 𝜈, and P-wave
modulus, 𝛭.
𝑲

𝑬

𝝀

𝑮

𝝂

𝑴

𝑲&𝑬

–

–

3𝐾(3𝐾 − 𝐸)
9𝐾 − 𝐸

3𝐾𝐸
9𝐾 − 𝐸

3𝐾 − 𝐸
6𝐾

3𝐾(3𝐾 + 𝐸)
9𝐾 − 𝐸

𝑲&𝝀

–

9𝐾(𝐾 − 𝜆)
3𝐾 − 𝜆

–

3(𝐾 − 𝜆)
2

𝜆
3𝐾 − 𝜆

3𝐾 − 2𝜆

𝑲&𝑮

–

9𝐾𝐺
3𝐾 + 𝐺

–

3𝐾 − 2𝐺
2(3𝐾 + 𝐺)

𝑲&𝝂

–

3𝐾 − 6𝜈

3𝐾𝜈
𝐾+𝜈

3𝐾 − 6𝜈
2 + 2𝜈

–

3𝐾 − 3𝜈
1+𝜈

𝑲&𝑴

–

9𝐾(𝛭 − 𝛫)
3𝐾 + 𝛭

3𝛫 − 𝛭
2

3(𝛭 − 𝛫)
4

3𝛫 − 𝛭
3𝛫 + 𝛭

–

𝑬 & 𝝀ι

𝛦 + 3𝜆 + 𝑅
6

–

–

𝛦 − 3𝜆 + 𝑅
4

2𝜆
𝐸+𝜆+𝑅

𝛦+𝜆+𝑅
2

𝑬&𝑮

𝛦𝐺
3(3𝐺 − 𝐸)

–

𝐺(𝛦 − 2𝐺)
3𝐺 − 𝐸

–

𝛦
−1
2𝐺

𝐺(4𝐺 − 𝐸)
3𝐺 − 𝐸

𝑬&𝝂

𝑬
𝟑 − 𝟔𝝂

–

𝑬𝝂
(𝟏 + 𝝂)(𝟏 − 𝟐𝝂)

𝑬
𝟐 + 𝟐𝝂

–

𝑬(𝟏 − 𝝂)
(𝟏 + 𝝂)(𝟏 − 𝟐𝝂)

𝑬 & 𝜧ιι

3𝑀 − 𝐸 + 𝑉
6

–

𝑀−𝐸+𝑉
4

3𝑀 + 𝐸 − 𝑉
8

𝐸−𝑀+𝑉
4𝑀

–

𝐺(3𝜆 − 2𝐺)
𝜆+𝐺

–

–

𝜆
2(𝜆 + 𝐺)

𝜆 + 2𝐺

𝝀&𝑮

𝜆+

2𝐺
3

𝐾−

2𝐺
3

𝐾+

4𝐺
3

𝝀 & 𝝂ιιι

𝜆(1 + 𝜈)
3𝜈

𝜆(1 + 𝜈)(1 − 2𝜈)
𝜈

–

𝜆(1 − 2𝜈)
2𝜈

–

𝜆(1 − 𝜈)
𝜈

𝝀&𝑴

𝛭 + 2𝜆
3

(𝛭 − 𝜆)(𝛭 + 2𝜆)
𝛭+𝜆

–

𝛭−𝜆
2

𝜆
𝛭+𝜆

–

𝑮&𝝂

2𝐺(1 + 𝜈)
3 − 6𝜈

2𝐺(1 + 𝜈)

2𝐺𝜈
1 − 2𝜈

–

–

2𝐺(1 − 𝜈)
1 − 2𝜈

𝐺(3𝑀 − 4𝐺)
𝑀−𝐺

𝑀 − 2𝐺

–

𝑀 − 2𝐺
2(𝑀 − 𝐺)

–

𝛭(1 + 𝜈)(1 + 2𝜈)
1−𝜈

𝛭𝜈
1−𝜈

𝛭(1 − 2𝜈)
2(1 − 𝜈)

–

–

𝑮&𝑴
𝝂&𝑴

𝑀−

4𝐺
3

𝑀(1 + 𝜈)
3(1 − 𝜈)

ι

𝑅 = √𝛦 2 + 9𝜆2 + 2𝐸𝜆
𝑉 = ±√𝛦 2 + 9𝑀2 − 10𝐸𝑀
ιιι
Not applicable at 𝜆, 𝜈 = 0
ιι
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Often 𝐸 and 𝜈 are used (see the row in the purple box on Table 2.1) which are
defined as

𝐸=

𝑆𝑖𝑖
𝜀𝑖𝑖

(2.13)

𝜀𝑖𝑖
𝜀𝑗𝑗

(2.14)

𝐸
𝜈
(𝜀𝜄𝜄 +
[𝜀 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧 ])
1+𝜈
1 − 2𝜈 𝑥𝑥

(2.15)

𝐸
𝜀
2(1 + 𝜈) 𝜄𝑗

(2.16)

𝜈=−

This simplifies Hooke’s law in a 3D space to

𝑆𝑖𝑖 =

𝑆𝑖𝑗 =

Substituting Eq. 2.12 into Eqs. 2.15 and 2.16 and Eqs. 2.15 and 2.16 into Eq. 2.9
converts the Cauchy’s equation of motion to
𝛻𝑪∇𝒖 + 𝑓 = 0

with 𝑪 defined as
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(2.17)

2𝐺 + 𝜆
0
0
0 𝐺
𝑪=
(𝜆 0
0 0
0 0
(0 0
[
𝜆 0
(

0 0
𝐺 0)
0 𝐺
0
0)
0
𝐺
0)
0

0
(𝐺
0

𝜆 0
0 0)
0 0
𝐺
0
0
( 0 2𝐺 + 𝜆 0 )
0
0
𝐺
0 0 0
(0 0 𝐺 )
0 𝜆 0

0
(0
𝐺
0
(0
0
𝐺 0
(0 𝐺
0 0

0
0
0
0
0
𝐺

𝜆
0)
0
0
𝜆)
0
0
0 )
2𝐺 + 𝜆 ]

(2.18)

Applying the two-dimensional (2D) plane strain approximation and setting the
displacement in the z-direction at zero, makes 𝜀𝑧𝑧 = 𝜀𝑥𝑧 ≡ 𝜀𝑧𝑥 = 𝜀𝑦𝑧 ≡ 𝜀𝑧𝑦 = 0. The
displacements in the x and y-direction no longer depend on z. This further simplifies 𝐶 to
2𝐺 + 𝜆 0
)
0
𝐺
𝑪=[
0 𝜆
(
)
𝐺 0
(

0
𝐺

(
(

𝐺
0

𝜆
)
0
]
0
)
2𝐺 + 𝜆

(2.19)

2.1.3 Extension to Poroelasticity
Rocks tend to be porous with fluids present in those pores as well cracks present.
The pressure of the fluid in the pores counteracts the pressures exerted by the principal
stresses, thus modifications should be made to the linear elasticity theory, to reliably model
small deformations in saturated porous solid rocks.
Biot’s poroelasticity (Biot, 1941) is a theory of acoustic propagation in porous,
elastic media. The presence of pore pressure, 𝑝𝑝 , counteracts the compression imposed by
the in-situ tectonic and overburden stresses. Thus, rock strength, elastic moduli, and
frictional strength becomes dependent on the effective stress,
𝜎𝑖𝑗 = 𝑆𝑖𝑗 − 𝛼𝐵 𝛿𝑖𝑗 𝑝𝑝
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(2.20)

where 𝜎𝑖𝑗 are the effective stress components, 𝛿𝑖𝑗 is the Kronecker delta, and 𝛼𝐵 is the
Biot’s poroelastic coefficient, defined by

𝛼𝐵 = 1 −

𝐾𝑏
𝐾𝑔

(2.21)

where 𝐾𝑏 is the drained bulk modulus of the rock and 𝐾𝑔 is the undrained bulk modulus of
the solid rock grains, with 𝛼𝐵 = 1 corresponding to an extremely compliant rock and 𝛼𝐵 =
0 corresponding to a rock with almost no pores.
Similar to linear elasticity, the constitutive equations for ideal poroelastic material
are also linear. Neglecting thermal effects, the stress-strain behavior depends on the
deformation regime; drained at constant 𝑝𝑝 and undrained at variable 𝑝𝑝 . For drained
regime in the governing equations for linear elasticity, stresses, strains and elastic moduli
are replaced by their corresponding effective counterparts yielding

𝜀𝑖𝑗 =

𝑆𝑥𝑥 + 𝑆𝑦𝑦 + 𝑆𝑧𝑧
𝛿𝑖𝑗 𝑆𝑥𝑥 + 𝑆𝑦𝑦 + 𝑆𝑧𝑧
1
(𝑆𝑖𝑗 − 𝛿𝑖𝑗 [
]) +
([
] − 𝛼𝐵 𝑝𝑝 )
2𝐺
3
3𝐾
3

(2.22)

For exclusively shear deformations, 𝜀𝑖𝑗 = 𝑆𝑖𝑗 /(2𝐺) and hence shear stresses and strains
are independent of 𝑝𝑝 .

2.2

SUBSURFACE STRESS STATE

2.2.1 In-Situ Principal Stresses
The stress state in the subsurface can be fully characterized by three in-situ principal
stresses, which act in mutually-orthogonal directions (𝑆1,𝑆2 , and 𝑆3 , where 𝑆1 > 𝑆2 > 𝑆3 ).
The principal stresses are normal stresses oriented in planes that make all shear stresses to
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diminish to zero. These are the eigenvalues of the in-situ stress tensor (Eq. 2.8), while the
directions at which these stresses act are indicated by the eigenvectors.
𝜎1 + 𝑝𝑝
𝑆1
2𝐺 + 𝜆
𝜎
(𝑆2 ) ≡ ( 2 + 𝑝𝑝 ) = [ 𝜆
𝜎3 + 𝑝𝑝
𝑆3
𝜆

𝜆
2𝐺 + 𝜆
𝜆

𝜀1
𝜆
𝜀
𝜆 ] ( 2)
2𝐺 + 𝜆 𝜀3

(2.23)

2.2.2 Anderson’s Faulting Theory
Anisotropic stress causes tectonic deformations. In most cases, one of those stresses
is aligned vertically and is denoted by 𝑆𝑣 , with the remaining two acting horizontally
(Anderson, 1951). The most compressive horizontal stress is denoted by 𝑆𝐻𝑚𝑎𝑥 and the
least compressive is denoted by 𝑆ℎ𝑚𝑖𝑛 (Figure 2.2). The relative magnitude of the in-situ
principal stresses dictates the subsurface stress regime, which can be:
i.

Normal faulting stress regime (𝑆𝑣 > 𝑆𝐻𝑚𝑎𝑥 > 𝑆ℎ𝑚𝑖𝑛 ),

ii.

Reverse (or thrust) faulting stress regime (𝑆𝐻𝑚𝑎𝑥 > 𝑆ℎ𝑚𝑖𝑛 > 𝑆𝑣 ), or

iii.

Strike-slip faulting stress regime (𝑆𝐻𝑚𝑎𝑥 > 𝑆𝑣 > 𝑆ℎ𝑚𝑖𝑛 ).

Each of the three regimes induces the corresponding fault tectonic movement. The in-situ
stress state imposes the strongest influence on fracture initiation and propagation.
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Figure 2.2. In-situ stress regimes from Anderson’s faulting theory (Anderson, 1951):
normal, strike-slip, and thrust (or reverse) faulting, extended to intermediate
and limiting stress states. Per Simpson (1997), each stress regime is assigned
a value ranging from zero to three (from Lund Snee, 2020).
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Figure 2.3 shows the variation of in-situ stress states in North America from Lund
Snee and Zoback (2018). The black lines represent the local 𝑆𝐻𝑚𝑎𝑥 direction for depths
throughout the upper brittle crust and the color indicates of the local in-situ stress regime.
The relative stress magnitudes are quantified using the parameter 𝐴∅ after Simpson (1997),
ranging from zero for a total normal faulting stress state, known as radial extension, to
three for a total reverse faulting stress state, known as radial compression (Figure 2.2). For
strike-slip faulting stress states, 1 < 𝐴∅ < 2. The parameter 𝐴∅ relates to the absolute stress
magnitudes by
1
𝑆2 − 𝑆3
1
𝐴∅ = (𝑛 + ) + (−1)𝑛 ([
]− )
2
𝑆1 − 𝑆3
2

(2.24)

where, 𝑆1, 𝑆2 , and 𝑆3 are respectively the most compressive, intermediate and least
compressive in-situ principal stresses. Following Simpson (1997), for normal faulting
stress states, 𝑆1 = 𝑆𝑣 , 𝑆2 = 𝑆𝐻𝑚𝑎𝑥 , and 𝑆3 = 𝑆ℎ𝑚𝑖𝑛 , with parameter 𝑛 = 0. Similarly, for
strike-slip faulting stress states, 𝑆1 = 𝑆𝐻𝑚𝑎𝑥 , 𝑆2 = 𝑆𝑣 , 𝑆3 = 𝑆ℎ𝑚𝑖𝑛 , and 𝑛 = 1. Lastly, for
reverse faulting stress states, 𝑆1 = 𝑆𝐻𝑚𝑎𝑥 , 𝑆2 = 𝑆ℎ𝑚𝑖𝑛 , 𝑆3 = 𝑆𝑣 , and 𝑛 = 2 (Eq. 2.24).
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Figure 2.3. In-situ stress states in North America (reproduced with permission from Lund
Snee and Zoback, 2020).
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2.2.3 Estimating 𝑺𝒗 , 𝑺𝑯𝒎𝒂𝒙 , and 𝑺𝒉𝒎𝒊𝒏
The magnitude of 𝑆𝑣 can be calculated from the total weight of the overlying rock
from density logs by
𝑧

𝑆𝑣 |𝑧 = ∫ 𝜌(𝑧)𝑔 𝑑𝑧 ≈ 𝜌̅ 𝑔𝑧

(2.25)

0

where 𝜌(𝑧) is the density at a given depth, 𝑧 is the vertical depth, and 𝑔 is the gravitational
constant, and 𝜌̅ is the mean density of the overburden rock. For offshore locations, 𝑆𝑣
estimates must be corrected for the water depth
𝑧

𝑆𝑣 |𝑧 = 𝜌𝑤 𝑔𝑧𝑤 + ∫ 𝜌(𝑧)𝑔 𝑑𝑧 ≈ 𝜌𝑤 𝑔𝑧𝑤 + 𝜌̅ 𝑔(𝑧 − 𝑧𝑤 )

(2.26)

𝑧𝑤

where 𝜌𝑤 is the water density and 𝑧𝑤 is the local water depth.
𝑆ℎ𝑚𝑖𝑛 is estimated from leakoff (or minifrac/microfrac) testing (Figure 2.4)
performed on wells during drilling
𝑆ℎ𝑚𝑖𝑛 = 𝑝𝑓𝑐

where 𝑝𝑓𝑐 is the fracture closure pressure.
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(2.27)

Figure 2.4. Typical leakoff test pressure profile with injected volume (Postler, 1997).

𝑆𝐻𝑚𝑎𝑥 is the hardest principal stress to quantify, as this requires additional
information and assumptions (Zoback, 2014). Barton et al. (1988) proposed a procedure
for determining 𝑆𝐻𝑚𝑎𝑥 magnitude using observations of the width of wellbore breakouts.
These are compressive failures on the wellbore wall – in a direction parallel to the least
compressive stress orthogonal to the borehole – appearing on image and caliper logs as
dark bands axial to borehole (Figure 2.5). The bigger 𝑆𝐻𝑚𝑎𝑥 is compared to 𝑆ℎ𝑚𝑖𝑛 (for
vertical wells) the wider the breakouts will be (Figure 2.6). Besides knowledge of the 𝑆ℎ𝑚𝑖𝑛
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magnitude, this technique requires that 𝑝𝑝 , 𝑆𝑣 , and the rock strength to prevent failure at
the given stress state are known (Zoback, 2003).

Figure 2.5. Image log from a well showing wellbore breakouts and drilling-induced
tensile fractures (DITFs), orthogonally from each other. Both are manifested
as dark bands with the breakout bands being much thicker compared to the
DITF bands (Zoback et al., 2003).
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Figure 2.6. Left – Wellbore breakout characterized by its radius, 𝑟𝑏 , and angular span, 𝜃𝑏
(modified from Haimson and Herrick, 1986). Right – Relationship between
𝜃𝑏 and 𝑆𝐻𝑚𝑎𝑥 for a fixed 𝑆ℎ𝑚𝑖𝑛 , from theoretical analysis and laboratory
experiments (modified from Zoback et al., 2003).

Fault slippage induces local stress perturbations leading to rotation of the breakout
azimuth along the wellbore as a function of depth (Figure 2.7). Breakouts cannot form next
to a slipped fault due to the fault’s stress drop. Barton and Zoback (1994) used dislocation
modeling to constrain the 𝑆𝐻𝑚𝑎𝑥 magnitude if 𝑆𝑣 and 𝑆ℎ𝑚𝑖𝑛 are known, as well as the
𝑆𝐻𝑚𝑎𝑥 orientation and the slipped fault’s strike and dip.

25

Figure 2.7. Example of wellbore breakout rotation near 5,399 m depth, which is used to
model the stress perturbation induced by fault slippage in the borehole
vicinity. This can be used to estimate the 𝑆𝐻𝑚𝑎𝑥 magnitude (from Zoback,
2003).

In addition to breakouts, information from drilling-induced tensile fractures
(DITFs) can be utilized to constrain the local 𝑆𝐻𝑚𝑎𝑥 magnitude. DITFs appear on image
and caliper logs, perpendicular to breakouts and narrower in width (Figure 2.5). The
formation and orientation of DITFs – longitudinal or transverse relative to the wellbore –
can provide range in which the 𝑆𝐻𝑚𝑎𝑥 magnitude lies. Nelson et al. (2005) used a graphical
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technique to constrain 𝑆𝐻𝑚𝑎𝑥 in West Tuna area, in Gippsland Basin, Australia within a
narrow range following observation of transverse DITFs from image logs in local wells.

2.3

NEAR-WELLBORE STRESS STATE
The equations describing the stress concentration in an elastic plate with a circular

hole under uniform tension at infinity (Grandi et al., 2002) were derived by Kirsch (1898).
Hubbert and Willis (1957) modified the relationships to incorporate the 𝑝𝑝 -induced effects
in a homogeneous, isotropic plate. Haimson and Fairhurst (1967) further modified the
expressions for poroelastic media, accounting for fluid infiltration from the wellbore into
the surrounding porous-permeable formation. Disregarding any thermal stresses, for a
distance 𝑟 from the center of a well of radius 𝑟𝑤 in a vertical well
1

𝑟2𝑤

1

𝑟2𝑤

2

𝑟

2

𝑟2

𝜎𝑟𝑟 = (𝑆𝐻𝑚𝑎𝑥 + 𝑆ℎ𝑚𝑖𝑛 ) (1 −
−

𝜎𝜃𝜃

𝑟2𝑤 1 − 2𝜈
𝑟2

(

1−𝜈

) + (𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 ) (1 − 4
2

+3

𝑟4𝑤
𝑟4

) cos 2𝜃
(2.28)

𝛼𝐵 [𝑝𝑤 − 𝑝𝑝 ] − 2𝑝𝑤 )

1
𝑟𝑤2
1
𝑟𝑤4
(𝑆
)
(𝑆
)
=
+ 𝑆ℎ𝑚𝑖𝑛 (1 + 2 ) −
+ 𝑆ℎ𝑚𝑖𝑛 (1 + 3 4 ) cos 2𝜃
2 𝐻𝑚𝑎𝑥
𝑟
2 𝐻𝑚𝑎𝑥
𝑟
𝑟𝑤2 1 − 2𝜈
+ 2(
𝛼 [𝑝 − 𝑝𝑝 ] − 2𝑝𝑤 )
𝑟 1−𝜈 𝐵 𝑤

(2.29)

𝑟𝑤2
𝑟𝑤2 1 − 2𝜈
cos
2𝜃
+
(
𝛼 [𝑝 − 𝑝𝑝 ] − 𝑝𝑤 )
𝑟2
𝑟2 1 − 𝜈 𝐵 𝑤

(2.30)

𝜎𝑧𝑧 = 𝑆𝑣 − 2𝜈(𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 )

1

𝑟2𝑤

2

𝑟2

𝜎𝑟𝜃 = (𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 ) (1 + 2
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−3

𝑟4𝑤
𝑟4

) sin 2𝜃

(2.31)

where 𝜎𝑟𝑟 is the radial stress, 𝜎𝜃𝜃 is the tangential (also called circumferential/”hoop”)
strength, 𝜎𝑧𝑧 is the axial stress parallel to the vertical well (along the z-axis), 𝜎𝑟𝜃 is the
shear stress (equal to zero at 𝑟 = 𝑟𝑤 ), 𝜃 is the angle taken from 𝑆𝐻𝑚𝑎𝑥 , and 𝑝𝑤 is the
wellbore pressure. Figure 2.8 shows the configuration of the stresses on the wellbore radius
for a vertical, semi-cased wellbore.

Figure 2.8. Normal cylindrical (𝜎𝑧𝑧 , 𝜎𝜃𝜃 , and 𝜎𝑟𝑟 ) stresses on the wellbore radius, 𝑟 = 𝑟𝑤
in the openhole section. As 𝑟 increases the far-field in-situ stresses (𝑆𝑣 ,
𝑆𝐻𝑚𝑎𝑥 , and 𝑆ℎ𝑚𝑖𝑛 ) become more dominant.
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Eqs. 2.28 through 2.31 can be used to obtain the corresponding near-wellbore
stresses for a horizontal well, drilled parallel to 𝑆ℎ𝑚𝑖𝑛 (Chapters 3 and 4) by substituting
all the 𝑆𝐻𝑚𝑎𝑥 terms with 𝑆𝑣 , the 𝑆ℎ𝑚𝑖𝑛 terms with 𝑆𝐻𝑚𝑎𝑥 , the 𝑆𝑣 terms with 𝑆ℎ𝑚𝑖𝑛 , keeping
everything else the same. This trajectory is popular for horizontal wells in the exploitation
of low permeability (tight) reservoirs (e.g., shales).
The in-situ stress state of the Barnett Shale in Texas (𝑆𝑣 = 7,215 psi, 𝑆𝐻𝑚𝑎𝑥 = 4,550
psi, and 𝑆ℎ𝑚𝑖𝑛 = 3,900 psi) is used to demonstrate the impact of fluid infiltration from the
wellbore using a poroelastic model (Eqs. 2.28 through 2.31) compared to the conventional
linearly elastic model (Eqs. 3.1 through 3.4 in Chapter 3) for the stress-strain behavior in
the near-wellbore region. Following Moos (2012), 𝑝𝑝 is set at 3,055 psi, with 𝜈 at 0.32 and
𝑝𝑤 = 𝑆ℎ𝑚𝑖𝑛 . A horizontal well is considered parallel to 𝑆ℎ𝑚𝑖𝑛 , which is assumed to be
acting along the y-axis (hence the axial stress for this well trajectory is denoted by 𝜎𝑦𝑦 ).
Figure 2.9 shows the variation of 𝜎𝜃𝜃 , 𝜎𝑦𝑦 , 𝜎𝑟𝑟 , and 𝜎𝑟𝜃 with angle 𝜃 around the wellbore
radius, considering linearly elastic (dotted lines) and poroelastic (solid lines, at 𝛼𝐵 = 1)
models. For practical purposes, all stress magnitudes are normalized by dividing by 𝑆𝑣 .
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Figure 2.9. Variation of 𝜎𝜃𝜃 , 𝜎𝑦𝑦 , 𝜎𝑟𝑟 , and 𝜎𝑟𝜃 around the wellbore radius for the Barnett
Shale in Texas using linearly elastic (dotted lines) and poroelastic (solid lines)
models at 𝑝𝑤 = 𝑆ℎ𝑚𝑖𝑛 .

The deviation in the values of all normal stresses (𝜎𝜃𝜃 , 𝜎𝑦𝑦 , and 𝜎𝑟𝑟 ) for 𝛼𝐵 = 1 from their
respective magnitudes using the linear elasticity theory is small and remains constant for
0° ≤ 𝜃 ≤ 90°. Evidently, using 𝛼𝐵 = 1 does not yield the same normal stresses in the nearwellbore region as the linear elasticity theory despite yielding the same effective principal
stress magnitudes (Eq. 2.20).
Furthermore, the variation of the stresses on the wellbore radius is examined over
a range of 𝑝𝑤 values. Figure 2.10 shows the magnitudes of 𝜎𝜃𝜃 , 𝜎𝑦𝑦 , 𝜎𝑟𝑟 , and 𝜎𝑟𝜃 with 𝑝𝑤
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ranging from 0 to 𝑆𝑣 for (a) the top of the hole at 𝜃 = 0° and (b) the side of the hole at 𝜃 =
90°.

Figure 2.10. Variation of 𝜎𝜃𝜃 , 𝜎𝑦𝑦 , 𝜎𝑟𝑟 , and 𝜎𝑟𝜃 for the Barnett Shale in Texas using
linearly elastic (dotted lines) and poroelastic (solid lines) models for 0 ≤
𝑝𝑤 ≤ 𝑆𝑣 . Two locations at 𝑟 = 𝑟𝑤 are shown: (a) top of the hole at 𝜃 = 0° and
(b) side of the hole at 𝜃 = 90°.

The discrepancy between the linearly elastic and poroelastic models increases as
(𝑝𝑤 − 𝑝𝑝 ) increases and the two models indicate identical solutions at 𝑝𝑤 = 𝑝𝑝 . The value
of 𝜎𝑟𝜃 is unaffected by 𝑝𝑤 and 𝑝𝑝 as well as the constitutive model, remaining at zero.
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2.4

STRESSES IN THE CASING WALL
During the 19th century, Gabriel Lamé and B. P. E. Clapeyron derived analytical

expressions for the stresses inside “thick-walled cylinders,” which apply to strings of steel
casing. Similar to Kirsch (1898), three normal stresses in cylindrical coordinates (Eq. 2.322.34) are used to characterize the stress state inside the casing walls.

𝜎𝑟𝑟,𝑐𝑠𝑔

𝑝𝑤 𝑅𝑖2 − 𝑝𝑝 𝑅𝑜2 𝑅𝑜2 𝑅𝑖2 (𝑝𝑤 − 𝑝𝑝 )
=
− 2
𝑟 (𝑅𝑜 − 𝑅𝑖 )
𝑅𝑜2 − 𝑅𝑖2

(2.32)

𝜎𝜃𝜃,𝑐𝑠𝑔

𝑝𝑤 𝑅𝑖2 − 𝑝𝑝 𝑅𝑜2 𝑅𝑜2 𝑅𝑖2 (𝑝𝑤 − 𝑝𝑝 )
=
+ 2
𝑟 (𝑅𝑜 − 𝑅𝑖 )
𝑅𝑜2 − 𝑅𝑖2

(2.33)

𝜎𝑧𝑧,𝑐𝑠𝑔 =

𝑝𝑤 𝑅𝑖2 − 𝑝𝑝 𝑅𝑜2
𝑅𝑜2 − 𝑅𝑖2

(2.34)

where, 𝑅𝑖 and 𝑅𝑜 are the inner and outer radii of the casing wall, respectively with 𝑅𝑖 ≤
𝑟 ≤ 𝑅𝑜 . The axial, tangential and radial stresses in the casing wall are indicated by 𝜎𝑧𝑧,𝑐𝑠𝑔 ,
𝜎𝜃𝜃,𝑐𝑠𝑔 , and 𝜎𝑟𝑟,𝑐𝑠𝑔 , respectively (Figure 2.11).
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Figure 2.11. Normal stresses configuration inside a “thick-walled” cylindrical casing.

2.5

FRACTURE MECHANICS

2.5.1 Modes of Fracture
There are three fracture modes (Figure 2.12). Mode I refers to fractures where the
normal stress direction is perpendicular to the crack surface making the fracture propagate
in the direction crack plane. Mode II fractures propagate between crack faces and
correspond to in-plane shear forces. Mode III fractures are shear displacements parallel to
the crack plane induced by out-of-plane shear. In several cases, a crack exhibits features of
more than one mode, resulting in mixed mode fractures.

33

Figure 2.12. The three fracture modes: opening/tensile Mode I, sliding/in-plane shear
Mode II, and tearing/out-of-plane shear Mode III (from Brunet et al., 2020).

2.5.2 Stress State Stability vis-à-vis Shear Fault Slippage
The range of in-situ stress states, which can occur in the Earth’s subsurface can be
visualized using a simple 2D plot called the allowable stress state diagram, also called a
stress polygon (Nelson et al., 2005; Zoback, 2014, Michael, 2019a). This plot has 𝑆𝐻𝑚𝑎𝑥
normalized by 𝑆𝑣 on the vertical axis and 𝑆ℎ𝑚𝑖𝑛 normalized by 𝑆𝑣 on the horizontal axis
(Figure 2.13). The dotted-diagonal is the line of horizontal isotropy, where 𝑆𝐻𝑚𝑎𝑥 = 𝑆ℎ𝑚𝑖𝑛
and the solid black lines represent the frictional limits according to Eq. 2.35 for rock
friction factors, 𝜇 = 0.6 (thicker line) and 𝜇 = 0.8 (thinner line), consistent with Byerlee
(1978)’s findings. Any stress state outside those bounds is virtually unstable; if a fault
exists under those stress state conditions, it will automatically fail in shear as there will be
fault slippage.
2
𝑆1 − 𝑝𝑝
≤ (𝜇 + √(1 + 𝜇 2 ))
𝑆3 − 𝑝𝑝
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(2.35)

Figure 2.13. Allowable region for in-situ stress states in the Earth’s subsurface (modified
from Michael and Gupta, 2019e). The dotted diagonal line represents
horizontal isotropy (𝑆𝐻𝑚𝑎𝑥 = 𝑆ℎ𝑚𝑖𝑛 ), the thicker solid lines represent the
frictional limits at 𝜇 = 0.6 and the thinner lines represent the frictional limits
at 𝜇 = 0.8. The region bounded by the frictional limits and the horizontal
isotropy diagonal, represents the range of possible subsurface stress states
(NF: normal faulting, RF: reverse faulting and SSF: strike-slip faulting –
Anderson, 1951).

Eq. 2.35 is called the Mohr-Coulomb (also known as the Coulomb-Navier) failure
criterion and assumes that frictional sliding takes place when the ratio of shear stress to
normal stress becomes equal to the rock’s friction coefficient. Hence, compressive failure
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is only a function of the difference between 𝑆1 and 𝑆3 . Besides 𝜇, the size of the polygon
also depends on 𝑝𝑝 . Following Eq. 2.35, an increase in 𝑝𝑝 for instance in the vicinity around
an active injection well shrinks the polygon decreasing the range of stable stress state
making shear fault slippage more likely, assuming all other variables remain constant.
The 𝐴∅ distribution (Eq. 2.24) of the stress states stable in the Earth’s subsurface is
shown on Figure 2.14. The coloring scheme used is the same as for Figures 2.2 and 2.3.

Figure 2.14. Allowable stress diagram (stress polygon) colored according to 𝐴∅ ,
quantifying the relative stress magnitude.
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2.5.3 Tensile Fractures from the Borehole
Tensile “Mode I” fractures initiate from locations with tensile overstress, when the
tensile failure criterion (Eq. 2.36) is exceeded. This occurs when a stress acting at a location
becomes more tensile than the tensile strength of the material. In a porous rock with tensile
strength, 𝑇, when subjected to triaxial stress loading (𝑆1, 𝑆2 , and 𝑆3 ), the criterion becomes
𝑆3 − 𝑝𝑝 < −𝑇

(2.36)

which leads to a fracture “opening” parallel to 𝑆3 propagating in the plane of 𝑆1 and 𝑆3 ,
which is known as the preferred fracture plane (PFP) from Hubbert and Willis (1957).
The wellbore wall can be the location for tensile fracture initiation when a normal
stress acting on the wellbore radius becomes more tensile than 𝑇. Considering that almost
all variables in Eqs. 2.28 through 2.30 are virtually constant, any variations in the
magnitude of these normal stresses (𝜎𝑟𝑟 , 𝜎𝜃𝜃 , and 𝜎𝑧𝑧 ) are driven either by variations in 𝑝𝑤
or in some rarer occasions, 𝑝𝑝 . Both 𝑝𝑤 and 𝑝𝑝 act as tensile stresses themselves on the
wellbore and pore walls, respectively. Therefore, an increase in either 𝑝𝑤 and 𝑝𝑝 makes
tensile fracturing more likely. Figure 2.15 and 2.16 illustrates tensile fracture initiation
following a 𝑝𝑤 increase above the least compressive principal stress in two and three
dimensions, respectively.
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Figure 2.15.

Tensile fracture initiation in 2D when 𝑝𝑤 surpasses the least compressive
principal stress, 𝑆2 . The fracture opens against 𝑆2 and propagates in the
direction of the greatest compressive principal, 𝑆1 (from Michael, 2016b).

Figure 2.16.

Tensile fracture initiation in 3D when 𝑝𝑤 surpasses the least compressive
principal stress, 𝑆3 . The fracture opens against 𝑆3 and propagates in the
plane of the greatest and intermediate compressive principal stresses, 𝑆1 and
𝑆2 , respectively (from Michael, 2016b).
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2.5.4 Fracture Orientation and Performance
The geometric orientation of fractures initiated from pressurized wellbores is
determined by the local stress state. As mentioned in Section 2.5.3, tensile fractures
propagate along PFP and thus, opening against the least compressive principal stress. The
fracture half-length, 𝑥𝑓 , and height, 𝐻𝑓 , are within PFP, while fracture width, 𝑤𝑓 , is
orthogonal to PFP, parallel to the least compressive principal stress. For horizontal wells
in normal or strike-slip stress states, PFP is vertical, on the plane of 𝑆𝑣 with 𝑆𝐻𝑚𝑎𝑥 (see
Chapters 3 through 6). In reverse faulting stress states, PFP is horizontal, on the plane of
𝑆𝐻𝑚𝑎𝑥 with 𝑆ℎ𝑚𝑖𝑛 (see Chapter 5).
In horizontal wells drilled parallel to 𝑆𝐻𝑚𝑎𝑥 , induced fractures that propagate
axially-to-the-wellbore, hence known as “longitudinal fractures” (Figure 2.17). For wells
drilled parallel to 𝑆ℎ𝑚𝑖𝑛 (common oilfield practice), the induced fractures propagate
orthogonally-to-the-wellbore and are hence called “transverse fractures” (Figure 2.18).
Table 2.2 summarizes the fracture propagation orientation resulting from three extreme
well trajectories; vertical, horizontal along 𝑆𝐻𝑚𝑎𝑥 , and horizontal along 𝑆ℎ𝑚𝑖𝑛 in normal,
strike-slip, and reverse faulting stress states.
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Figure 2.17.

Longitudinal fracturing induced from a horizontal well parallel to 𝑆𝐻𝑚𝑎𝑥 .

Figure 2.18.

Transverse fracturing induced from a horizontal well parallel to 𝑆ℎ𝑚𝑖𝑛 .
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Table 2.2.

ι
ιι

Fracture propagation planes for three extreme well trajectories in normal, strike-slip,
and reverse faulting stress states.
Normal

Strike-slip

Reverse

Preferred fracture plane (PFP)

𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥

𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣

𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛

Vertical wells

Longitudinal

Longitudinal

TransverseI

Horizontal wells along 𝑆𝐻𝑚𝑎𝑥

Longitudinal

Longitudinal

Longitudinal

Horizontal wells along 𝑆ℎ𝑚𝑖𝑛

II

Transverse

Longitudinal

Transverse

Transverse fractures from vertical wells extend horizontally, with respect to 𝑥𝑓 and 𝐻𝑓 , and vertically with respect to 𝑤𝑓 .
Transverse fractures from horizontal wells extend vertically, with respect to 𝑥𝑓 and 𝐻𝑓 , and horizontally with respect to 𝑤𝑓 .

An extensive performance comparison between longitudinally and transverselyfractured horizontal wells in oil and gas reservoirs was performed by Yang (2014). Table
2.3 summarizes the conclusions of Yang’s (2014) analysis. The key performance indicators
(KPI) considered were initial production (IP), economic ultimate recovery (EUR),
discounted recovery (DR), present value (PV), and net present value (NPV) over variable
reservoir permeability, 𝑘. The results indicate a threshold permeability value, the critical
permeability, 𝑘𝑐𝑟𝑖𝑡 , above which longitudinally-fractured wells outperform transverselyfractured wells. At 𝑘 values immediately below the critical value, a transition zone occurs,
where the number of fractures determines which fracture orientation (longitudinal or
transverse) maximizes performance. The magnitude of 𝑘𝑐𝑟𝑖𝑡 is highly dependent on 𝑥𝑓 ,
lateral length, 𝑙𝑙𝑎𝑡 , fracture conductivity, 𝐹𝐶𝐷 , as well as the completion method used
(Yang, 2014).
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Table 2.3.

Summary of Yang’s (2014) conclusions on her performance comparison between
longitudinally and transversely-fractured horizontal wells.

Completion method

KPI

Oil reservoirs 𝑘𝑐𝑟𝑖𝑡 (mD)

Gas reservoirs 𝑘𝑐𝑟𝑖𝑡 (mD)

Openhole

-

0.1

0.01III

Openhole

50 year-PV

0.4

0.04

Casedhole

All

0.00005-5IV

-

Casedhole

50 year-PV

-

1.5V

Casedhole

EUR

-

0.5V

Casedhole

All

0.00005-5V

-

ι

𝐹𝐶𝐷 was found to only affect transversely-fractured well performance at a fixed 𝑥𝑓 in gas reservoirs of 𝑘 < 0.01 mD. The
advantage of higher 𝐹𝐶𝐷 increases at lower 𝑘.
ιι
In oil reservoirs of 𝑘 > 0.1 mD, openhole completion improves well performance in either longitudinally or transverselyfractured horizontal wells. For oil reservoirs of 𝑘 < 0.01 mD, the completion method does not make much difference for
either fracture orientations.
ιιι
In gas reservoirs of 𝑘 > 0.01 mD, openhole completion improves well performance in either longitudinally or transverselyfractured horizontal wells.
ιv
In oil reservoirs of 0.00005 ≤ 𝑘 ≤ 5 mD, higher 𝑙𝑙𝑎𝑡 increases well performance. At 𝑘 > 5 mD, for a given drainage area,
𝑙𝑙𝑎𝑡 does not impact well performance.
v
In gas reservoirs of 0.00005 ≤ 𝑘 ≤ 1 mD, higher 𝑙𝑙𝑎𝑡 increases well performance. At 𝑘 > 1 mD, for a given drainage area,
𝑙𝑙𝑎𝑡 does not impact well performance.

Despite fracture propagation been dictated by the wellbore trajectory, relative to
the in-situ (far-field) stresses, fracture initiation is not necessarily along the PFP. Initiation
of fractures along a plane which is not parallel to PFP, leads to premature termination or
fracture reorientation in the near-wellbore region (El Rabaa, 1989; Hallam and Last, 1991;
Owens et al., 1992; Weijers, 1992; Olson, 1995). Fracture reorientation induces nearwellbore tortuosity (Michael, 2019a; Huang et al., 2020; Michael et al., 2020), which in
turn triggers various completion and production related problems, such as early screenouts
and poor post-stimulation well performance (Barree and Miskimins, 2015; Michael, 2019a;
Michael et al., 2020).
Chapters 3 through 6 provide a thorough investigation of the orientation of fracture
initiation, its ramifications in low permeability reservoirs, and its optimization.
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2.5.5 Casing Integrity
The von Mises (1913) criterion of maximum energy distortion, which is used to
assess the integrity of “thick-walled cylinders” over a range of conditions, is applied to
cylindrical steel casing at a variable 𝑝𝑤 . In its simple form, under plane strain assumption,
radial stresses are neglected and the criterion can be presented on a 2D plot (Figure 2.19).
The tangential stress inside the casing wall, 𝜎𝜃𝜃,𝑐𝑠𝑔 (Eq. 2.33) is plotted on the vertical axis,
with the axial stress inside the casing, 𝜎𝑧𝑧,𝑐𝑠𝑔 (Eq. 2.34) wall plotted on the horizontal axis.
Both axes variables are normalized by the yield stress of the casing, 𝜎𝑦𝑖𝑒𝑙𝑑 . According to
the von Mises (1913)’s theory, the two stresses in the casing wall (𝜎𝜃𝜃,𝑐𝑠𝑔 and 𝜎𝑧𝑧,𝑐𝑠𝑔 ) can
be lumped into one term 𝜎𝑒 , or the “von Mises stress equivalent” as defined by Eq. 2.37,
which results in an ellipse as shown on Figure 2.19.
2

2

(𝜎𝑒 )2 ≡ (𝜎𝜃𝜃,𝑐𝑠𝑔 ) − 𝜎𝜃𝜃,𝑐𝑠𝑔 𝜎𝑧𝑧,𝑐𝑠𝑔 + (𝜎𝑧𝑧,𝑐𝑠𝑔 ) < (𝜎𝑦𝑖𝑒𝑙𝑑 )

2

(2.37)

Points outside the ellipsoid indicate casing failure; burst versus collapse from the vertical
axis and tension versus compression on the horizontal axis. Chapters 7 and 8 addresses the
stability to failure of the casing in place during the extreme stress loads acting on the casing
string during loss of well control, following a blowout.
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Figure 2.19. The von Mises failure criterion applied to casing failure. As long as the
conditions remain within the ellipse, no casing failure will take place. Points
outside the ellipse indicate casing failure.

2.5.6 Cement Sheath Integrity
There are four main failure mechanisms observable in the cement sheath, which
can compromise the integrity of the casing-cement sheath-rock formation system. These
were described by Bois et al. (2011; 2012) as (i) inner and outer debonding, (ii) radial
cracking, (iii) shear cracking, and (iv) disking (Figure 2.20). For each failure mechanism
an analytical criterion specifies the conditions under which the failure takes place.
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Figure 2.20. The four different mechanisms of cement sheath failure. Failures are indicated
with red, while the casing is colored black, the cement sheath in grey, and the
surrounding rock formation in green (modified from Bois et al., 2011).

Inner and outer debonding (Figure 2.20a and 2.20b) occurs when the radial stress
in the cement sheath 𝜎𝑟𝑟,𝑐𝑒𝑚 becomes more tensile than the tensile strength of the cement,
𝑇𝑐𝑒𝑚 , either at the casing-cement or cement-rock formation interface (first or second
interface, respectively). Radial cracking (Figure 2.20d) also falls in the category of tensile
failures and takes place when the tangential stress within the cement sheath, 𝜎𝜃𝜃,𝑐𝑒𝑚 ,
exceeds 𝑇𝑐𝑒𝑚 . Radial cracks are oriented longitudinally to the wellbore axis. Disking
(Figure 2.20e) refers to fractures oriented transversely to the wellbore axis, which initiate
when the axial stress within the cement sheath, 𝜎𝑧𝑧,𝑐𝑒𝑚 , becomes more tensile than 𝑇𝑐𝑒𝑚 .
Shear cracking (Figure 2.20c) is unlike debonding, radial cracking, and disking, a
case of shear failure. The criterion used to indicate shear failure induced by compression
in solid mechanics is the Mohr-Coulomb criterion. The theory suggests that shear failure
occurs when the shear stress within the cement sheath, 𝜎𝑟𝜃,𝑐𝑒𝑚 , is more compressive than
the maximum allowable shear stress, such
𝜎𝑟𝜃,𝑐𝑒𝑚 > [𝐶𝑜 + 𝜇𝜎𝑛 ]𝑐𝑒𝑚
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(2.38)

where 𝐶𝑜 and μ are respectively the cohesion and friction factor of the cement (different
than the corresponding values of the rock, although the theory still applies to any intact
solid material, porous and non-porous) and 𝜎𝑛 is the normal stress on the plane of failure,
defined as

𝜎𝑛 =

𝜎1 + 𝜎3
𝜎1 − 𝜎3
+(
) cos 2𝛽
2
2

(2.39)

where 𝜎1 and 𝜎3 are respectively, the greatest and least compressive effective principal
stresses per Eqs. 2.20 and 2.23, 𝛽 is the failure angle (Figure 2.21; angle between the
normal to the failure plane and 𝜎1 ), and 𝜎𝑟𝜃 (general term for shear stress applicable to any
intact solid material; per the nomenclature used, 𝜎𝑟𝜃,𝑐𝑒𝑚 refers to the 𝜎𝑟𝜃 of the cement
sheath), is expressed by

𝜎𝑟𝜃 =

𝜎1 − 𝜎3
sin 2𝛽
2
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(2.40)

Figure 2.21. The definition of failure angle for a solid porous medium, 𝛽, for an arbitrarilyoriented plane of shear compressive failure.

A graphical representation of a shear stability analysis can be performed using a
Mohr Circle diagram shown on Figure 2.22 for a solid biaxially loaded with compressive
stresses 𝑆1 and 𝑆3 and pore pressure, 𝑝𝑝 . Shear failure takes place at the point, where the
Mohr Circle, drawn using Eq. 2.40, intersects the Mohr-Coulomb failure line (Eq. 2.38),
which indicates the limits of what is commonly referred to as the “Mohr-Coulomb failure
envelope.” Figure 2.23 shows the relative impact of 𝑝𝑝 on the Mohr Circle diagram with
high 𝑝𝑝 values pushing the Mohr Circle towards the shear failure zone, making the material
in question more vulnerable to shear failure and vice versa.
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Figure 2.22. Mohr Circle diagram illustrating the point of initial shear failure via
compression for an intact porous solid material using the Mohr-Coulomb
failure criterion.
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Figure 2.23. The impact of 𝑝𝑝 on the shear failure stability of an intact porous solid
material. All else equal, higher 𝑝𝑝 values make the solid more vulnerable to
shear compressive failure and vice versa.

For each scenario, the exact point of failure can be illustrated using a Mohr Circle
diagram (Figure 2.22) and the magnitudes of the normal and shear stresses can be
determined using Eqs. 2.39 and 2.40, respectively. Using a Mohr Circle diagram, the
orientation of the shear failure plane, given by 𝛽 is quantified by

𝛽=

𝜑 𝜋
+
2 4

where the internal friction angle of the solid material, 𝜑, is related to μ by
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(2.41)

𝜇 = tan 𝜑

(2.42)

Hence, the Mohr-Coulomb theory suggests that at a fixed angle 𝜑, angle 𝛽 is independent
of the stress state. Also, with 𝜑 restricted at a range of 0° ≤ 𝜑 ≤ 90° implies that 𝛽 ranges
at 45° ≤ 𝛽 ≤ 90°. Eq. 2.42 allows the Mohr-Coulomb failure criterion (Eq. 2.38) to also
be expressed as
𝜎𝑟𝜃 > 𝐶𝑜 + (tan 𝜑)𝜎𝑛

(2.43)

for shear compressive failure to initiate within the cement sheath, generalized to any intact
porous solid material. At the point of failure, the Mohr-Coulomb failure criterion is
practically expressed (Jaeger et al., 2007) as

𝜎1 =

2𝐶𝑜 cos 𝜑
1 + sin 𝜑
+(
)𝜎
1 − sin 𝜑
1 − sin 𝜑 3

(2.44)

which is an equation used to optimize mud weight during drilling for wellbore stability
purposes (Lee et al., 2011).
Chapter 8 discusses the cement sheath’s stability to failure, during reservoir
depletion following a prolonged post-blowout discharge period, or a high discharge
flowrate scenario during loss of well control.
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Chapter 3. Analytical Orientation Criteria for Fracture Initiation
During Drilling and Completions
In this chapter, analytically-developed criteria are presented for the orientation of
fracture initiation in porous-permeable rocks considering fluid infiltration from nonperforated and perforated wellbores. For non-perforated wellbores, this is a fully-exact
analytical solution representing the initiation of drilling-induced tensile fractures (DITFs).
For perforated wells, a set of analytical approximations are derived for fracture initiation
representing completion-induced hydraulic fractures (CIHFs). DITF orientation is used to
constrain the in-situ stress tensor, especially in the case of transverse DITFs, which are
rarer than longitudinal DITFs. Results indicate that transverse CIHF initiation only occurs
over a wellbore pressure-at-breakdown window, while longitudinal CIHF initiation occurs
at comparatively higher wellbore pressures. Transverse CIHF initiation however, occurs
more frequently than transverse DITFs, because the presence of perforations aids
transverse fracture initiation. Low Biot’s poroelastic coefficient and high Poisson’s ratio
values also aid transverse fracture initiation. The region of the in-situ stress states where
transverse initiation is promoted can be shown in dimensionless plots. Case studies are run
on seven prolific shale plays (Barnett, Bakken, Fayetteville, Haynesville, Niobrara,
Marcellus, and Vaca Muerta) using breakdown pressures from the literature. Transverse
CIHF initiation is found to be a highly likely outcome, as opposed to results from past
studies that neglected pore pressure effects. Based on the findings of this study,
recommendations are made to practitioners to enhance their chances on achieving
transverse CIHF initiation in the field. These involve slow injection rates, oriented

Parts of this Chapter have been presented in the following publication: Michael, A., and Gupta, I. (2020).
Analytical Orientation Criteria for Drilling and Completion-Induced Fracture Initiation Considering Fluid
Infiltration from the Wellbore. Journal of Petroleum Science and Engineering, 107033,
doi.org/10.1016/j.petrol.2020.107033
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perforation strategy and strong bonding between the casing, cement and the surrounding
rock to prevent fracturing fluid leakages.

3.1

INTRODUCTION
The impact of hydraulic fracturing has been remarkable and responsible for

advances in the development of tight unconventional petroleum resources such as shale oil
and gas (Michael, 2014; 2016a). Fluid-driven fracture initiation depends primarily on (i)
the subsurface stress state, (ii) the formation’s mechanical properties and (iii) perforation
presence and geometry. An understanding of these three primary factors with associated
data can be used to determine a-priori the orientation of a fracture induced from a
pressurized wellbore. Some additional secondary factors are fluid-related such as (iv)
injection rate and (v) fracturing fluid viscosity (Hubbert and Willis, 1957; Hossain et al.,
2000; Fallahzadeh et al., 2017). Waters and Weng (2016) suggested that perforation gun
features such as, (vi) diameter and (vii) eccentricity can influence the location and
orientation of fracture initiation. For multi-frac operations, parameters of the perforation
cluster design, as (ix) perforation density and (x) phasing will impact fracture initiation
(Behrmann and Elbel, 1991; Van de Ketterij and de Pater, 1997; Behrmann and Nolte,
1998).
In this study, we develop analytical criteria for the orientation of fracture initiation
from horizontal wellbores in porous-permeable media, considering fluid infiltration.
Fracture initiation often follows a plane different from the final fracture propagation plane.
Stress reorientation in the near-wellbore region may promote fracture initiation of different
orientation than that dictated by the far-field, in-situ stresses (Hubbert and Willis, 1957).

52

For the special case of horizontal wellbores, fluid-driven fracture initiation can
assume arbitrary orientations with respect to the wellbore, with the two main extreme
configurations being longitudinal and transverse (Figure 3.1). Longitudinal, or “axial”
fractures, propagate in a plane parallel to the axis of the wellbore and are best promoted by
horizontal wells drilled along the direction of the larger horizontal principal stress, 𝑆𝐻𝑚𝑎𝑥 .
Transverse, or “lateral” fractures, propagate in planes orthogonal to the wellbore axis and
are best promoted when a horizontal wellbore is drilled parallel to the minimum horizontal
principal stress, 𝑆ℎ𝑚𝑖𝑛 .

Figure 3.1. Fracture orientation configurations, (a) longitudinal and (b) transverse-to-thewellbore. The variable r represents a distance from the center of the wellbore
and it cannot be smaller than the wellbore radius, 𝑟𝑤 .

During drilling fractures may initiate from openhole wellbores before those are
cased, cemented and perforated. These fractures are called drilling-induced tensile
fractures (DITFs). DITFs are used as diagnostic tools, providing constraints on the
magnitude of in-situ stress tensor components, local to the well (Peška and Zoback, 1995a
and 1995b; Wiprut et al., 1997; Brudy and Zoback, 1999; Nelson et al., 2005; Jia and
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Schmitt, 2014; Michael and Gupta, 2019a). DITFs observed in image logs from vertical
wells have been used in the past to constrain the magnitude of 𝑺𝑯𝒎𝒂𝒙 (Nelson et al., 2005)
assuming a linearly elastic medium. The two extreme and most prevalent orientations of
DITFs – longitudinal and transverse-to-the-well – are shown in the image logs on Figure
3.2. In this study, Nelson et al. (2005) analytical criterion for DITF orientation is extended
to porous-permeable media allowing infiltration of the injected fluid into the surrounding
rock, in terms of the in-situ stress state, wellbore pressure, rock formation pore pressure
and mechanical properties. This criterion is thereafter used graphically to constrain the
magnitude of 𝑺𝑯𝒎𝒂𝒙 for a hypothetical case.

Figure 3.2. Image log examples showing longitudinal and transverse DITFs (modified
from Taylor et al., 2013).
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For completion-induced hydraulic fractures (CIHFs), initiated from perforated
wells for stimulation purposes, the total flowrate from a horizontal well with multiple
transverse fractures is much higher than from a similar well with a single large longitudinal
CIHF. This makes transversely-oriented CIHFs more desirable for applications to low
permeability formations, such as unconventional shales. Longitudinal CIHFs can still
outperform transverse fractures in some formations of higher permeability ranges as well
as frack-&-pack operations where transverse fractures underperform (Deimbacher and
Economides, 1993; Economides and Martin, 2010; Economides et al., 2010), but in low
permeability reservoirs, transverse fractures are preferred.
Laboratory experiments in horizontal wells (Figure 3.3) have however shown
transverse fracture initiation to be a rarity compared to longitudinal; in the vast majority,
transverse fractures resulted through reorientation of what was originally longitudinal
fracture initiation (Daneshy, 1973; El Rabaa, 1989; Weijers, 1995; Michael, 2016b).
Fracture initiation plane different than the final (perpendicular to the least stress) would
mean reorientation of the fracture as it propagates from the near-wellbore region (El Rabaa,
1989; Hallam and Last, 1991; Weijers, 1992; Owens et al., 1992). This fracture
reorientation induces near-wellbore tortuosities, which cause various completion and
production-related problems, such as early screen-outs and problematic packer isolation in
multi-stage fracture treatments. This in turn hinders post-stimulation well performance
(Barree and Miskimins, 2015; Michael and Habibi, 2018) adversely affecting the net
present value of the hydraulic fracture treatment (Balen et al., 1988; Michael, 2019b).
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Figure 3.3. Longitudinal and transverse fractures generated from a perforated horizontal
wellbore during scaled laboratory experiments in highly concentrated gelatin
(modified Michael, 2016b).

The orientation of CIHFs controls the productivity of hydrocarbon reservoirs.
Production from low permeability formations is greatly improved if fractures orient
transversely. An understanding of criteria that promote transverse versus longitudinal
CIHF initiation for reservoir rock is thus warranted. While studies on fracture initiation
have been conducted before, they have mostly neglected pore pressure effects. The criteria
developed in this study, consider the tangential stresses on two points (extremes) around
the perforation base; one for the initiation of longitudinal CIHF (with respect to the
wellbore) and another for the initiation of transverse fractures, both considering fluid
infiltration in porous-permeable media. The range of in-situ stress states in which
transverse fracture initiation is promoted increases as Biot’s poroelastic coefficient, 𝛼𝐵
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decreases and formation Poisson’s ratio ν, increases. Fracture initiation criteria for specific
cases presented can be used to predict the orientation of fracture initiation in field
operations.
The resulting criteria are presented on dimensionless plots showing how various
parameters affect the range of in-situ stress states in which transverse fracture initiation is
promoted. Transverse DITFs are a rarity compared to longitudinal DITFs, although
transverse CIHF initiation appears to occur more frequently compared to transverse DITFs.
This is useful for completion engineers; when targeting low permeability formations,
wellbores must be made to induce multiple transverse fractures, as opposed to longitudinal
fractures, which are more effective in higher permeability formations. The criteria are
finally applied to seven prolific shale plays; Barnett, Bakken, Fayetteville, Haynesville,
Niobrara, Marcellus and Vaca Muerta assessing the conditions under which transverse
CIHF initiation occurs. Results indicate higher confidence in transverse CIHF initiation
when a porous-permeable medium is considered, compared to previous models developed
neglecting pore pressure and fluid infiltration.

3.2

THEORETICAL BACKGROUND
As a well is drilled, the wellbore walls must sustain stresses previously supported

by the rock volume that is now removed. This cylindrical cavity introduced during drilling
in the subsurface medium induces stresses of variable concentration around the borehole.
The magnitude of these stresses at the wellbore wall depends on the far-field, in-situ stress
state, as well as the orientation of the drilled well (Kirsch, 1898; Hubbert and Willis, 1957;
Nelson et al., 2005; Zoback, 2014) and is what determines the orientation of the DITFs that
are initiated.
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3.2.1 Stresses on the Wellbore Radius
The equations for the magnitude of the stresses on a uniform plate with a circular
hole under uniform tension were derived by Kirsch (1898) and were then modified to
include biaxial stresses and fluid pressure inside the hole by Hubbert and Willis (1957).
The magnitude of the stress field can be determined from the in-situ principal stresses 𝑆𝑣 ,
𝑆𝐻𝑚𝑎𝑥 and 𝑆ℎ𝑚𝑖𝑛 and the mechanical properties of the rock formation. Horizontal wells
drilled parallel to 𝑆ℎ𝑚𝑖𝑛 (Figure 3.4) represent the best wellbore trajectory for promoting
transverse fracture initiation (Hubbert and Willis, 1957; El Rabaa, 1989; Hallam and Last,
1991).

Figure 3.4. Spatial configuration of the near-wellbore stresses for a horizontal well drilled
parallel to 𝑆ℎ𝑚𝑖𝑛 . 𝑆𝐻𝑚𝑎𝑥 , 𝑆ℎ𝑚𝑖𝑛 and 𝑆𝑣 are assumed to be along the x, y and
z-axis, respectively. Shear stress is not shown (𝜎𝑟𝜃 = 0 at 𝑟 = 𝑟𝑤 ).
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For a well drilled in a homogeneous, isotropic, linearly elastic rock, the stresses
around the wellbore are analytically defined by Zoback (2014). As shown on Figure 3.4,
𝜎𝑟𝑟 is the radial stress, 𝜎𝜃𝜃 is the tangential (also known as “hoop” or circumferential:
normal stress in the tangential direction) stress, 𝜎𝑦𝑦 is the out-of-plane stress parallel to the
horizontal wellbore, assumed to be parallel to the y-axis, and 𝜎𝑟𝜃 is the shear stress at the
wellbore radius (𝑟 = 𝑟𝑤 ):

𝜎𝑟𝑟 |𝑟=𝑟𝑤 = 𝑝𝑤 − 𝑝𝑝

(3.1)

𝜎𝜃𝜃 |𝑟=𝑟𝑤 = 𝑆𝐻𝑚𝑎𝑥 + 𝑆𝑣 − 2(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) cos 2𝜃 − 𝑝𝑝 − 𝑝𝑤

(3.2)

𝜎𝑦𝑦 |𝑟=𝑟 = 𝑆ℎ𝑚𝑖𝑛 − 2𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) cos 2𝜃 − 𝑝𝑝

(3.3)

𝜎𝑟𝜃 |𝑟=𝑟𝑤 = 0

(3.4)

𝑤

where 𝜃 is the azimuth measured from the direction of 𝑆𝑣 (top of the hole), 𝑝𝑤 is the
wellbore pressure (fluid pressure in the borehole) and 𝑝𝑝 is the formation pore pressure and
ν is the formation’s Poisson’s ratio.

3.2.2 Modifications for Fluid Infiltration from the Wellbore
In the subsurface, presence of fluids in the rock pores and cracks along with any
fluid movements influence the near-wellbore stresses. Hence, the description of small
deformation in a fluid-saturated, porous-permeable medium requires the use of Haimson
and Fairhurst (1967)’s theory on the stress effects around the wellbore due to penetration
59

of the injected fluid into the formation medium. The 𝒑𝒑 term is therefore substituted by a
new term which includes the Biot’s poroelastic coefficient, 𝜶𝑩 which ranges from zero to
one and is used to define the porous-permeable formation as,

𝛼𝐵 = 1 −

𝐾𝑏
𝐾𝑔

(3.5)

where 𝐾𝑏 and 𝐾𝑔 are the bulk moduli of the solid and the modulus of the grains,
respectively. For a stiff rock the value of 𝛼𝐵 is close to 0, because 𝐾𝑏 ≈ 𝐾𝑔 and for a soft
rock, 𝛼𝐵 approaches 1.0 with 𝐾𝑏 ≪ 𝐾𝑔 . This makes the equilibrium stresses around a
cylindrical wellbore take a bi-harmonic form as presented in Appendix B (Weijers, 1995;
Michael and Gupta, 2019), which includes Biot’s poroelastic constant,

𝐴=(

1 − 2𝜈
) 𝛼𝐵
1−𝜈

(3.6)

Eq. 3.6 is used to modify the tangential and axial stresses (Eq. 3.2 and 3.3) around a
wellbore to account for fluid infiltration in the pores. Therefore, for a horizontal well
parallel to 𝑆ℎ𝑚𝑖𝑛 , the expressions of 𝜎𝜃𝜃 and 𝜎𝑦𝑦 at 𝑟 = 𝑟𝑤 , with 𝜃 taken from the direction
of 𝑆𝑣 become,

𝜎𝜃𝜃 |𝑟=𝑟𝑤 = 𝑆𝑣 + 𝑆𝐻𝑚𝑎𝑥 − 2(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) cos 2𝜃 + 𝐴(𝑝𝑤 − 𝑝𝑝 ) − 2𝑝𝑤

(3.7)

𝜎𝑦𝑦 |𝑟=𝑟 = 𝑆ℎ𝑚𝑖𝑛 − 2𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) cos 2𝜃 + 𝐴(𝑝𝑤 − 𝑝𝑝 ) − 𝑝𝑤

(3.8)

𝑤
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The geometrical simplicity of the problem allows us to derive fully-exact, analytical
criteria for the orientation of DITFs using the analytical expressions for the stresses at 𝑟 =
𝑟𝑤 in porous-permeable media, where fluid penetration is possible. The DITF orientation
can be used to constrain the magnitude of the maximum horizontal stress, 𝑆𝐻𝑚𝑎𝑥 ; the most
difficult to evaluate component of the in-situ stress tensor. Contrary to DITFs, the complex
geometry of a perforated wellbore does not allow derivation of expressions for the exact
analytical solutions of the longitudinal and transverse fracturing stresses. Thus,
approximations implemented in the past in linearly elastic media are extended to porouspermeable media (allowing fluid infiltration) deriving closed-form analytical expressions
for the fracturing stresses, thus helping derive a criterion for the orientation of fracture
initiation from perforated wellbores.

3.3

ANALYTICAL APPROACH
Using the near-wellbore stress field, closed-form analytical criteria can be derived

for determining the orientation of fracture initiation from non-perforated (i.e., during
drilling) and perforated (i.e., during stimulation) wellbores.

3.3.1 DITF Initiation from Non-Perforated Wellbores
In the absence of perforations, what determines the DITF orientation from an
openhole section are the magnitudes of 𝜎𝜃𝜃 and 𝜎𝑦𝑦 at 𝑟 = 𝑟𝑤 . Transverse DITFs would
initiate only if 𝜎𝑦𝑦 is more tensile than the tensile strength of the surrounding rock, −𝑇
(i.e., 𝜎𝑦𝑦 < −𝑇) as well as more tensile than 𝜎𝜃𝜃 (i.e., 𝜎𝑦𝑦 < 𝜎𝜃𝜃 ). In all other conditions,
the DITFs initiated will be longitudinal-to-the-wellbore (Nelson et al., 2005). This allows
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the derivation of two closed-form analytical criteria for the initiation of transverse DITFs,
for a horizontal wellbore drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in a porous-permeable medium:

𝑆ℎ𝑚𝑖𝑛 − 2𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) cos 2𝜃 + (𝐴 − 1)𝑝𝑤 − 𝐴𝑝𝑝 + 𝑇 < 0

(3.9)

𝑆ℎ𝑚𝑖𝑛 − 𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 + 2(1 − 𝜈)(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) cos 2𝜃 + 𝑝𝑤 < 0

(3.10)

3.3.2 CIHF Initiation from Perforated Wellbores
The presence of a perforation tunnel intersecting the cylindrical wellbore increases
the geometrical complexity of the problem, making derivation of an analytically exact
solution extremely challenging. Nevertheless, following Hossain et al. (2000), the
application of three assumptions can reduce the problem to a more simplified form, for
which closed-form analytical solutions can be derived:
i.

A micro-annulus existing between the cement and the rock formation, allowing the
wellbore to be modeled as an openhole. This micro-annulus is promoted by some
perforation parameters, such as small gun-to-casing clearance, using a capsule gun
and having liquid in the wellbore during the perforation process (Behrmann and
Nolte, 1998).

ii.

Fractures initiate at the perforation base, which is cylindrical. Laboratory test
results on sandstone and hydrostone blocks support this assumption (Behrmann and
Elbel, 1991; Zhang et al., 2018).

iii.

The pressure on the perforation base is equal to 𝑝𝑤 .
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Hossain et al. (2000) used analytical approximations for the longitudinal and
fracturing stresses from an arbitrarily oriented perforated wellbore in linearly elastic media.
These approximations were later modified by Michael et al. (2018) to incorporate the
effects of 𝑝𝑝 . Expressions for the total tangential, 𝑆𝜃𝜃 and the total axial, 𝑆𝑦𝑦 stresses (from
Eq. 3.2 and 3.3 without the 𝑝𝑝 term subtracted) are inserted into Eq. 3.7 – the expression
for 𝜎𝜃𝜃 modified for porous-permeable media with fluid infiltration. For a horizontal
wellbore aligned with 𝑆ℎ𝑚𝑖𝑛 (y-axis on Figure 3.4) and perforation pressurized uniformly
at 𝑝𝑤 , the tangential stress around the base of a cylindrical perforation, 𝜎𝜃𝜃𝑝 , takes the
form:

𝜎𝜃𝜃𝑝 = 𝑆𝑦𝑦 + 𝑆𝜃𝜃 − 2(𝑆𝑦𝑦 − 𝑆𝜃𝜃 ) cos 2𝜃𝑝 + 𝐴(𝑝𝑤 − 𝑝𝑝 ) − 2𝑝𝑤

(3.11)

where 𝜃𝑝 is the angle measured from y-axis (Figure 3.5); the coordinate axis parallel to the
wellbore, which is assumed to be parallel to 𝑆ℎ𝑚𝑖𝑛 to maximize the likelihood of transverse
CIHF initiation to occur. Substituting Eq. 3.7 and 3.8 into Eq. 3.11 yields,

𝜎𝜃𝜃𝑝 = (𝑆𝐻𝑚𝑎𝑥 + 𝑆ℎ𝑚𝑖𝑛 − 2𝜈[𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ] cos 2𝜃 + 𝑆𝑣 )
+ 2(𝑆𝐻𝑚𝑎𝑥 + 𝑆𝑣 − 𝑆ℎ𝑚𝑖𝑛 + 2𝜈[𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ] cos 2𝜃) cos 2𝜃𝑝
− 2(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 )(cos 2𝜃 + 2cos 2𝜃 cos 2𝜃𝑝 )

(3.12)

− 𝑝𝑤 (3 + 2 cos 2𝜃𝑝 ) + 𝐴(𝑝𝑤 − 𝑝𝑝 )

For a perforation oriented parallel to the 𝑆𝐻𝑚𝑎𝑥 (Figure 3.4) in a porous-permeable
medium, 𝜃 = 90°, the tangential stress around the perforation base, 𝜎𝜃𝜃𝑝 is simplified to:
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𝜎𝜃𝜃𝑝 |

= 𝑆ℎ𝑚𝑖𝑛 + ([4𝜈 − 2] cos 2𝜃𝑝 − 2𝜈 − 1)𝑆𝐻𝑚𝑎𝑥

𝜃=90°

+ ([6 − 4𝜈]𝑆𝑣 − 2𝑆ℎ𝑚𝑖𝑛 ) cos 2𝜃𝑝 + (2𝜈 + 3)𝑆𝑣

(3.13)

+ 3𝐴(𝑝𝑤 − 𝑝𝑝 ) − (3 + 2 cos 2𝜃𝑝 ) 𝑝𝑤

Eq. 3.13 has two extreme values designated as the longitudinal fracturing stress,
𝜎𝜃𝐿 and the transverse fracturing stress, 𝜎𝜃𝑇 (Figure 3.5). A similar designation can be
made for a perforation at the top of the hole (𝜃 = 0°). At 𝜃𝑝 = 0°, 𝜎𝜃𝜃𝑝 = 𝜎𝜃𝐿 and at 𝜃𝑝 =
90°, 𝜎𝜃𝜃𝑝 = 𝜎𝜃𝑇 such that,
𝜎𝜃𝐿 ≡ 𝜎𝜃𝜃𝑝 |

𝜃=90°,𝜃𝑝 =0°

= 9𝑆𝑣 − 3𝑆𝐻𝑚𝑎𝑥 − (𝑆ℎ𝑚𝑖𝑛 − 2𝜈[𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 ])

(3.14)

+ 𝐴(𝑝𝑤 − 𝑝𝑝 ) − 5𝑝𝑤
𝜎𝜃𝑇 ≡ 𝜎𝜃𝜃𝑝 |

𝜃=90°,𝜃𝑝 =90°

= 3𝑆ℎ𝑚𝑖𝑛 − (2 − 6𝜈)(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) − 𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥
+ 𝐴(𝑝𝑤 − 𝑝𝑝 ) − 𝑝𝑤
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(3.15)

Figure 3.5. Configuration of the longitudinal 𝜎𝜃𝐿 (𝜎𝜃𝜃𝑝 at 𝜃𝑝 = 0°) and transverse 𝜎𝜃𝑇
(𝜎𝜃𝜃𝑝 at 𝜃𝑝 = 90°) fracturing stresses at the base of the perforation. The
wellbore is assumed to be drilled parallel to the y-axis with perforations
parallel to the x-axis.

Analytical approximations for 𝜎𝜃𝐿 and 𝜎𝜃𝑇 can be derived for any wellbore trajectory and
perforation direction.
Incorporating tensile strength, T in the failure criterion requires, 𝜎𝜃𝜃𝑝 |

𝜃𝑝

< −𝑇,

following a sign convention where compressive stresses are positive and tensile stresses
negative. If the criterion is satisfied for 𝜃𝑝 = 0° and 𝜃𝑝 = 90°, (Eq. 3.16, for 𝜎𝜃𝑇 < −𝑇),
transverse CIHF initiation occurs if 𝜎𝜃𝐿 is more compressive/less tensile than 𝜎𝜃𝑇 , such
that 𝜎𝜃𝑇 < 𝜎𝜃𝐿 , giving a second condition for preferred transverse fracturing (Eq. 3.17),
for 𝜎𝜃𝑇 = 𝜎𝜃𝐿 ), which is the same as the corresponding expression derived for linearly
elastic media after Hossain et al. (2000):

65

3𝑆ℎ𝑚𝑖𝑛 − (2 − 6𝜈)(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) − 𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 + (𝐴 − 1)𝑝𝑤 − 𝑝𝑝 + 𝑇 < 0

(3.16)

𝑆𝐻𝑚𝑎𝑥 + 𝑆ℎ𝑚𝑖𝑛 − 3𝑆𝑣 + 2𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) + 𝑝𝑤 < 0

(3.17)

If the perforation is at the top of the hole (𝑆𝑣 direction), the 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 terms are
interchanged leading to the corresponding expressions for 𝜎𝜃𝐿 |𝜃=0° and 𝜎𝜃𝑇 |𝜃=0° .

3.3.3 Initiation Pressures of DITFs and CIHFs
As mentioned in the previous section, in order for transverse DITFs to initiate from
a non-perforated openhole wellbore, the following two conditions must be met at a specific
position 𝜃 around the hole:
i.

The wellbore axial stress is more tensile than the rock’s tensile strength, (i.e., σyy <
−T).

ii.

The wellbore axial stress is more tensile than the wellbore tangential stress, (i.e.,
σyy < σθθ ).
For a horizontal well drilled parallel to 𝑆ℎ𝑚𝑖𝑛 the initiation pressures for

longitudinal and transverse DITFs, 𝑝𝑖𝐿 and 𝑝𝑖𝑇 respectively, can be calculated from a
location 𝜃 by setting Eq. 3.7 and 3.8 equal to −𝑇, respectively and solving for 𝑝𝑤 . As the
whole circumference of the borehole is exposed during drilling, there is an infinite number
of potential DITF initiation locations. DITFs will initiate from the location around the
borehole at which either 𝑝𝑖𝐿 or 𝑝𝑖𝑇 is minimized, such that
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𝑝𝑖𝐿 |𝜃 = 𝑚𝑖𝑛 (

2(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) cos 2𝜃 − 𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 + 𝐴𝑝𝑝 − 𝑇
)
𝐴−2

2𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) cos 2𝜃 − 𝑆ℎ𝑚𝑖𝑛 + 𝐴𝑝𝑝 − 𝑇
𝑝𝑖𝑇 |𝜃 = 𝑚𝑖𝑛 (
)
𝐴−1

(3.18)

(3.19)

Similarly, expressions for 𝑝𝑖𝐿 and 𝑝𝑖𝑇 can also be derived for wellbores of different
trajectories. The DITF initiation mechanism is identical to the mechanism of fracture
initiation during the post-blowout capping stage in loss of well control situations (Michael
and Gupta, 2018).
The 𝑝𝑤 at CIHF initiation is approximated in the field as the breakdown pressure,
𝑝𝑏 (the highest pressure reached during a hydraulic fracture treatment). Although studies
(Zoback et al., 1977) have shown that fractures can initiate at 𝑝𝑤 values narrowly below
𝑝𝑏 , in this study we assume that CIHFs initiate at 𝑝𝑏 . Analytical expressions (Eq. 3.20 and
3.21) are derived for 𝑝𝑏 for longitudinal and transverse CIHF initiation, (𝑝𝑏𝐿 and 𝑝𝑏𝑇 ) by
setting Eq. 3.14 and 3.15 equal to −𝑇 and solving for 𝑝𝑤 , respectively:

𝐴𝑝𝑝 + 2𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) + 3𝑆𝐻𝑚𝑎𝑥 − 9𝑆𝑣 + 𝑆ℎ𝑚𝑖𝑛 − 𝑇
𝐴−5

(3.20)

𝐴𝑝𝑝 + 𝑆𝑣 + 𝑆𝐻𝑚𝑎𝑥 − 3𝑆ℎ𝑚𝑖𝑛 + (2 − 6𝜈)(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) − 𝑇
𝐴−1

(3.21)

𝑝𝑏𝐿 |𝜃=90° =
𝑝𝑏𝑇 |𝜃=90° =

Similar expressions are derived for 𝑝𝑏 for CIHFs initiating from perforations at the top of
the hole aligned parallel to 𝑆𝑣 at (𝜃 = 0°), by interchanging all 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 terms.
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3.4

OILFIELD APPLICATION

3.4.1 Allowable Stress State Diagrams
The range of possible relative principal stresses can be visualized on a diagram of
𝑆𝐻𝑚𝑎𝑥 /𝑆𝑣 against 𝑆ℎ𝑚𝑖𝑛 /𝑆𝑣 (Figure 3.6, after Nelson et al., 2005 and Zoback, 2014). The
allowable region is bounded by the frictional limits and the line of horizontal isotropy
(𝑆𝐻𝑚𝑎𝑥 = 𝑆ℎ𝑚𝑖𝑛 ). The theory of frictional limits constrains the magnitude of the horizontal
stresses by not allowing the ratio of the effective maximum to minimum stress
(𝑆1 − 𝑝𝑝 )/(𝑆3 − 𝑝𝑝 ) to exceed the critical minimum value required for slippage on a preexisting fault, which is ~3.12-4.33 (for rock friction factor, 𝜇 = 0.6-0.8 after Byerlee,
1978). 𝑆1 and 𝑆3 are the greatest and least compressive principal stresses. The allowable
region for possible subsurface stress states for a hydrostatic 𝑝𝑝 gradient of 0.43 psi/ft,
therefore becomes a region enclosed by the polygon shown in Figure 3.6.
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Figure 3.6. Allowable region for in-situ stress states in the Earth subsurface for
hydrostatic 𝑝𝑝 (0.43 psi/ft). The dotted diagonal line represents horizontal
isotropy (𝑆𝐻𝑚𝑎𝑥 = 𝑆ℎ𝑚𝑖𝑛 ), the thicker solid lines represent the frictional
limits at 𝜇 = 0.6 and the thinner lines represent the frictional limits at 𝜇 =
0.8. The region bounded by the solid lines and the horizontal isotropy
diagonal, represents the region of possible subsurface stress states (NF:
normal faulting, RF: reverse faulting and SSF: strike-slip faulting).

Following Nelson et al. (2005), the criteria for transverse DITF initiation in porouspermeable media can be presented on a single allowable in-situ stress diagram (Figure 3.7)
as a cyan line representing 𝜎𝑦𝑦 = 0 (Eq. 3.9) and a green line representing 𝜎𝑦𝑦 = 𝜎𝜃𝜃 (Eq.
3.10) on the wellbore radius (𝑟 = 𝑟𝑤 ). The blue region shown on Figure 3.7 indicates the
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range of in-situ stress states, which promote transverse DITFs from the side of the hole
(𝜃 = 90°, along 𝑆𝐻𝑚𝑎𝑥 ) for hydrostatic 𝑝𝑝 , 𝑝𝑤 gradient equal to 0.5 psi/ft and 𝑇 = 0, in
horizontal wells drilled parallel to 𝑆ℎ𝑚𝑖𝑛 . The diagram shows that under most in-situ
conditions, longitudinal DITFs should be expected rather than transverse DITFs.

Figure 3.7. Allowable in-situ stress diagram for DITF initiation at 𝛼𝐵 = 0.8 from the side
of the hole (𝜃 = 90°) of horizontal wells drilled parallel to 𝑆ℎ𝑚𝑖𝑛 . The blue
region indicates the stress states in which transverse DITFs are promoted at a
given 𝑝𝑤 (0.5 psi/ft in this example) and 𝑇 = 0.

Allowable in-situ stress diagrams can also be used to demonstrate the stress states
for transverse CIHF initiation. For examining CIHF initiation for horizontal wells parallel
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to 𝑆ℎ𝑚𝑖𝑛 with perforations parallel to 𝑆𝐻𝑚𝑎𝑥 (𝜃 = 90°) using the stress polygon, two new
lines are used (Figure 3.8); a solid cyan line for 𝜎𝜃𝑇 = 0 (Eq. 3.16) and a green line for
𝜎𝜃𝑇 = 𝜎𝜃𝐿 (Eq. 3.17) assuming 𝑝𝑝 gradient 0.43 psi/ft. The region between the two lines
(where 𝜎𝜃𝑇 < 0 and 𝜎𝜃𝑇 < 𝜎𝜃𝐿 ) represents the stress states where transverse CIHF
initiation occurs for the given 𝑝𝑤 gradient. A dash-dotted and dotted cyan line is used to
provide comparisons with older models neglecting 𝑝𝑝 (Hossain et al., 2000) and fluid
infiltration (Michael et al., 2018), respectively. Both older models clearly yield smaller
blue region on the diagram (Figure 3.8) than using the model that considers infiltration of
the injected fluid into the porous-permeable rock.
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Figure 3.8. Allowable in-situ stress diagram for CIHF initiation at 𝛼𝐵 = 0.8 for
perforations parallel to 𝑆𝐻𝑚𝑎𝑥 (𝜃 = 90°) in horizontal wells parallel to 𝑆ℎ𝑚𝑖𝑛 .
The blue region indicating transverse CIHF initiation is much larger than the
corresponding blue region for transverse DITF on Figure 3.7.

3.4.2 Using DITF Observations to Constrain 𝑺𝑯𝒎𝒂𝒙
Nelson et al. (2005) used the linear elasticity theory along with the observation of
transverse DITFs on image logs from vertical wells in West Tuna area, in the Gippsland
basin, offshore southeastern Australia to constrain the magnitude of the local 𝑆𝐻𝑚𝑎𝑥 . The
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extended criterion for porous-permable media allowing fluid infiltration from the wellbore
to the surrounding formation is applied to a hypothetical case of a horizontal well drilled
parallel to 𝑆ℎ𝑚𝑖𝑛 . Assuming transverse DITFs were observed at a 𝑝𝑤 gradient within 0.60.8 psi/ft, the magnitude of 𝑆𝐻𝑚𝑎𝑥 can be constrained by adding another line to the
allowable in-situ stress diagram for the value of 𝑆ℎ𝑚𝑖𝑛 (the magenta line). The value of
𝑆ℎ𝑚𝑖𝑛 can be estimated from a leak-off test (Zoback, 2014) and for this hypothetical case
we assume that 𝑆ℎ𝑚𝑖𝑛 = ~𝑆𝑣 . The three lines (𝜎𝑦𝑦 = 0, 𝜎𝑦𝑦 = 𝜎𝜃𝜃 , and 𝑆ℎ𝑚𝑖𝑛 ⁄𝑆𝑣 = 1)
enclose a smaller yellow region within the blue, transverse DITF-promoting region (Figure
3.9). Using the vertical bounds of the yellow region, the range of 𝑆𝐻𝑚𝑎𝑥 is constrained to
~1.8-2.4𝑆𝑣 . Due to their rarer occurrence, transverse DITFs when observed can constrain
the stress tensor more effectively than longitudinal DITFs.
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Figure 3.9. Region (yellow) of possible in-situ stress states for a hypothetical case of
transverse DITF occurrence. The range of possible magnitudes for 𝑆𝐻𝑚𝑎𝑥 /𝑆𝑣
is subsequently constrained to ~1.8-2.4. Similar analyses can be performed to
constrain 𝑆𝐻𝑚𝑎𝑥 for wells aligned with one of the principal stress direction,
or some components of the in-situ stress tensor for wells, which are not
aligned with the direction of one of the principal stresses.

3.4.3 Orientation Prediction of CIHF Initiation
In order for transverse CIHF initiation to be induced from a perforated wellbore,
the following conditions must be met at 𝑝𝑤 = 𝑝𝑏 :
i.

The transverse fracturing stress is more tensile than the tensile strength of the rock
formation (i.e., 𝜎𝜃𝑇 < −𝑇).
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ii.

The transverse fracturing stress is more tensile than the corresponding longitudinal
fracturing stress (i.e., 𝜎𝜃𝑇 < 𝜎𝜃𝐿 ).

3.4.3.1 Breakdown Pressure Window
According to the analytical fracture initiation criterion, transverse CIHF initiation
occurs at 𝑝𝑤 lower than longitudinal CIHF initiation (Figure 3.10, for parameters from the
Barnett Shale), so that 𝜎𝜃𝑇 is more tensile (negative) than 𝜎𝜃𝐿 . As 𝑝𝑤 increases 𝜎𝜃𝑇 (blue
line), which starts from a small tensile value at 𝑝𝑤 = 0, becomes more and more tensile.
However, 𝜎𝜃𝐿 (red line) which starts from a compressive (positive) value at 𝑝𝑤 = 0,
becomes tensile at a much higher rate (higher slope) than 𝜎𝜃𝑇 . This creates a “breakdown
pressure window” for transverse CIHF initiation (yellow region in Figure 3.10), which
would occur only if the breakdown 𝑝𝑏 is lower than the 𝑝𝑤 value at the intersection point
of the 𝜎𝜃𝐿 and 𝜎𝜃𝑇 lines, which is the upper-bound of the 𝑝𝑏 window, 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 . Eq. 3.17
can be rearranged to solve for 𝑝𝑤 , giving us an expression for 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 :
𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 |𝜃=90° = 3𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 + 2𝜈(𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 )

(3.22)

for perforations in the direction of 𝑆𝐻𝑚𝑎𝑥 , for a well drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in a normal
faulting stress regime. For perforations in the direction of 𝑆𝑣 (top of the hole), 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 is
calculated by interchanging the 𝑆𝑣 terms with 𝑆𝐻𝑚𝑎𝑥 in Eq. 3.22. Although largely
dependent on the in-situ conditions, 𝑝𝑏 can to some extent be controlled by the practitioner
on the surface. Low pressurization rates have been shown to suppress 𝑝𝑏 (Zoback et al.,
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1977; Weijers, 1995) and thus low injection rates can be premeditated to ensure that 𝑝𝑏 <
𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 .

Figure 3.10. Graphical solution of 𝜎𝜃𝐿 and 𝜎𝜃𝑇 against 𝑝𝑤 for parameters of the Barnett
Shale (Table 3.1) with the breakdown pressure window indicated for αΒ = 0.8
by the width of the yellow region. The 𝑝𝑏 window is 0-11,489 psi.

3.4.3.2 Preferred Perforation Alignment (PPA)
For linearly elastic rocks under normal faulting stress regime, 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 values are
maximized when perforations are parallel to 𝑆𝐻𝑚𝑎𝑥 , making those perforations most likely
to generate transverse CIHF initiation (Michael et al., 2018; Michael and Gupta, 2019e;
Michael, 2019a). The same is true for porous-permeable media, because 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 is
independent of the 𝛼𝐵 value (Eq. 3.22) making the 𝑆𝐻𝑚𝑎𝑥 direction the preferred
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perforation alignment (PPA) for normal faulting stress states (PPA depending solely on the
stress state). Perforations parallel to PPA thus yield the best chance for generating
transverse CIHF initiation (Figure 3.11, for the Barnett Shale). For strike-slip faulting stress
states, 𝑆𝑣 is the PPA (Figure 3.12, for the Marcellus Shale).

Figure 3.11.

The fracturing stresses for PPA and non-PPA oriented perforations for a
normal faulting stress regime example (the Barnett Shale; see Table 3.1 for
the in-situ stress state), yielding a maximum 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 of 1.59𝑆𝑣 . The solid
lines for PPA perforations yield larger 𝑝𝑏 windows. For normal faulting
stress states, PPA is parallel to 𝑆𝐻𝑚𝑎𝑥 (𝜃 = 90°, side of the hole).
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Figure 3.12.

The fracturing stresses for PPA and non-PPA oriented perforations for a
strike-slip faulting stress regime example (the Marcellus Shale – see Table
3.1 for the in-situ stress state), yielding a maximum 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 of 1.38𝑆𝑣 .
Similar with normal faulting stress states, the solid lines for PPA
perforations yield larger 𝑝𝑏 windows. However, for strike-slip faulting
stress states PPA is parallel to 𝑆𝑣 (top of the hole).

If a wellbore is drilled parallel to the least principal stress, the PPA direction –
which is dictated by the stresses orthogonal to the wellbore – is parallel to the least of the
two stresses acting orthogonal to the wellbore (Figure 3.13). For horizontal wells drilled
along 𝑆ℎ𝑚𝑖𝑛 , PPA is always contained within the preferred fracture plane (PFP), which is
orthogonal to the wellbore according to Hubbert and Willis (1957). For a reverse faulting
regime, determining PPA is more complex because the PFP is horizontal, perpendicular to
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𝑆𝑣 . For a horizontal well along 𝑆ℎ𝑚𝑖𝑛 , the PPA is in the direction of the least compressive
of 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 . This is useful for completion engineers – when targeting “sweet spots”
strategically oriented perforations (Kurdi, 2018) along PPA can be used to enhance the
promotion of transverse CIHF initiation by maximizing 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 .

Figure 3.13. The preferred perforation alignment (PPA) configurations for horizontal
wellbores drilled parallel to 𝑆ℎ𝑚𝑖𝑛 under normal and strike-slip faulting stress
regimes.

As the fracture propagates away from the wellbore, the in-situ stresses become
more dominant over the near-wellbore stresses and dictate PFP. Thus, if a fracture initiates
at an orientation plane different to the PFP, reorientation is expected to occur in the nearwellbore region, aligning the fracture propagation plane with the PFP. For instance,
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longitudinal CIHF initiation from a horizontal well parallel to 𝑆ℎ𝑚𝑖𝑛 , is expected to lead to
reorientation as the fracture moves away from the wellbore aligning the fracture
transversely to the wellbore.

3.4.3.3 Effect of the Wellbore Pressure
High 𝑝𝑤 hinders transverse CIHF initiation for a given stress state as previously
shown on Figure 3.10. Transverse CIHF initiation will occur if 𝑝𝑏 ≤ 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 . Low 𝑝𝑤 at
breakdown makes more in-situ stress states to promote transverse CIHF initiation by
enlarging the blue region as seen on Figure 3.14. Increasing 𝑝𝑤 from 0.5 psi/ft to 0.7 psi/ft,
reduces the range of stress states, yielding transverse CIHF initiation. The 𝜎𝜃𝐿 expression
is more sensitive to 𝑝𝑤 compared to the 𝜎𝜃𝑇 expression, with the former becoming more
tensile (negative) than the latter as 𝑝𝑤 increases.
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Figure 3.14. The effect of 𝑝𝑤 on the orientation of CIHF initiation; as 𝑝𝑤 gradient increases
the blue region representing the stress states where transverse CIHF initiation
will be promoted, shrinks.

3.4.3.4 Effect of the Biot’s Poroelastic Coefficient
For a specific in-situ stress state, 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 is independent of the Biot’s poroelastic
coefficient, 𝛼𝐵 as Eq. 3.22 dictates. Hence, as 𝛼𝐵 decreases from 1.0 (soft rock) to 0.6
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(stiffer rock) the 𝑝𝑏 window range remains the same (Figure 3.15, for the Barnett Shale
parameters).

Figure 3.15. The effect of Biot’s poroelastic coefficient, 𝛼𝐵 on 𝜎𝜃𝐿 and 𝜎𝜃𝑇 for parameters
of the Barnett Shale (Table 3.1).

Nevertheless, Figure 3.16 shows that at a given 𝑝𝑤 gradient (0.6 psi/ft), smaller 𝛼𝐵 values
yield a slightly larger range of in-situ stress states (indicated by the blue region) where
transverse CIHF initiation is promoted as opposed to the red region indicating the stress
states in which longitudinal CIHF initiation will be promoted.
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Figure 3.16. As 𝛼𝐵 increases the blue region indicating the stress states in which transverse
CIHF initiation is promoted shrinks.

3.4.3.5 Effect of the Poisson’s Ratio
The formation’s Poisson’s ratio, ν impacts the 𝑝𝑏 window by affecting the value of
𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 . Both expressions for 𝜎𝜃𝐿 and 𝜎𝜃𝑇 contain ν terms which makes the result more
tensile (negative). The impact of ν however, depends on the stress anisotropy between the
two stresses acting orthogonally to the well (𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 for wells drilled parallel to
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𝑆ℎ𝑚𝑖𝑛 ). The higher this stress anisotropy, the smaller 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 becomes. Subsequently, for
the stress state and formation properties of the Barnett Shale, the 𝑝𝑏 window for transverse
CIHF initiation shrinks by pushing the intersection point of the 𝜎𝜃𝑇 and 𝜎𝜃𝐿 lines to the left
(Figure 3.17).

Figure 3.17. The effect of Poisson’s ratio, ν on 𝜎𝜃𝐿 and 𝜎𝜃𝑇 for parameters of the Barnett
Shale (Table 3.1).

Nonetheless, at a given 𝑝𝑤 gradient, a higher ν value increases the range of in-situ stress
states, which promote transverse CIHF initiation as indicated by the blue region in Figure
3.18 for a given 𝑝𝑤 gradient of 0.6 psi/ft.
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Figure 3.18. As ν increases, the blue region indicating the range of in-situ stress states in
which transverse CIHF is promoted is enlarged.

3.4.4 Shale Play Case Studies
Seven shale plays are studied; five under normal faulting (Barnett, Bakken,
Fayetteville, Haynesville and Niobrara) and two under strike-slip faulting stress regime
(Marcellus and Vaca Muerta). The calculation of the 𝑝𝑏 window range for each of the seven
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shale plays is performed using the appropriate expression for 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 per given in-situ
stress regime. Table 3.1 summarizes the in-situ stress states of the seven shale plays, which
are illustrated on the allowable in-situ stress diagram on Figure 3.19. The 𝑝𝑏 window range
is calculated for perforations parallel to PPA for each play (Table 3.2) and a prediction is
made for the orientation of CIHF initiation using 𝑝𝑏 values from the literature (Table 3.3).

Figure 3.19. In-situ stress states of the seven shale plays on an allowable stress diagram.
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Table 3.1.

Summary of the in-situ stresses and pore pressure of the seven shale plays.

Shale play

Location

𝑺𝒗 (psi)

𝑺𝒉𝒎𝒂𝒙 (psi)

𝑺𝒉𝒎𝒊𝒏 (psi)

𝒑𝒑 (psi)

Source

Barnett

TX

7,215

4,550

3,900

3,055

Moos (2012)

Bakken

MN, ND and Canada

10,605

10,302

8,080

6,666

Yang and Zoback (2014)

Fayetteville

AR and OK

5,085

4,388

4,050

1,913

Prioul et al. (2011)

Haynesville

AR, LA and TX

13,320

12,600

12,000

10,200

Prioul et al. (2011)

Niobrara

CO, KS, NE and WY

7,102

~5,360

5,025

3,283

Koskella et al. (2015)

9,152

9,568

6,656

4,576

Kowan and Ong (2016)

8,692

8,856

6,724

5,330

Kosset (2014)

NY, MD, NJ, OH, PA,
Marcellus
VA and WV
Vaca Muerta

Table 3.2.

Argentina

The 𝑝𝑏 window ranges for perforations parallel to PPA for the seven shale
plays studied. Based on 𝑝𝑏 values reported in the literature (Table 3.3),
predictions are made for the orientation of CIHF initiation for each shale play.

Shale play

PPA

𝑝𝑏 window @ PPA

Predicted orientation of CIHF initiation

Barnett

𝑆𝐻𝑚𝑎𝑥 (𝜃 = 90°)

0-11,489

Transverse

Bakken

𝑆𝐻𝑚𝑎𝑥 (𝜃 = 90°)

0-13,239

Transverse

Fayetteville

𝑆𝐻𝑚𝑎𝑥 (𝜃 = 90°)

0-6,371

Transverse

Haynesville

𝑆𝐻𝑚𝑎𝑥 (𝜃 = 90°)

0-14,899

Transverse

Niobrara

𝑆𝐻𝑚𝑎𝑥 (𝜃 = 90°)

0-9,806

Transverse

Marcellus

𝑆𝑣 (𝜃 = 0°)

0-12,630

Transverse

Vaca Muerta

𝑆𝑣 (𝜃 = 0°)

0-11,047

Longitudinal
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Table 3.3.

Summary of the 𝑝𝑏 estimations used for predicting the orientation of CIHF
initiation (Table 3.2).

Shale play

Average depth (ft)

Fracture gradient (psi/ft)

Estimated 𝒑𝒃 (psi)

Source

Barnett

6,500

0.60

3,900

Ketter et al. (2006)

Bakken

10,070

0.90

9,063

Schlumberger (2014)

Fayetteville

5,000

1.10

5,500

Lynk et al. (2017)

Haynesville

13,000

1.00

13,000

Hammes et al. (2011)

Niobrara

7,500

0.85

6,375

Koskella et al. (2015)

Marcellus

6,250

1.10

6,875

Barth et al. (2012)

Vaca Muerta

9,500

1.18

11,210

Kosset (2014)

Using the 𝑝𝑏 values from the literature (Table 3.3, ranging from 0.60-1.18 psi/ft),
we see that transverse CIHF initiation is a likely occurrence in six of the seven shale plays
studied assuming porous-permeable formations with 𝛼𝐵 = 0.8 and 𝜈 = 0.32. The only
shale play where longitudinal CIHF initiation may dominate is the Vaca Muerta Shale in
Argentina, because the 𝑝𝑏 reported in the literature is higher than the 𝑝𝑏 window estimated
using the analytical approximations. This is a surprising result as conventional analytical
models either neglecting 𝑝𝑝 (Hossain et al., 2000) or fluid infiltration (Michael et al., 2018)
are more conservative in their prediction of transverse CIHF initiation.

3.5

DISCUSSION

3.5.1 Analytical Model Validation
The orientation criterion for DITF initiation (Figure 3.7) was developed using fully
analytical solutions, making a numerical follow-up study redundant. The derivation of the
analytical criterion for the orientation of CIHF initiation in porous-permeable media
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(Figure 3.8), however is based on approximations made and should not be considered fully
exact. The Kirsch (1898) theory provides a solution for a simplified, 2D problem and in
the development of our criterion this solution is used twice to approximate a threedimensional (3D) problem, mirroring Hossain et al (2000) and Michael et al. (2018)’s
approach. The higher promotion of transverse fracture initiation suggested by our criterion
compared to older models for perforated wells (Figure 3.8), improves our confidence on
our model’s realism. Laboratory-scale experiments were performed in materials (such as
rock or synthetic cement blocks), that did not contain fluid-filled pores, making it
impossible to apply any 𝑝𝑝 . In the absence of 𝑝𝑝 , validation assessments using results from
such experiments (Figure 3.20) is not straight-forward.
El Rabaa (1989) obtained transverse fracture initiation in his true triaxial tests on
cement blocks, initiating fractures using motor oil injection. A highly anisotropic stress
state was used that would not be stable against shear failure, thus not likely to occur in the
Earth’s subsurface (well outside the polygon if hydrostatic 𝑝𝑝 is present). The stress state
used by El Rabaa (1989) fulfills the criteria necessary for transverse fracture initiation if
the tensile strength of the cement block is neglected; 𝜎𝜃𝑇 < 0 and 𝜎𝜃𝑇 < 𝜎𝜃𝐿 . Feng and
Sarmadivaleh (2019) performed true triaxial testing on synthetic samples of low tensile
strength, using edible honey as fracturing fluid also achieving transverse fracture initiation.
A highly anisotropic stress state, close to the stress state of El Rabaa (1989)’s experiments
was used with a notably low pressurization rate. Figure 3.20 also shows the stress state of
block experiments performed by Weijers (1995) yielding both longitudinal and transverse
fracture initiation and by Alabbad (2014) yielding solely longitudinal fracture initiation,
despite transverse fracture initiation being expected in these stress states. Fracturing fluid
leakage around the wellbore, discussed in the next section, is the cause of this outcome.
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Figure 3.20. Stress states of three laboratory experiments illustrated on an allowable insitu stress diagram; transverse fracture initiation by El Rabaa (1989) and Feng
and Sarmadivaleh (2019) and longitudinal fracture initiation by Alabbad
(2014). The stress state used by Weijers (1995) experiments is also illustrated,
which yielded both longitudinal and transverse fracture initiation and will be
discussed in the next section. For reference, the polygon for hydrostatic 𝑝𝑝
(0.43 psi/ft) is shown, even though none of the experiments incorporated 𝑝𝑝 .
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3.5.2 Fracturing Fluid Leakage around the Wellbore
Evidence from laboratory testing (Weijers, 1995; Alabbad, 2014; Michael, 2016b)
and from the field (Barree and Miskimins, 2015) showed that fracturing fluid can often
leak from the perforation tunnel, all around the cross-section of the wellbore. This makes
fracture initiation possible from all around the wellbore, not just from the perforation base.
The upside of this is that fluid leakage reduces the problem effectively to that of
DITF initiation; one with a fully analytical solution. If the perforation is ignored, the axial
and tangential stresses (𝜎𝑦𝑦 and 𝜎𝜃𝜃 ) determine the orientation of CIHF initiation taking
the place 𝜎𝜃𝑇 and 𝜎𝜃𝐿 respectively, as the transverse and longitudinal-inducing fracturing
stresses. The general effect of fluid leakage is that it shrinks the 𝑝𝑏 window (Figure 3.21),
suppressing transverse CIHF initiation. Furthermore, leakage decreases the range of stress
states, which would promote transverse fracture initiation, as can be observed when
comparing Figure 3.7 and Figure 3.8 (smaller blue region in Figure 3.7).
Weijers (1995) performing experiments (Figure 3.20) in cement blocks, observed
sole transverse fracturing in the cases where fluid flow in the annulus was prevented.
Nevertheless, a combination of longitudinal and transverse fracturing was observed in the
cases where fluid flow leaked in the annulus. Alabbad (2014) presented several horizontal
well design setups (Figure 3.20) attempted in hydrostone/gypsum plaster block samples.
All those setups were deemed unsuccessful, because of leakage around the wellbore,
attributed to the weak interface between the aluminum tube used and the surrounding
gypsum plaster. Better adhesion between the tube and the surrounding gypsum plaster
would have prevented leakage and generated transverse fracture initiation.
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Figure 3.21. The stresses on the wellbore radius; longitudinal fracture-inducing 𝜎𝜃𝜃 and
transverse fracture-inducing 𝜎𝑦𝑦 , at 𝑆𝑣 (dashed-dotted lines) which is where
these stresses are the most tensile for the stress state used in Alabbad (2014)’s
hydrostone/gypsum plaster block experiments (Figure 3.20). These two
stresses determine the orientation of fracture initiation instead of 𝜎𝜃𝐿 and 𝜎𝜃𝑇
when fracturing fluid leaks along the wellbore, shrinking the 𝑝𝑏 as a result.

3.5.3 The Effect of the Cemented Casing on CIHF Initiation
As mentioned by Fallahzadeh et al. (2017) and Michael et al. (2018), the presence
of a cemented casing in the borehole shields the impact of 𝑝𝑤 on the surrounding rock
formation. In the case of a good cement job, the higher Young’s modulus, E of the casing
is expected to suppress the stress changes caused by 𝑝𝑤 . The higher value of E of the steel
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casing and the cement layers compared to the formation’s suggests that the radial
displacement the wellbore experiences will be smaller compared to an openhole
configuration at the same pressure.
Re-computing the analytical results assuming the extreme case where the tangential
stresses around the wellbore are fixed at the point of cement curing can mimic these effects.
We assume this to be a balanced condition, 𝑝𝑤 = 𝑝𝑝 . These wellbore stresses constitute
the “remote” loading at the perforation base and we use the perforation pressure as the
pressure at the perforation base, which acts as a fracturing pressure. The shielding effect of
the cemented casing results in an increase in 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 , suggesting that good cement jobs
without annular leakage are an important aid for transverse CIHF initiation. The range of
in-situ stress states promoting transverse CIHF initiation expands (Figure 3.22) as the cyan
line for 𝜎𝜃𝑇 = 0 shifts to the right, increasing size of the blue region.
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Figure 3.22. Allowable in-situ stress diagram for the extreme case of cement curing
indicated by the dotted cyan (𝜎𝜃𝑇 = 0) line, compared to the case neglecting
the cemented casing presence with the solid cyan line for 𝑝𝑤 = 0.6 psi/ft. The
size of the blue region remains unaffected for this 𝑝𝑤 value.

3.6

CONCLUSIONS
Analytical criteria are presented for the orientation of fracture initiation from

perforated and non-perforated wellbores in porous-permeable media, enhancing our
understanding of the initiation mechanisms of drilling-induced tensile fractures and
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completion-induced hydraulic fractures. Based on the preceding analysis, the following
conclusions are made:
•

The presence of perforation tunnels aids transverse CIHF initiation. It is more likely
for transverse CIHF initiation to occur, compared to transverse DITFs. Orientation
criteria are developed for CIHF initiation from perforated horizontal wellbores in
porous-permeable media, considering fluid infiltration into the surrounding rock
based on analytical approximations for 𝜎𝜃𝐿 and 𝜎𝜃𝑇 .

•

A 𝑝𝑏 window exists for transverse CIHF initiation, which occurs within a low 𝑝𝑤
range, whereas longitudinal CIHF initiation occurs at higher 𝑝𝑤 values. For
horizontal wells parallel to 𝑆ℎ𝑚𝑖𝑛 , this 𝑝𝑏 window is larger for perforations parallel
the direction of the least of either 𝑆𝑣 , or 𝑆𝐻𝑚𝑎𝑥 , making this direction the preferred
perforation alignment for transverse CIHF initiation.

•

Transverse CIHF initiation is a more likely event in porous-permeable media with
fluid infiltration. Out of seven prolific shale plays studied, transverse CIHF
initiation appears to be the most likely event in six, with the Vaca Muerta Shale in
Argentina the only one exception.

•

Low 𝛼𝐵 values and high ν values increase the range of in-situ stress states, which
promote transverse CIHF initiation at a given 𝑝𝑤 gradient. Contrary, higher 𝑝𝑤
gradients hinder transverse CIHF initiation.

The following recommendations are made to practitioners for enhanced promotion
of transverse CIHF initiation from perforated horizontal wells:
1. Slow pumping. Strategic use of slow pumping during the fracture treatment can
keep 𝑝𝑏 within the window for transverse CIHF initiation.
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2. Strong casing-cement sheath and if possible cement sheath-rock formation
interface bonding. This will suppress leakage of the fracturing fluid around the
wellbore during the treatment, bypassing the perforations. This negates the impact
of the perforation tunnels in promoting transverse CIHF initiation.
3. Using an oriented perforation strategy can under ideal circumstances, promote
transverse CIHF initiation by expanding the 𝑝𝑏 window.
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Chapter 4. Numerical Evaluation of Fracture Initiation from Perforated
Wells
For maximum productivity enhancement when targeting low permeability
formations, horizontal wells must be made to induce multiple transverse fractures. In this
chapter, an orientation criterion for fracture initiation is developed using analyticallyderived approximations for the longitudinal and transverse fracturing stresses for
perforated wellbores from the literature. The validity of the criterion is assessed
numerically and is found to overestimate transverse fracture initiation, which occurs under
a narrow range of conditions; pertaining to low breakdown pressure and low formation
tensile strength.
A 3D numerical model shows that contrary to existing approximations, the
transverse fracturing stress from perforated horizontal wells becomes more compressive as
wellbore pressure increases. This shrinks the “breakdown pressure window,” which is the
range of wellbore pressures over which transverse fracture initiation takes place. This
creates a second constraint for transverse fracture initiation, which is the “critical tensile
strength” value. This determines the maximum formation tensile strength at which
transverse fracture initiation is possible for a given in-situ stress state and perforation
direction.
Sensitivity analyses are performed based on data from seven unconventional shale
reservoirs (Barnett, Bakken, Fayetteville, Haynesville, Niobrara, Marcellus and Vaca
Muerta) for horizontal wells drilled parallel to 𝑆ℎ𝑚𝑖𝑛 . The frequent longitudinal fracture
initiation occurrence indicated suggests fracture reorientation in the near-wellbore region

Parts of this Chapter have been presented in the following publication: Michael, A., Olson, J. E., and Balhoff,
M. T. (2020). Orientation Prediction of Fracture Initiation from Perforated Horizontal Wells: Application in
Shale
Reservoirs.
Journal
of
Petroleum
Science
and
Engineering,
107355,
doi.org/10.1016/j.petrol.2020.107355
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to be a common event, through which the propagating fractures become aligned with the
preferred fracture plane (perpendicular to the least compressive principal stress). This
induces near-wellbore fluid tortuosity, which in turn can lead to completions and
production-related problems, such as early screenouts and post-stimulation well
underperformance.

4.1

INTRODUCTION
Hydraulic fracture orientation impacts well productivity from hydrocarbon

reservoirs. Productivity from low permeability formations is significantly improved having
multiple fractures oriented transversely rather than longitudinally relative to a horizontal
wellbore. This is useful for completion design; when targeting low permeability
formations, horizontal wells should be made to induce multiple transverse fractures, as
opposed to longitudinal fractures, which are more effective in higher permeability
formations (Deimbacher et al., 1993; Economides and Nolte, 2000; Economides and
Martin, 2010).
Fluid-driven fracture initiation depends primarily on (i) the subsurface stress state,
(ii) the formation’s mechanical properties, and (iii) perforation geometry. Knowledge of
these three primary factors can be used to determine a-priori the orientation of a fractured
induced from a pressurized wellbore. Additional, secondary factors of fracture initiation
fluid-related properties include, (iv) the injection rate, and (v) the fracturing fluid viscosity
(Fallahzadeh et al., 2017).
Fracture initiation often follows a plane different than the final fracture propagation
plane. Stress reorientation in the near-wellbore region may promote fracture initiation of
different orientation than the one dictated by the far-field stresses. Barree and Miskimins
98

(2015) concluded that under many facture initiation conditions a longitudinal component
occurs at some level during fracture propagation, parallel to the wellbore. These
longitudinal fracture components generate near-wellbore tortuosity, which is the cause of
common post-stimulation problems, such as early screenouts and poor well productivity.
A number of authors (El Rabaa, 1989; King, 1989; Behrmaan and Elbel, 1991;
Hallam and Last, 1991; Pearson et al., 1992) showed that the performance of the
perforations is optimized when they are aligned with the anticipated fracture direction. This
occurs when fractures initiate and propagate along the path of least resistance, known as
the preferred fracture plane (PFP), which is dictated from the remote (in-situ) stress state
(Economides and Nolte, 2000). Fractures not aligned with the PFP generate tortuous flow
paths around them near the wellbore during post-treatment periods. Laboratory
experiments showed fractures generated from cylindrical cavities, such as cased wellbores,
having the tendency to be initiated in a longitudinal-to-the-wellbore orientation ignoring
shallow crack notches (Weijers et al., 1994; Weijers, 1995; Alabbad, 2014; Michael,
2016b) and thus provide further motivation for extensive analysis of the mechanisms
controlling the orientation of fracture initiation.
A 3D numerical analysis is conducted to assess an orientation criterion developed
for fracture initiation from perforated wellbores. This is done by considering the tangential
stresses on two points (extremes) around the perforation base: one for the initiation of
transverse fractures and another for the initiation of longitudinal fractures. Critical
parameters controlling the orientation of fracture initiation from perforated horizontal
wellbores are investigated. The case where a micro-annulus exists between cement and the
formation is included, which can be modeled as if the completion is openhole with a
cylindrical perforation. In-situ stress state, wellbore pressure, perforation geometry and the
rock formation’s mechanical properties are independent variables that are shown to
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determine the orientation of the initiated fractures; the dependent variable. Breakdown
pressures reported in the literature from each shale play suggest that longitudinal fracture
initiation may be common, increasing the chance of completion and production-related
problems.

4.2

THEORETICAL BACKGROUND
The final propagation plane of fractures (far from the wellbore) is along PFP, which

is orthogonal to the minimum principal stress (Hubbert and Willis, 1957). The disturbance
of the stress field in the near-wellbore region from the presence of the pressurized wellbore
(Kirsch, 1898) may cause the fracture to initiate in a plane different from the final fracture
propagation plane (Weijers et al., 1994 and Michael et al., 2018).

4.2.1 Orientation of Fracture Initiation: Longitudinal vs. Transverse
For the limiting case of horizontal wellbores, initiated fractures can assume
arbitrary orientations with the two main extreme configurations with respect to the
wellbore being longitudinal and transverse (Figure 4.1). Longitudinal, or “axial” fractures,
propagate in a plane parallel to the axis of the wellbore and are promoted by horizontal
wells drilled along the direction of the larger horizontal principal stress, 𝑆𝐻𝑚𝑎𝑥 . Transverse,
or “lateral” fractures, propagate in planes orthogonal to the wellbore axis and are promoted
when a horizontal wellbore is drilled parallel to the minimum horizontal principal stress,
𝑆ℎ𝑚𝑖𝑛 .
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Figure 4.1. Fracture orientation configurations, (a) longitudinal and (b) transverse-to-thewellbore. The wellbore radius is 𝑟𝑤 and 𝑟 is the radial distance from the center
of the wellbore (modified from Michael and Gupta, 2020).

Numerous studies have compared the relative performance of the two main fracture
orientations (Deimbacher et al., 1993; Economides and Martin, 2010; Economides et al.,
2010). A single longitudinal fracture outperforms a single transverse fracture in terms of
well productivity enhancement. This is because the flow inside the transverse fracture
reverts from linear to radial in the near-wellbore region, reducing the flowrate as compared
to a longitudinal fracture. However, the total flowrate from multiple transverse fractures in
a horizontal well is much higher than from a single large longitudinal fracture. This makes
transversely-oriented fractures more desired for applications in low permeability
formations such as shale. Longitudinal fractures are still desired for some formations of
higher permeability formations as well as frack-and-pack operations where transverse
fractures tend to underperform (Economides and Martin, 2010; Economides et al., 2010).
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4.2.2 Near-Wellbore Stress State
The equations for the magnitude of the stresses on a uniform plate with a circular
hole under uniform tension were derived by Kirsch (1898) and were modified to include
biaxial stresses and fluid pressure inside the hole (Hubbert and Willis, 1957). For a
horizontal well of radius, 𝑟𝑤 , drilled parallel to the y-axis, with the z-axis parallel to the
vertical, the polar stress components at a radius, 𝑟, from the center of the well (𝑟 ≥ 𝑟𝑤 ) in
a homogeneous, isotropic, linearly elastic rock are analytically defined (Zoback, 2014) as
1

𝑟2𝑤

1

𝑟2𝑤

2

𝑟

2

𝑟2

𝜎𝑟𝑟 = (𝑆𝑣 + 𝑆𝐻𝑚𝑎𝑥 ) (1 −
+

) + (𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) (1 − 4
2

+3

𝑟4𝑤
𝑟4

) cos 2𝜃

𝑟2𝑤
𝑟

(4.1)

(𝑝𝑤 − 𝑝𝑝 )
2

1
𝑟𝑤2
1
𝑟2𝑤
𝑟𝑤4
𝜎𝜃𝜃 = (𝑆𝑣 + 𝑆𝐻𝑚𝑎𝑥 ) (1 + 2 ) − (𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) (1 − 4 2 + 3 4 ) cos 2𝜃
2
𝑟
2
𝑟
𝑟
2
𝑟𝑤
− 2 (𝑝𝑤 − 𝑝𝑝 )
𝑟

𝜎𝑦𝑦 = 𝑆ℎ𝑚𝑖𝑛 − 2𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 )

𝑟𝑤2
𝑟𝑤2
cos
2𝜃
−
𝑝
𝑟2
𝑟2 𝑝

1

𝑟2𝑤

2

𝑟2

𝜎𝑟𝜃 = (𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) (1 + 2

−3

𝑟4𝑤
𝑟4

) sin 2𝜃

(4.2)

(4.3)

(4.4)

where 𝝈𝒓𝒓 is the radial stress, 𝝈𝜽𝜽 is the “hoop” (or circumferential/tangential: normal
stress in the tangential direction) stress, 𝝈𝒚𝒚 is the out-of-plane stress parallel to the
wellbore, and 𝝈𝒓𝜽 is the shear tangential stress. 𝑺𝑯𝒎𝒂𝒙 , 𝑺𝒉𝒎𝒊𝒏 , and 𝑺𝒗 are the stress
components parallel to the x, y, and z-axis respectively, with 𝜽 the azimuth measured from
𝑺𝒗 in the (𝑺𝒗 − 𝑺𝑯𝒎𝒂𝒙 ) plane. The formation pore pressure is indicated by 𝒑𝒑 and 𝒑𝒘 is
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the fluid pressure in the borehole.

4.3

ANALYTICAL APPROACH
Using the stresses on the wellbore radius, closed-form analytical criteria can be

derived for the determination of the orientation of fracture initiation from non-perforated
(i.e., during drilling) and perforated (i.e., during reservoir stimulation) wellbores.

4.3.1 Non-Perforated Wellbores
Incorporating formation tensile strength, 𝑇, in the tensile failure criterion requires,
𝜎𝑦𝑦 |𝑟=𝑟 < −𝑇, following a sign convention where compressive stresses are positive and
𝑤

tensile stresses negative. Hence, if 𝜎𝑦𝑦 at 𝑟 = 𝑟𝑤 and any 𝜃 becomes more negative than
−𝑇, a transverse fracture will initiate at that particular position on the wellbore indicated
by 𝜃, where the axial stress is more tensile than the tangential stress, such that 𝜎𝑦𝑦 |𝑟=𝑟 <
𝑤

𝜎𝜃𝜃 |𝑟=𝑟𝑤 .
Substituting the full expressions (Eq. 4.2 and 4.3) for the wellbore stresses in these
two conditions, two sets of closed-form, analytical criteria are derived for the initiation of
transverse fractures. Appendix C demonstrates a simple 2D application of the criteria for
fracture initiation and orientation from non-perforated wells using results from laboratory
testing performed by AlTammar et al. (2018). For the top of the hole (𝜃 = 0°), a transverse
fracture will initiate if the following conditions are true

𝑆ℎ𝑚𝑖𝑛 + 2𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) − 𝑝𝑝 + 𝑇 < 0

(4.5)

𝑆ℎ𝑚𝑖𝑛 + (1 − 2𝜈)𝑆𝑣 + (2𝜈 − 3)𝑆𝐻𝑚𝑎𝑥 + 𝑝𝑤 < 0
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(4.6)

For the side of the hole (𝑆𝐻𝑚𝑎𝑥 direction), the 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 terms are interchanged leading
to the conditions for transverse fracture initiation taking the following form,

𝑆ℎ𝑚𝑖𝑛 + 2𝜈(𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 ) − 𝑝𝑝 + 𝑇 < 0

(4.7)

𝑆ℎ𝑚𝑖𝑛 + (1 − 2𝜈)𝑆𝐻𝑚𝑎𝑥 + (2𝜈 − 3)𝑆𝑣 + 𝑝𝑤 < 0

(4.8)

4.3.2 Perforated Wellbores
The presence of a perforation tunnel intersecting the cylindrical wellbore increases
the geometric complexity of the problem, making derivation of an analytical solution
extremely challenging. Hossain et al. (2000) applied three assumptions to reduce the
problem to a more simplified form, for which closed-form analytical solutions can be
derived:
i.

A micro-annulus existing between the cement and the rock formation, allowing
modeling the wellbore as an openhole completion.

ii.

The pressure in the perforation tunnel, 𝑝𝑝𝑒𝑟𝑓 is equal to 𝑝𝑤 .

iii.

Fractures initiate at the perforation base, which is cylindrical.

Using a second “Kirsch analysis,” Hossain et al. (2000) derived closed-form
analytical approximations for the longitudinal and transverse fracturing stresses from a
perforated wellbore. For a perforation located on the side of a horizontal well (Figure 4.2),
the tangential stress around the perforation base, 𝜎𝜃𝜃𝑝 , has two extreme values designated
as the longitudinal fracturing stress, 𝜎𝜃𝐿 , and the transverse fracturing stress, 𝜎𝜃𝑇 . A similar
designation can be made for a perforation at the top of the hole.
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Figure 4.2. Configuration of the stresses on the wellbore radius (𝜎𝜃𝜃 , 𝜎𝑦𝑦 , and 𝜎𝑟𝑟 ) for a
well parallel to 𝑆ℎ𝑚𝑖𝑛 (y-axis) and the stresses on the perforation base (𝜎𝜃𝐿
and 𝜎𝜃𝑇 ) for perforations on the side of the hole (x-axis, 𝜃 = 90°). At 𝑟 = 𝑟𝑤 ,
𝜎𝑟𝜃 = 0 (not shown).

The derivation of 𝜎𝜃𝜃𝑝 is shown in Appendix D, after Hossain et al. (2000) and
modified by Michael et al. (2018) to incorporate the effects of 𝑝𝑝 . Eq. B.3 is an expression
for 𝜎𝜃𝜃𝑝 for a horizontal well parallel to 𝑆ℎ𝑚𝑖𝑛 and a perforation aligned with 𝑆𝐻𝑚𝑎𝑥 (side
of the hole, 𝜃 = 90°), which for 𝑝𝑝𝑒𝑟𝑓 = 𝑝𝑤 is modified into

𝜎𝜃𝜃𝑝 |

𝜃=90°

= 𝑆ℎ𝑚𝑖𝑛 + ([4𝜈 − 2] cos 2𝜃𝑝 − 2𝜈 − 1)𝑆𝐻𝑚𝑎𝑥
+ ([6 − 4𝜈]𝑆𝑣 − 2𝑆ℎ𝑚𝑖𝑛 ) cos 2𝜃𝑝 + (2𝜈 + 3)𝑆𝑣
− 𝑝𝑤 (2 cos 2𝜃𝑝 + 2) − 𝑝𝑝
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(4.9)

where 𝜃𝑝 is the angle around the perforation measured from the 𝜎𝑦𝑦 direction. At 𝜃𝑝 = 0°,
𝜎𝜃𝜃𝑝 = 𝜎𝜃𝐿 and at 𝜃𝑝 = 90°, 𝜎𝜃𝜃𝑝 = 𝜎𝜃𝑇 such that,
𝜎𝜃𝐿 ≡ 𝜎𝜃𝜃𝑝 |

𝜃=90°,𝜃𝑝 =90°

= 9𝑆𝑣 − 3𝑆𝐻𝑚𝑎𝑥 − (𝑆ℎ𝑚𝑖𝑛 − 2𝜈[𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 ]) − 4𝑝𝑤 − 𝑝𝑝

(4.10)

𝜎𝜃𝑇 ≡ 𝜎𝜃𝜃𝑝 |

𝜃=90°,𝜃𝑝 =0°

= 3𝑆ℎ𝑚𝑖𝑛 − (2 − 6𝜈)(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) − 𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 − 𝑝𝑝

(4.11)

If the perforation is at the top of the hole (𝑆𝑣 direction), the 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 terms are
interchanged in Eq. 4.9, leading to the expressions for 𝜎𝜃𝐿 and 𝜎𝜃𝑇 becoming
𝜎𝜃𝐿 ≡ 𝜎𝜃𝜃𝑝 |

𝜃=0°, 𝜃𝑝 =90°

= 9𝑆𝐻𝑚𝑎𝑥 − 3𝑆𝑣 − (𝑆ℎ𝑚𝑖𝑛 − 2𝜈[𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ]) − 4𝑝𝑤 − 𝑝𝑝

(4.12)

𝜎𝜃𝑇 ≡ 𝜎𝜃𝜃𝑝 |

𝜃=0°, 𝜃𝑝 =0°

= 3𝑆ℎ𝑚𝑖𝑛 − (2 − 6𝜈)(𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 ) − 𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 − 𝑝𝑝
The tensile failure criterion requires, 𝜎𝜃𝜃𝑝 |

𝜃𝑝

(4.13)

< −𝑇. For perforations parallel to

𝑆𝐻𝑚𝑎𝑥 (side of the hole, 𝜃 = 90°), the criteria for longitudinal and transverse fracture
initiation, respectively, become

(9 − 2𝜈)𝑆𝑣 + (2𝜈 − 3)𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 − 4𝑝𝑤 − 𝑝𝑝 + 𝑇 < 0
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(4.14)

3𝑆ℎ𝑚𝑖𝑛 + (6𝜈 − 3)𝑆𝑣 + (1 − 6𝜈)𝑆𝐻𝑚𝑎𝑥 − 𝑝𝑝 + 𝑇 < 0

(4.15)

If both criteria are satisfied, we assume transverse fracture initiation will only occur if 𝜎𝜃𝐿
is more compressive/less tensile than 𝜎𝜃𝑇 , such that 𝜎𝜃𝑇 < 𝜎𝜃𝐿 , giving a condition for
preferred transverse fracture initiation of

𝑆𝐻𝑚𝑎𝑥 + 𝑆ℎ𝑚𝑖𝑛 − 3𝑆𝑣 + 2𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) + 𝑝𝑤 < 0

(4.16)

4.3.3 Breakdown Pressure Window
According to the analytical fracture initiation criteria (Eq. 4.14 and 4.15), transverse
fracture initiation is favored at lower 𝑝𝑤 than longitudinal fracture initiation. Figure 4.3
shows 𝜎𝜃𝑇 (blue line) and 𝜎𝜃𝐿 (red line) variation with 𝑝𝑤 for in-situ stress state parameters
typical to the Barnett Shale (Table 3.1). As 𝑝𝑤 increases, 𝜎𝜃𝑇 stays constant, while 𝜎𝜃𝐿
becomes more tensile (negative). This creates a “breakdown pressure window” for the
initiation of transverse fractures; if the breakdown pressure, 𝑝𝑏 is lower than a certain finite
value, transverse fracture initiation occurs, as opposed to longitudinal. While the lower
bound of the 𝑝𝑏 window is always zero, the upper-bound (𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 ) can be calculated by
rearranging Eq. 4.16 for 𝑝𝑤 , such that

𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 |𝜃=90° = 3𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 + 2𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 )

(4.17)

for perforations in the 𝑆𝐻𝑚𝑎𝑥 direction, for the case of a well drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in a
normal faulting stress regime. For perforations in the 𝑆𝑣 direction (top of the hole), 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟
is given by interchanging the 𝑆𝑣 terms with 𝑆𝐻𝑚𝑎𝑥 in Eq. 4.17.
107

Figure 4.3. Variation of 𝜎𝜃𝐿 (red line) and 𝜎𝜃𝑇 (blue line) with 𝑝𝑤 for horizontal wells
parallel to 𝑆ℎ𝑚𝑖𝑛 and perforated in the 𝑆𝐻𝑚𝑎𝑥 direction, for stress state
parameters of the Barnett Shale. For 𝑝𝑏 values smaller than 𝑝𝑤 at the
intersection point of the red and blue lines, transverse fracture initiation is
promoted, whereas higher 𝑝𝑏 yield longitudinal fracture initiation.

This is an important condition as the practitioners to an extent can have an impact
𝑝𝑏 . Low pressurization rates were shown to suppress 𝑝𝑏 (Zoback et al., 1977; Weijers,
1995) and can be used strategically to ensure 𝑝𝑏 ≤ 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 .
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4.3.4 Fracturing Fluid Leakage around the Wellbore
In the possibility of fracturing fluid leakage along the wellbore, due to cementing
defects, or openhole completions, 𝜎𝜃𝜃 |𝑟=𝑟𝑤 and 𝜎𝑦𝑦 |𝑟=𝑟 should also be considered for
𝑤

fracture initiation, similar to the case of drilling-induced tensile fractures (DITF), from
non-perforated openhole wellbores. Nelson et al. (2005) investigated transverse versus
longitudinal DITF initiation from vertical wellbores. Figure 4.4 shows that in the case of
leakage, 𝜎𝜃𝑇 caused by the wellbore is more tensile than that from the perforations, so it
seems unlikely the perforations would be responsible for fracture initiation.

Figure 4.4. Longitudinal fracture-inducing 𝜎𝜃𝜃 |𝑟=𝑟𝑤 and transverse fracture-inducing
𝜎𝑦𝑦 |𝑟=𝑟 , at 𝑆𝑣 (dashed-dotted lines), compared with 𝜎𝜃𝐿 and 𝜎𝜃𝑇 (solid lines)
𝑤

at the locations where each of these stresses are the most tensile.
109

The 𝑝𝑏 window for transverse fracture initiation from perforations parallel to 𝑆𝐻𝑚𝑎𝑥
(solid lines) is much wider (higher 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 ) than that for the two stresses around the
perforation base, indicated by the solid lines on Figure 4.4 (same as in Figure 4.3). The
wellbore stresses; 𝜎𝜃𝜃 |𝑟=𝑟𝑤 and 𝜎𝑦𝑦 |𝑟=𝑟 , shown with the dash-dotted lines indicate a
𝑤

narrower 𝑝𝑏 window for transverse fracture initiation, than the corresponding 𝑝𝑏 window
determined by 𝜎𝜃𝐿 and 𝜎𝜃𝑇 . The 𝑝𝑏 window for a perforation at the top of the hole (𝑆𝑣
direction), not shown on Figure 4.4, will be still wider than the 𝑝𝑏 window determined by
𝜎𝜃𝜃 |𝑟=𝑟𝑤 and 𝜎𝑦𝑦 |𝑟=𝑟 . Hence, leakage of fracturing fluid makes the initiation of
𝑤

longitudinal fractures occur at lower 𝑝𝑤 than without leakage regardless of the location of
the perforation.

4.3.5 Allowable Stress State Diagrams
The allowable range of possible relative principal stresses can be visualized on a
diagram of 𝑆𝐻𝑚𝑎𝑥 /𝑆𝑣 against 𝑆ℎ𝑚𝑖𝑛 /𝑆𝑣 (Figure 4.5, after Nelson et al., 2005). The
allowable region is bound by the frictional limits of slip on a fault and the line of horizontal
isotropy (𝑆𝐻𝑚𝑎𝑥 = 𝑆ℎ𝑚𝑖𝑛 ). Critically-stressed faulting theory constrains the ratio of the
effective maximum to minimum stress, (𝑆1 − 𝑝𝑝 )/(𝑆3 − 𝑝𝑝 ), to be less than the critical
minimum value required for slippage on a pre-existing fault as
2
𝑆1 − 𝑝𝑝
≤ (𝜇 + √(1 + 𝜇 2 ))
𝑆3 − 𝑝𝑝

(4.18)

where 𝜇 is the friction coefficient of the fault and, 𝑆1 and 𝑆3 are the greatest and least
compressive principal stresses, respectively. According to Anderson (1951), 𝑆1 = 𝑆𝑣 and
𝑆3 = 𝑆ℎ𝑚𝑖𝑛 for a normal faulting stress state, 𝑆1 = 𝑆𝐻𝑚𝑎𝑥 and 𝑆3 = 𝑆𝑣 for reverse faulting
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and 𝑆1 = 𝑆𝐻𝑚𝑎𝑥 with 𝑆3 = 𝑆ℎ𝑚𝑖𝑛 for strike-slip faulting. Typical friction values for rocks
are ~0.6 (Byerlee, 1978), which puts the ratio (𝑆1 − 𝑝𝑝 )⁄(𝑆3 − 𝑝𝑝 ) at 3.12; if the ratio
reaches this point fault slippage will occur. Assuming a hydrostatic gradient for 𝑝𝑝 =
0.433 psi/ft, then the allowable region for a stress state becomes a region enclosed by the
polygon shown in Figure 4.5.

Figure 4.5. In-situ stress states possible in the Earth’s subsurface. The dotted line
represents horizontal isotropy (𝑆𝐻𝑚𝑎𝑥 = 𝑆ℎ𝑚𝑖𝑛 ) and the solid line represent
the frictional limits at 𝜇 = 0.6 (Byerlee, 1978). The region bounded by the
solid lines and the horizontal isotropy line represents the range of possible
subsurface stress states.
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Following Nelson et al. (2005), the criteria for transverse fracture initiation from
non-perforated wells, can be demonstrated on allowable stress state diagrams as the area
between the lines of 𝜎𝑦𝑦 = 0 and 𝜎𝑦𝑦 = 𝜎𝜃𝜃 at 𝑟 = 𝑟𝑤 drawn using Eq. 4.5 through 4.8.
Figure 4.6 shows that for the top and side of the hole (𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 direction, respectively)
with 𝑝𝑝 and 𝑝𝑤 gradients equal to 0.433 psi/ft. The figure shows that under virtually all
stress conditions, longitudinal fracture initiation is expected before transverse fracture
initiation. However, transverse fracture initiation is more likely for the side of the hole
(𝑆𝐻𝑚𝑎𝑥 direction) than the top (𝑆𝑣 direction).

Figure 4.6. Allowable in-situ stress state diagram for fractures initiated from nonperforated wellbores for a horizontal well parallel to 𝑆ℎ𝑚𝑖𝑛 from, (a) the top
of the hole (𝑆𝑣 direction), and (b) the side of the hole (𝑆𝐻𝑚𝑎𝑥 direction). The
blue region indicates the stress states promoting transverse fracture initiation,
while the red indicates the stress states promoting longitudinal fracture
initiation.

Allowable stress state diagrams can also be used to demonstrate the transverse
fracture initiation criteria from perforated wells. Using Eqs. 4.10 and 4.11, two lines are
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added to the stress polygon; one for 𝜎𝜃𝑇 = 0 and another for 𝜎𝜃𝑇 = 𝜎𝜃𝐿 assuming a 𝑝𝑝
gradient 0.433 psi/ft (Figure 4.7). The region between the two lines (where 𝜎𝜃𝑇 < 0 and
𝜎𝜃𝑇 < 𝜎𝜃𝐿 ) represents the stress state where transverse fracture initiation occurs for a given
𝑝𝑤 gradient. Increasing the 𝑝𝑤 gradient from 0.6 psi/ft to 0.9 psi/ft, reduces the stress state
range that would yield transverse fracture initiation. This is comparable with the effect of
𝑝𝑤 within a specific stress state (Figure 4.3) where its increase causes a gradual shift from
transverse to longitudinal fracture initiation.

Figure 4.7. Analytically-approximated orientation criterion for fracture initiation from
perforated horizontal wells drilled parallel to 𝑆ℎ𝑚𝑖𝑛 and perforated along
𝑆𝐻𝑚𝑎𝑥 . The red region indicates longitudinal fracture initiation, while the blue
region indicates transverse fracture initiation. The magenta region shows the
stress states where transverse fracture initiation does not take place following
a 𝑝𝑤 increase from 0.6 to 0.9 psi/ft.
113

4.3.6 Practical Problems Caused by Longitudinal Fracture Initiation
The PFP of a horizontal well parallel to 𝑆ℎ𝑚𝑖𝑛 is transverse to the wellbore (Hubbert
and Willis, 1957). Therefore, longitudinal fracture initiation from such wells, which is a
non-PFP orientation, is expected to lead to fracture reorientation (El Rabaa, 1989; Weijers,
1992; Olson, 1995) at some point as the fracture propagates away from the wellbore, to
align the fracture transversely to the well along PFP. This reorientation is forced by the
magnitudes of the far-field, in-situ principal stresses (𝑆𝑣 , 𝑆𝐻𝑚𝑎𝑥 and 𝑆ℎ𝑚𝑖𝑛 ), which while
moving away from the well, become more dominant as the near-wellbore stresses (Kirsch,
1898 modified by Hubbert and Willis, 1957) diminish (El Rabaa, 1989; Hallam and Last,
1991; Owens et al., 1992; Weijers, 1992; Olson, 1995).
Fracture reorientation generates tortuosity in the near-wellbore region, which can
cause serious completion-related problems like early screenouts. The point of reorientation
restricts the flow of proppant carried in the treatment fluid, something observed at the
surface as a sudden rise in pump pressure. Another problem caused by the near-wellbore
tortuosity is fracture fluid leakages across adjacent stages during multi-stage fracture
treatments. The results of a tracer test (Barree and Miskimins, 2015) show fluid used in the
stimulation of a stage appearing in adjacent stages, despite all stages separated from each
other using packers. Barree and Miskimins (2015) explain this by longitudinal fractures,
which penetrate an as of yet untreated stage, providing possible paths of low resistance for
fluid entry.
The aforementioned completion-related issues suppress the efficiency of a
hydraulic fracture treatment, giving rise to production-related problems, such as poor,
below expectations post-treatment well performance. As a result, the overall net present
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value (NPV) of the fracture treatment is negatively impacted (Balen et al., 1988; Michael,
2019b).

4.4

TRUE-3D MODEL DEVELOPMENT
Numerical modeling was performed using FLAC3D (Fast Lagrangian Analysis of

Continua in 3 Dimensions, Itasca Consulting Group), which utilizes an explicit finite
volume formulation that can simulate the complex behavior of non-linear or unstable
models exhibiting high degrees of strain. We studied a rectangular body with a cylindrical
wellbore in the middle (Figure 4.8). A perforation of radius significantly smaller than that
of the wellbore was placed perpendicular to the wellbore central axis at the top and side of
the hole (𝜃 = 90°).
The block was modeled as a homogeneous, linear elastic continuum with a Young’s
modulus, E and a Poisson’s ratio, ν. Constant stress or no displacement boundary
conditions were used appropriately to set up the simulation model and 𝑝𝑝𝑒𝑟𝑓 , was set equal
to 𝑝𝑤 . Explicit modeling of the casing and cement was excluded to simplify the model.
This was justified by assuming the existence of a micro-annulus between cement and the
formation prior to fracture initiation. Use of capsule guns, small gun-to-casing clearance,
and presence of liquid in the wellbore during the perforation process promote the microannulus formation (Behrmann and Nolte, 1998).
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Figure 4.8. The FLAC3D model mesh, with 174,496 grid points in total. A grid refinement
study was performed to optimize computational time without affecting the
output accuracy.

4.4.1 Variation of the Wellbore Stresses in the Absence of Perforations
The model was verified against the plane strain analytical solution of the elastic
stresses around a circular hole (Kirsch, 1898). A point on the wellbore far away from the
perforation (10 perforation radii) was chosen for verification of the polar stress components
around the wellbore radius (𝜎𝑦𝑦 , 𝜎𝜃𝜃 , 𝜎𝑟𝑟 , and 𝜎𝑟𝜃 ), where the effects of its presence are
diminished. The FLAC3D solutions of 𝜎𝑦𝑦 , 𝜎𝜃𝜃 , 𝜎𝑟𝑟 , and 𝜎𝑟𝜃 show excellent agreement
with the analytical solutions for the same stresses at distance 𝑟 = 1.02𝑟𝑤 from the center
of the wellbore (Figure 4.9).
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Figure 4.9. Comparison between the stress components around the wellbore, predicted
by the true-3D numerical (FLAC3D) model and the analytical solutions of
Kirsch (1898). Barnett Shale stress state parameters were used, with 𝑝𝑤 fixed
at 5,000 psi and all stresses calculated at a distance 𝑟 = 1.02𝑟𝑤 from the
center of the wellbore and 10𝑟𝑤 away from the perforation.

The variation of 𝜎𝜃𝜃 and 𝜎𝑦𝑦 around the wellbore radius with variable 𝑝𝑤 was also
verified. The stress state of the Barnett Shale (Table 3.1) was used with 𝑝𝑤 ranging from 0
to 10,000 psi (Figure 4.10). The FLAC3D model maintains an excellent agreement with the
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corresponding analytical solutions (from Kirsch, 1898) of these stresses across the 𝑝𝑤
range giving confidence in our numerical wellbore mesh and boundary conditions.

Figure 4.10. Stresses on the wellbore radius (𝜎𝜃𝜃 and 𝜎𝑦𝑦 ) along 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 , for varying
𝑝𝑤 as predicted by the true-3D numerical (FLAC3D) model (points) and the
corresponding analytical solutions (lines) for the in-situ stress state of the
Barnett Shale. The stresses are calculated at a distance 𝑟 = 1.02𝑟𝑤 from the
center of the wellbore and 10𝑟𝑤 away from the perforation.
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4.4.2 Perforation Geometry
A series of simulations was performed to investigate the effect of the perforation
geometry on 𝜎𝜃𝜃𝑝 . The length of the perforation, 𝑙𝑝𝑒𝑟𝑓 , was found to have only a minor
impact on the stresses around the perforation base compared to the perforation radius,
𝑟𝑝𝑒𝑟𝑓 . Subsequently, the perforation length, 𝑙𝑝𝑒𝑟𝑓 = 16𝑟𝑤 /9, and perforation radius,
𝑟𝑝𝑒𝑟𝑓 = 𝑟𝑤 /6, used in this study were kept unchanged to ensure a fair assessment and
accurate conclusions.

4.4.3 Numerical Solutions of the Longitudinal and Transverse Fracturing Stresses
A weakness in the analytical approach for the perforated wellbore is that the
analytical equations cannot explicitly reproduce the real geometry. The approximations
(Hossain et al., 2000; Michael et al., 2018) simply superpose two plane strain cylindrical
hole solutions using the wellbore stresses (first hole) for boundary conditions on the
perforation (second hole). Numerically-obtained solution of the perforated wellbore
problem using the true-3D model, which can explicitly represent the complex 3D
geometry, demonstrates the shortcomings of the superposed approximate model.
Numerical simulations performed using the true-3D numerical model (written on
FLAC3D) show that the stresses at the perforation base with variation in the 𝑝𝑤 differ
considerably to the values predicted analytically (Figures 4.11 and 4.12). Unlike the
analytical prediction given by Hossain et al. (2000) modified for 𝑝𝑝 by Michael et al.
(2018), 𝜎𝜃𝑇 does not remain constant as 𝑝𝑤 increases. FLAC3D outputs showed instead a
positive relationship between the 𝜎𝜃𝑇 and 𝑝𝑤 .
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Figure 4.11.

Comparison between the FLAC3D model and the modified Hossain et al.
(2000) approximations for 𝜎𝜃𝐿 and 𝜎𝜃𝑇 on Barnett Shale parameters with
perforations parallel to 𝑆𝐻𝑚𝑎𝑥 . The yellow-shaded region represents the 𝑝𝑏
window for transverse fracture initiation (0-4,754 psi). The intercept of the
𝜎𝜃𝑇 line at 𝑝𝑤 = 0 represents the critical tensile strength, 𝑇𝑐𝑟𝑖𝑡 , which is
2,482 psi.
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Figure 4.12.

Comparison between the FLAC3D model and the modified Hossain et al.
(2000) approximations for 𝜎𝜃𝐿 and 𝜎𝜃𝑇 on Barnett Shale parameters, with
perforations parallel to 𝑆𝑣 . The yellow-shaded region represents the 𝑝𝑏
window (0-3,206 psi) for transverse fracture initiation, which is
significantly narrower than the 𝑝𝑏 window for perforations parallel to 𝑆𝐻𝑚𝑎𝑥
(Figure 4.11). 𝑇𝑐𝑟𝑖𝑡 is 1,676 psi.

The main implication of this is that the 𝑝𝑏 window decreases significantly what the
analytical approximation predicts, because 𝜎𝜃𝑇 increases as 𝑝𝑤 increases, eventually
becoming compressive before the 𝜎𝜃𝑇 line meets the 𝜎𝜃𝐿 line as seen on Figures 4.11 and
4.12. For the stress state and formation properties of the Barnett Shale and perforations
aligned with 𝑆𝐻𝑚𝑎𝑥 , the transverse fracture initiation window ends at 4,754 psi, making it
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60% smaller than the 11,490 psi prediction from the analytical equations. For perforations
aligned with 𝑆𝑣 the window ends at 3,206 psi, which is 24% shorter than the analyticallyapproximated criterion’s prediction. As 𝑝𝑤 increases, 𝜎𝜃𝐿 still becomes more tensile but at
a shallower slope than the analytical solution. Another implication of 𝜎𝜃𝑇 correlating
positively with 𝑝𝑤 , is that a region is created where both 𝜎𝜃𝐿 and 𝜎𝜃𝑇 are compressive and
thus no fracture initiation is predicted for in that 𝑝𝑤 range. Nevertheless, longitudinal
fracture initiation is expected at higher 𝑝𝑤 values, since if the 𝑝𝑤 is in this range, it has
already exceeded the 𝑝𝑏 window for transverse fracture initiation.
To explain the perforation stress dependence on 𝑝𝑤 one has to look at the 3D
geometry of the combined wellbore and perforation. When either of the two cavities
(wellbore or perforation) are pressurized, a radial stress is experienced on its wall, causing
some degree of radial displacement. The presence of the pressurized wellbore so close to
the perforation means that at the point of attachment; the perforation base, the radial
stresses of the wellbore and the perforation act against each other. From this interaction,
the magnitudes of 𝜎𝜃𝜃 |𝑟=𝑟𝑤 and 𝜎𝑦𝑦 |𝑟=𝑟 is altered. This in turn, affects the magnitude of
𝑤

the tangential stress at the perforation base, 𝜎𝜃𝜃𝑝 | . Lower radial stress leads to a higher
𝜃𝑝

𝜎𝜃𝜃 at that point, which translates to a change in 𝜎𝜃𝜃𝑝 of some sort. At 𝜃𝑝 = 90°, the
magnitude of 𝜎𝜃𝜃𝑝 increases as 𝑝𝑤 rises, yielding a more compressive 𝜎𝜃𝑇 . At 𝜃𝑝 = 0°,
𝜎𝜃𝜃𝑝 decreases leading to 𝜎𝜃𝐿 becoming more tensile as 𝑝𝑤 increases, as the modified
Hossain et al. (2000) approximation suggested. However, the magnitude of 𝜎𝜃𝐿 predicted
by the analytical approximation per se, is always smaller than true 3D, numericallycomputed value.
Expanding the simulation over a range of stress states, we see that for a fixed 𝑝𝑤
value, the region of stress states promoting transverse fracture initiation as predicted by the
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true-3D numerical model is smaller compared to what the analytically-approximated model
predicts. Figure 4.13a indicates the stress states, which promote transverse (versus
longitudinal) fracture initiation according to the orientation criterion developed using the
modified Hossain et al. (2000) analytical approximations for 𝜎𝜃𝐿 and 𝜎𝜃𝑇 , while Figure
4.13b shows the same criterion developed using the true-3D numerical model constructed
by plotting specific points. The blue region of the stress states expected to generate
transverse fracture initiation in Figure 4.13b is visibly smaller and narrower than the
corresponding blue region in Figure 4.13a, highlighting the extent to which the analytical
approximations for the fracturing stresses overestimate transverse fracture initiation.
While the analytically-approximated orientation criterion (Figure 4.13a) can be
applied to virtually any stress state, even outside the polygon, the applicability range of the
numerically-developed criterion is restricted to the range of stress states for which
simulations were performed (Figure 4.13b). Nevertheless, the true-3D numerical model
enables the possibility of the model’s use for the development of correlations for predicting
the orientation of fracture initiation from perforated wells, based on the in-situ conditions.
This can be achieved by using the true-3D numerical model to derive correction factors to
the existing analytical approximations (Hossain et al., 2000; Michael et al., 2018; Michael,
2019a) for specific cases, at different 𝑝𝑤 values.
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Figure 4.13. Allowable stress state diagrams indicating the orientation of fracture initiation
as predicted at p𝑤 = 0.6 psi/ft by, (a) the criterion developed using the
modified Hossain et al.’s (2000) analytical approximations for the fracturing
stresses and (b) the true-3D numerical model.

4.4.3.1 Critical Tensile Strength
The positive slope of 𝜎𝜃𝑇 with 𝑝𝑤 indicated by the true-3D numerical model creates
an additional constraint for transverse fracture initiation. The 𝜎𝜃𝑇 value at 𝑝𝑤 = 0 (Figures
4.11 and 4.12) represents the critical tensile strength, 𝑇𝑐𝑟𝑖𝑡 . If |𝑇| > |𝑇𝑐𝑟𝑖𝑡 |, transverse
fracture initiation is impossible, regardless of how low 𝑝𝑏 is. Defined as a quantity
evaluated at 𝑝𝑤 = 0, 𝑇𝑐𝑟𝑖𝑡 depends solely on the rock properties and in-situ stress state.
Thus, contrary to the 𝑝𝑏 window constraint, there is no way with which the practitioner can
decrease 𝑇𝑐𝑟𝑖𝑡 to promote transverse fracture initiation.
Consequently, for transverse fracture initiation to be generated from a perforated
well (assuming no fracturing fluid leakages), three criteria must be met in the following
order:
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i.

|𝑇| < |𝑇𝑐𝑟𝑖𝑡 |.

ii.

The value of 𝑝𝑏 falls within a “window” for transverse fracture initiation (i.e. 𝜎𝜃𝑇 <
−𝑇).

iii.

The longitudinal fracturing stress is less tensile than the transverse fracturing stress
at 𝑝𝑤 = 𝑝𝑏 (i.e. 𝜎𝜃𝑇 < 𝜎𝜃𝐿 ).

4.4.3.2 Preferred Perforation Alignment (PPA)
The values of 𝑇𝑐𝑟𝑖𝑡 and 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 are higher for perforations parallel to 𝑆𝐻𝑚𝑎𝑥 in a
normal faulting stress regime compared to the subsequent values for perforations parallel
to 𝑆𝑣 (Michael and Gupta, 2019e; 2020b; Michael, 2019a). This makes the 𝑆𝐻𝑚𝑎𝑥 direction
the preferred perforation alignment (PPA) for normal faulting stress states, since this
perforation alignment is the best for generating transverse fracture initiation. For strikeslip faulting stress states, 𝑆𝑣 is the PPA. If a wellbore is drilled parallel to the least principal
stress (Figure 4.14), any possible PPA direction, which is dictated by the stresses
orthogonal to the wellbore, will be contained within the PFP.
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Figure 4.14. The preferred perforation alignment (PPA) configurations for horizontal
wells drilled parallel to 𝑆ℎ𝑚𝑖𝑛 under normal and strike-slip faulting stress
regimes (from Michael, 2019a).

It is worth mentioning that the modified Hossain et al. (2000) analytical
approximations for 𝜎𝜃𝐿 and 𝜎𝜃𝑇 predicted correctly which perforation alignment (PPA) is
the most favored for yielding transverse fracture initiation. PPA is the alignment with the
highest 𝑇𝑐𝑟𝑖𝑡 and largest 𝑝𝑏 window according to the analytical approximation and is
validated by the numerical model. This is useful for completion engineers; when targeting
“sweet spots” strategically oriented perforations (Kurdi, 2018) along PPA can be used to
enhance the promotion of transverse fracture initiation by maximizing 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 and 𝑇𝑐𝑟𝑖𝑡 .
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4.5

SHALE PLAY (NUMERICAL) CASE STUDIES
Seven unconventional shale formations under current development (Barnett,

Bakken, Fayetteville, Haynesville, Niobrara, Marcellus and Vaca Muerta) are used to
assess and compare the analytical orientation criterion with the numerical model when it
comes to field-scale application. The values of 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 were calculated using
published in-situ stress state data (Prioul et al., 2011; Moos, 2012; Yang and Zoback, 2014;
Koskella et al., 2015; Kowan and Ong, 2016) shown on Figure 4.15 and summarized on
Table 3.1. For all simulations 𝑝𝑝𝑒𝑟𝑓 = 𝑝𝑤 .

Figure 4.15. In-situ stress state of the seven shale plays on an allowable stress diagram.
127

The Barnett, Bakken, Fayetteville, Haynesville and Niobrara (Figure 4.16) are shale
formations located in the United States that are under normal faulting in-situ stress states
where 𝑆𝑣 > 𝑆𝐻𝑚𝑎𝑥 > 𝑆ℎ𝑚𝑖𝑛 . The PPA for those formations is thus in the 𝑆𝐻𝑚𝑎𝑥 direction,
for which 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 and 𝑇𝑐𝑟𝑖𝑡 are maximized.

Figure 4.16. Numerically-calculated 𝜎𝜃𝐿 and 𝜎𝜃𝑇 relationship with 𝑝𝑤 for the five shale
plays under normal faulting stress regime.
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The Marcellus in the United States and Vaca Muerta in Argentina (Figure 4.17) are
two shale formations where the in-situ stress state is strike-slip faulting with 𝑆𝐻𝑚𝑎𝑥 > 𝑆𝑣 >
𝑆ℎ𝑚𝑖𝑛 . The PPA for horizontal wells aligned with 𝑆ℎ𝑚𝑖𝑛 in these plays is parallel to 𝑆𝑣 .

Figure 4.17. Numerically-calculated 𝜎𝜃𝐿 and 𝜎𝜃𝑇 relationship with 𝑝𝑤 for two shale plays
under strike-slip faulting stress regime.

For comparison purposes, 𝑝𝑏 estimates for the seven shale plays were calculated
using fracture gradient values from the literature (Ketter et al., 2006; Hammes et al., 2011;
Barth et al., 2012; Schlumberger, 2014; Kosset, 2014; Koskella et al., 2015 and Lynk et
al., 2017). These 𝑝𝑏 estimates can be found on Table 3.3. Analytical estimation of 𝑝𝑏 can
be done, however that value depends on the fracture orientation (Barree and Miskimins,
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2015). Because orientation is the dependent variable in this study it was deemed more
reliable to estimate 𝑝𝑏 independently using actual field-reported values.
Table 4.1 indicates PPA as the best perforation direction for transverse fracture
initiation, yielding the highest 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 and 𝑇𝑐𝑟𝑖𝑡 values, with the non-PPA direction
(perpendicular to PPA) the least. It is surprising that the numerical model predicts
transverse fracture initiation only for the Barnett Shale for perforations parallel to PPA.

Table 4.1.

Calculation summary of the 𝑝𝑏 window and 𝑇𝑐𝑟𝑖𝑡 for transverse fracture
initiation, and hence the orientation prediction for the fracture initiation for
perforations aligned with PPA and orthogonal (non-PPA). All numbers are in
“psi” units.
𝒑𝒃 window

𝒑𝒃 window

𝑻𝒄𝒓𝒊𝒕

𝑻𝒄𝒓𝒊𝒕 non-

Fracture initiation

Fracture initiation

b

PPA

PPA

PPA

non-PPA

Shale play
PPA

a

a

non-PPA

Barnett

0-4,754

0-3,206

2,482

1,676

Transverse

Longitudinal

Bakken

0-4,691

0-4,481

3,485

1,126

Longitudinal

Longitudinal

Fayetteville

No window

No window

<0

<0

–

Longitudinal

Haynesville

0-780

0-397

62

209

Longitudinal

Longitudinal

Niobrara

0-1,735

0-741

531

389

–

Longitudinal

Marcellus

0-4,615

0-4,376

3,411

2,292

–

–

Vaca Muerta

0-3,627

0-3,535

2,719

1,850

Longitudinal

Longitudinal

PPA: along 𝑆𝐻𝑚𝑎𝑥 and 𝑆𝑣 for a well drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in a normal and strike-slip faulting stress regime, respectively. Location where transverse

fracture initiation is promoted the most.
b

Non-PPA: along 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 for a well drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in a normal and strike-slip faulting stress regime, respectively. Location where transverse

fracture initiation is least promoted.

For the Barnett Shale example, the value of 𝑇𝑐𝑟𝑖𝑡 given by the true-3D numerical
model is 2,482 psi for perforations along 𝑆𝐻𝑚𝑎𝑥 , which is the PPA direction (Figure 4.11).
Published data on the Barnett Shale by Rybacki et al. (2015) indicates a maximum tensile
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strength of ~2,500 psi, so following the modified Hossain et al. (2000)’s approximation for
𝜎𝜃𝐿 and 𝜎𝜃𝑇 (Eqs. 4.10 and 4.11), the fracture initiation observed in the Barnett Shale would
most likely be transverse if 𝑝𝑏 is kept under 4,574 psi. The Barnett Shale seems to be a
special case among the seven shale plays studied, which is the only play with stress state
slightly outside the allowable region for 𝜇 = 0.6 (Figure 4.15) and highly favorable to
transverse fracture initiation (Figure 4.13b). Furthermore, the Barnett Shale’s low fracture
gradient (0.6 psi/ft) ensures the 𝑝𝑏 falls within the window of transverse fracture initiation.
For the Marcellus Shale 𝜎𝜃𝑇 and 𝜎𝜃𝐿 for both PPA and non-PPA are compressive
at the reported 𝑝𝑏 , making it impossible to determine the orientation of fracture initiation
from our analysis. However, transverse initiation is more likely to occur first, because 𝜎𝜃𝑇
is less compressive than 𝜎𝜃𝐿 for 0 ≤ 𝑝𝑤 ≤ 𝑝𝑏 (Figure 4.17). Fayetteville Shale presents an
interesting case, as 𝜎𝜃𝑇 is compressive there for the 𝑝𝑤 range examined.

4.6

DISCUSSION

4.6.1 Effect of the Cemented Casing
As mentioned by Fallazadeh et al. (2017) and Michael et al. (2018) the presence of
a cemented casing in the borehole shields the impact of the 𝑝𝑤 on the surrounding rock
formation. In the case of a good cement job, the higher Young’s modulus, E of the casing
is expected to suppress the stress changes caused by the 𝑝𝑤 . The higher value of E of the
steel casing and the cement layers compared to the formation’s suggests that the radial
displacement the wellbore experiences will be smaller compared to an openhole
configuration at the same pressure.
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We tried to mimic this effect by re-computing the analytical results assuming the
extreme case where the hoop stresses around the wellbore are fixed at the point of cement
curing. We assume this to be a balanced condition, 𝑝𝑤 = 𝑝𝑝 . These wellbore stresses still
act as the “remote” loading at the perforation base with 𝑝𝑝𝑒𝑟𝑓 acting as the fracturing
pressure. Using parameters of the Barnett Shale (Figure 4.18), it is apparent that the
shielding effect of the cemented casing causes both 𝜎𝜃𝐿 and 𝜎𝜃𝑇 at the perforation base to
become more tensile as 𝑝𝑝𝑒𝑟𝑓 increases. This implies that good cement jobs without
annular leakage will be an important aid for transverse fracture initiation.

Figure 4.18. Extreme case of perfectly-cemented boreholes, showing both 𝜎𝜃𝐿 and 𝜎𝜃𝑇
becoming more tensile (at the same slope) as 𝑝𝑝𝑒𝑟𝑓 increases (for the Barnett
Shale). In this case, transverse fracture initiation would always be promoted
regardless of 𝑝𝑝𝑒𝑟𝑓 .
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4.6.2 Impact of Natural Fractures
Interactions between induced hydraulic fractures with natural fractures were
examined in experimental and numerical studies (Lee et al., 2015). The presence of a
propagating hydraulic fracture may lead to either (i) crossing, (ii) divergence, or (iii) stepover, depending on various parameters such as the angle at which the fractures meet and
the minerals present in the natural fracture, for instance calcite. Nonetheless, this falls into
topics related to fracture propagation, beyond the scope of this study, which focuses on
initiation.
Concerning fracture initiation per se, a natural fracture will have an impact only if
it intersects the wellbore and thus the fracture initiation location. This is a rare, but possible
situation and numerical modeling can be used to predict the outcome of such a unique
occurrence. Nevertheless, heterogeneities in the medium, such as natural fractures should
be put into consideration, especially if an unexpected result is observed. Heterogeneities
induced by the presence of natural fractures, can diminish the advantages of using PPAoriented perforations rather than a conventional phase perforation technique.

4.7

CONCLUSIONS
An orientation criterion was developed for fracture initiation from perforated wells

using analytical approximations from the literature modified for porous media. The
criterion was then assessed using a true-3D numerical model. The following general
conclusions are reached:
•

Transverse fracture initiation is a rarity occurring if 𝑝𝑏 is within a “window,” such
𝑝𝑏 ≤ 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 . Numerical analysis showed that the developed orientation criterion
overestimates transverse fracture initiation. The frequent occurrence of longitudinal
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fracture initiation, suggests that fracture reorientation as it propagates away from
the wellbore is likely field scenario.
•

As 𝑝𝑤 increases, 𝜎𝜃𝑇 is shown to become more compressive. A critical tensile
strength, 𝑇𝑐𝑟𝑖𝑡 exists determining whether transverse fracture initiation is possible
regardless of 𝑝𝑤 in a given stress state. 𝑇𝑐𝑟𝑖𝑡 and 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 are maximized for
perforations parallel to PPA (𝑆𝐻𝑚𝑎𝑥 for normal faulting and 𝑆𝑣 for strike-slip
faulting cases).

•

Application of the true-3D numerical model on seven shale plays showed transverse
fracture initiation likely to occur in only one of the plays, the Barnett Shale. Values
predicted by the model for the 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 and 𝑇𝑐𝑟𝑖𝑡 are given for each shale play.

•

Fracturing fluid leakages around the wellbore hinder transverse fracture initiation
by decreasing the 𝑝𝑏 window. This infers that correctly performed perforations aid
transverse fracture initiation.

The following recommendations are made to practitioners for enhanced promotion
of transverse fracture initiation from perforated horizontal wells:
1. Slow pumping. Strategic use of slow pumping during the fracture treatment can
keep 𝑝𝑏 ≤ 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 .
2. Strong casing-cement sheath and cement sheath-rock formation interface bonding.
This will suppress leakage of the fracturing fluid around the wellbore during the
treatment, bypassing the perforations. Hence, strong interface bonding negates the
impact of the perforation tunnels in promoting transverse fracture initiation.
3. An oriented perforation strategy can, under ideal circumstances, promote transverse
fracture initiation by expanding the 𝑝𝑏 window.
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4. In laboratory experiments, using reservoir analogue material of low 𝑇 improves the
possibility of generating transverse fracture initiation.
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Chapter 5. A Semi-Analytical Model for Fractures Initiated from
Perforated Wells
Accurate prediction of fracture initiation pressure and orientation is paramount to
the design of a hydraulic fracture stimulation treatment and is a major factor in the
treatment’s eventual success. In this study, closed-form analytical approximations of the
fracturing stresses are used to develop orientation criteria for relative-to-the-wellbore
(longitudinal or transverse), fracture initiation from perforated wells. These criteria were
assessed numerically and found to overestimate the occurrence of transverse fracture
initiation, which only takes place under a narrow range of conditions where the tensile
strength of the rock formation is lower than a critical value and the breakdown pressure
falls within a “window”. For a case study performed on the Barnett Shale, transverse
fracture initiation is shown to take place for breakdown pressures below 4,762 psi, provided
that the formation’s tensile strength is below 2,482 psi.
A robust 3D finite volume numerical model is used to evaluate solutions for the
longitudinal and transverse fracturing stresses for a variable wellbore pressure, hence
developing correction factors for the existing closed-form approximations. Geomechanical
inputs from the Barnett Shale are considered for a horizontal well aligned parallel to the
direction of the least compressive horizontal principal stress. The corrected numericallyderived expressions can predict initiation pressures for a specific orientation of fracture
initiation. Similarly, at known breakdown pressures, the corrected expressions are used to
predict the orientation of fracture initiation. Besides wellbore trajectory, the results depend
on the perforation direction. For the Barnett Shale case study, which is under a normal
faulting stress regime, the perforations on the side of the borehole yield a wider breakdown
Parts of this Chapter were presented in the following conference article: Michael, A., and Gupta, I. (2020a).
A Semi-Analytical Modeling Approach for Hydraulic Fracture Initiation and Orientation in Shale Reservoirs.
Unconventional Resources Technology Conference. Jul 20, doi:10.15530/urtec-2020-3137.
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pressure window by 71% and higher critical tensile strength by 32.5%, compared to
perforations on top of the borehole, implying better promotion of transverse fracture
initiation. Leakage of fracturing fluid around the wellbore, between the cemented casing
and the surrounding rock, reduces the breakdown pressure window by 11% and the critical
tensile strength by 65%.
Dimensionless plots are employed to present the range of in-situ stress states where
longitudinal or transverse hydraulic fracture initiation is promoted. This is useful for
completion engineers; when targeting low permeability formations such as shale
reservoirs, multiple transverse fractures must be induced from the horizontal wells, as
opposed to longitudinal fracture initiation, which is desired in higher permeability
reservoirs or frac-and-pack operations.

5.1

INTRODUCTION
Exploitation of tight shale reservoirs is made possible by the generation of multiple

transverse fractures from horizontal wells during stimulation treatments. The primary
objective of this treatment is to create high permeability/high surface area conduits for
reservoir fluids to flow into the wellbore (Clark, 1949). The resultant fracture geometric
dimensions are primarily dependent on the in-situ stress state (Li et al., 2018; 2020) with
fracture propagation being significantly influenced from interactions with natural fractures
(Zhang et al., 2019) weak bedding planes in multi-layered formations (Tang et al., 2018;
2019). The high cost of hydraulic fracture treatments encourages operators in seeking the
maximum possible productivity from their wells in the post-stimulation period. Accurate
prediction of fracture initiation pressure, 𝑝𝑖 and the orientation of fracture initiation are
paramount for engineering an efficient fracture treatment achieving maximum well
137

productivity at the lowest cost. Current models involving closed-form analytical
approximations have however not effectively estimated 𝑝𝑖 , failing to match observations
from laboratory and field-scale studies.
In this study, a 3D finite volume numerical model is employed to evaluate
correction factors for analytical approximations from the literature (Hossain et al., 2000,
later modified by Michael et al., 2018). Tangential stresses at two extreme points around
the base of the perforation are evaluated for transverse and longitudinal fracture initiation
with respect to the wellbore. Considering the presence of a microannulus between the
cement layer and the formation prior to fracture initiation (Behrmann and Elbel, 1991;
Zhang et al., 2018), the well is modeled as an openhole completion intersected by one
cylindrical-shaped perforation. Brittleness is an important rock feature, related to its
mechanical behavior. An accurate evaluation of rock brittleness places an analytical
foundation of drilling and reservoir stimulation via hydraulic fracturing. The independent
variables are the far-field (in-situ) principal stresses, wellbore pressure, 𝑝𝑤 and the rock
formation’s mechanical properties that control its brittleness (Li et al., 2017) with all
influencing 𝑝𝑖 , which is the 𝑝𝑤 at which the tensile failure criterion is exceeded by the
tangential stress on the perforation base, which is the presumed location of fracture
initiation. This is supported by observations from laboratory studies from Behrmann and
Elbel (1991) and Zhang et al. (2018).
The semi-analytical modeling approach developed in this work is then applied on
a case study for the Barnett Shale, which is under a strong normal faulting stress state. A
true-3D numerical model is used to evaluate correction factors for fracture treatments in
perforated horizontal wells. Subsequently, breakdown pressure, 𝑝𝑏 , values from the
literature are used for predicting 𝑝𝑖 and the orientation of fracture initiation (longitudinal
or transverse). Besides wellbore trajectory, which for this study is set parallel to the least
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compressive (minimum) horizontal stress, 𝑆ℎ𝑚𝑖𝑛 , the results are dependent on the
perforation direction. For horizontal wells drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in normal faulting
regimes, the preferred perforation alignment (“PPA”, after Michael and Gupta, 2019) for
promoting transverse fracture initiation is parallel to 𝑆𝐻𝑚𝑎𝑥 on the side of the borehole.
Finally, following stimulation, fracture orientation controls the resulting
productivity from tight shale reservoirs. Transverse fracture initiation, although a rarity,
bears some significant advantages over longitudinal fracture initiation regarding poststimulation well productivity (Economides and Martin, 2010). Contrary, longitudinal
fracture initiation leads to higher productivity in higher permeability zones and frac-andpack operations (Economides and Martin, 2010). The fracture initiation plane is often
dissimilar to the final fracture propagation plane (Daneshy, 1973; Weijers, 1995; Alabbad,
2014; Michael, 2016b). Stress interference in the near-wellbore region caused by the
presence of the wellbore may lead to fracture initiation at a different orientation plane than
the one dictated by the far-field stresses. Thus, favorable well trajectory (parallel to 𝑆ℎ𝑚𝑖𝑛 )
does not guarantee transverse fracture initiation (Hossain et al., 2000; Michael, 2019a;
Michael and Gupta, 2020b).
The presented semi-analytical modeling approach is also used to indicate the range
of conditions for which transverse fracture initiation will be promoted for the in-situ stress
conditions under consideration. Fracture reorientation, which is promoted from
longitudinal fracture initiation in wells aligned with the minimum horizontal in-situ
principal stress (El Rabaa, 1989; Hallam and Last, 1991; Owens et al., 1992; Weijers, 1992;
Olson, 1995) causes near-wellbore tortuosity (Huang et al., 2020; Michael et al., 2020).
This in turn triggers completion and production-related problems (Barree and Miskimins,
2015; Michael et al., 2020), such as early screenouts and poor well productivity following
the stimulation treatment.
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5.2

THEORETICAL BACKGROUND

5.2.1 Fracture Initiation and Orientation
During a hydraulic-fracture treatment, the bottomhole pressure (BHP) and injection
flowrate are monitored (Zoback et al., 2003; Huang et al., 2020). At a steady injection
flowrate, BHP increases linearly with time until a point where the increase becomes nonlinear when the injected fracturing fluid begins leaking into the formation (Figure 5.1). The
pressure at which the fluid leakage into the rock starts is called the leak-off pressure (LOP)
and can be measured at the field reliably using data from “leak-off tests” (Dontsov, 2016;
Huang et al., 2020). Despite the leak-off, the BHP carries on building up until the
breakdown which is manifested as a sudden, distinct drop (Figure 5.1) from the 𝑝𝑏 of the
rock which is the maximum pressure attained during a fracture treatment. Fracture
initiation occurs at 𝑝𝑖 once the crack starts forming in the 𝐿𝑂𝑃 ≤ 𝑝𝑖 ≤ 𝑝𝑏 range. Any
further injection beyond breakdown, makes a fracture propagate from the induced crack.
In horizontal wells, the fractures initiated can assume two bounding orientations
with respect to the wellbore axis – longitudinal (or “axial”), which is parallel to the axis,
or transverse (or “lateral”), orthogonal to the axis (Figure 5.2a). This study focuses on
fracture orientation in the early initiation stages, within a small region near the wellbore,
which is more challenging to predict than the fracture orientation in the later propagation
stages outside this near-wellbore region, which is dominated by the well trajectory
compared to the in-situ stress state.
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Figure 5.1. BHP variation during time during a typical fracture treatment (modified from
Zoback et al., 2003).

Hubbert and Willis (1957) famously concluded that the final fracture propagation
plane is perpendicular to the least compressive stress, known as the preferred fracture plane
(PFP), which solely depends on the well trajectory compared to the in-situ principal
stresses. Hence, a well parallel to the least compressive horizontal stress 𝑆ℎ𝑚𝑖𝑛 (a common
industry practice), is expected to yield transverse final fracture propagation. Nevertheless,
drilling the well along 𝑆ℎ𝑚𝑖𝑛 does not guarantee that the fracture initiation plane will also
be transverse-to-the wellbore.
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Localized stress changes in the near-wellbore region induced from the presence of the
borehole, means that the fracture initiation plane is not always parallel to PFP (Daneshy,
1973; Barree and Miskimins, 2015; Michael et al., 2018; Michael, 2019a). Potential
longitudinal fracture initiation from a horizontal well in a tight shale reservoir bears
significant practical problems, which can alter the outcome of a hydraulic fracture
treatment. First, fracture reorientation can occur away from the wellbore influenced by the
far-field principal stresses (El Rabaa, 1989; Hallam and Last, 1991; Owens et al., 1992;
Weijers, 1992; Olson, 1995). This in turn increases the tortuosity (Huang et al., 2020) in
the near-wellbore region (Figure 5.2a) leading to completion-related problems such as
early screenouts (Michael et al., 2020).
Additionally, results from tracer testing performed during a multi-stage fracture
treatment (Barree and Miskimins, 2015) have indicated presence of fracturing fluid from
neighboring stages despite stage isolation with packers (Figure 5.2b). Barree and
Miskimins (2015) interpreted this by the presence of longitudinal fractures that extended
beyond the stage lengths. The aforementioned completion-related problems result in poor
stimulated-well productivity and thus loss of net present value (NPV) for the hydraulic
fracture treatment (Balen et al., 1988; Michael, 2019b).
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Figure 5.2. (a) Longitudinal and transverse fractures initiated from a perforated
horizontal well during scaled laboratory experiments in highly concentrated
gelatin polymer, with visible tortuosity in the near-wellbore region (modified
from Michael, 2016b). (b) Schematic showing the results of a tracer test
during a multi-stage fracture treatment. Fracturing fluid from each of the three
stages was detected in neighboring stages, despite all stages being isolated
from each other with packers (modified from Barree and Miskimins, 2015).
This is attributed to longitudinal fracture initiation – prior to reorientation to
transverse – where the longitudinal fractures initiated extend beyond the stage
length.
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5.2.2 Stresses around a Horizontal Well
Kirsch (1898) derived analytical solutions for the stress concentrations on a 2D
plate, with a circular cavity under uniform tension in a linearly elastic medium. Hubbert
and Willis (1957) modified those solutions to incorporate biaxial stress loading and fluid
pressure inside the hole. For a horizontal well drilled parallel to the y-axis, along 𝑆ℎ𝑚𝑖𝑛 and
perpendicular to the overburden and most compressive (maximum) horizontal principal
stress (𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 , respectively) in a homogeneous, isotropic rock, the stresses on the
wellbore radius, 𝑟 = 𝑟𝑤 , with 𝑟 being the radial distance from the center of the wellbore,
are defined analytically (after Zoback, 2007) by

𝜎𝑦𝑦 |𝑟=𝑟 = 𝑆ℎ𝑚𝑖𝑛 − 2𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) cos 2𝜃 − 𝑝𝑝

(5.1)

𝜎𝜃𝜃 |𝑟=𝑟𝑤 = 𝑆𝐻𝑚𝑎𝑥 + 𝑆𝑣 − 2(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) cos 2𝜃 − 𝑝𝑝 − 𝑝𝑤

(5.2)

𝜎𝑟𝑟 |𝑟=𝑟𝑤 = 𝑝𝑤 − 𝑝𝑝

(5.3)

𝜎𝑟𝜃 |𝑟=𝑟𝑤 = 0

(5.4)

𝑤

where 𝜃 is the angle measured clockwise from the 𝑆𝑣 orientation, 𝜎𝑦𝑦 is the axial stress
parallel to the wellbore, 𝜎𝜃𝜃 is the tangential (also called circumferential or “hoop”) stress,
𝜎𝑟𝑟 is the radial stress, and 𝜎𝑟𝜃 is the shear stress, which is zero on the wellbore radius
(Figure 5.3).
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Figure 5.3. Visual representation of the main parameters and symbols used in equations
in this study. The configuration of the stresses on the wellbore radius (𝜎𝜃𝜃 ,
𝜎𝑦𝑦 , and 𝜎𝑟𝑟 ) of a horizontal well parallel to 𝑆ℎ𝑚𝑖𝑛 (y-axis) and the stresses
on the perforation base (𝜎𝜃𝐿 at 𝜃𝑝 = 90° and 𝜎𝜃𝑇 at 𝜃𝑝 = 0°) for perforations
on the side of the borehole (x-axis, 𝜃 = 90°) is shown. At 𝑟 = 𝑟𝑤 , 𝜎𝑟𝜃 = 0,
which is not shown on the schematic (from Michael et al., 2020).

5.3

MODEL DEVELOPMENT

5.3.1 Analytical Derivation
Assuming that fracture initiation occurs at the perforation base (after Behrmann and
Nolte, 1998) and that a microannulus exists along the cement sheath-rock formation
interface (after Behrmann and Elbel, 1991; Zhang et al., 2018), Hossain et al. (2000)
derived closed-form expressions for the longitudinal and transverse fracturing stresses (𝜎𝜃𝐿
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and 𝜎𝜃𝑇 , respectively) for perforated wells. The pressure in the perforation tunnel is
assumed to be equal to 𝑝𝑤 .
Considering the perforation as a pressurized cylindrical cavity, which orthogonally
intersects the wellbore – a bigger pressurized cylindrical cavity – Hossain et al. (2000) used
a second “Kirsch analysis” to approximate the tangential stress on the perforation base,
𝜎𝜃𝜃𝑝 . Michael et al. (2018) modified the 𝜎𝜃𝜃𝑝 expression to incorporate 𝑝𝑝 effects. Using
the expressions of 𝜎𝑦𝑦 and 𝜎𝜃𝜃 at 𝑟 = 𝑟𝑤 (Eqs. 5.1 and 5.2) yields

𝜎𝜃𝜃𝑝 = 𝜎𝜃𝜃 |𝑟=𝑟𝑤 + 𝜎𝑦𝑦 |𝑟=𝑟 − 2 (𝜎𝑦𝑦 |𝑟=𝑟 − 𝜎𝜃𝜃 |𝑟=𝑟𝑤 ) cos 2𝜃𝑝 + 𝑝𝑝 − 𝑝𝑤
𝑤

𝑤

(5.5)

where 𝜃𝑝 is the angle on the perforation base measured from the 𝜎𝑦𝑦 direction (Figure 5.3).
The magnitude of 𝜎𝜃𝜃𝑝 at 𝜃𝑝 = 0° (Figure 5.3) represents the stress needed to be overcome
in tension for longitudinal fracture initiation to take place and is hence known as the
longitudinal fracturing stress, 𝜎𝜃𝐿 (Eq. 5.6). Similarly, the magnitude of 𝜎𝜃𝜃𝑝 at 𝜃𝑝 = 90°
(Figure 5.3) represents the stress necessary for transverse fracture initiation to take place
and is called the transverse fracturing stress, 𝜎𝜃𝑇 (Eq. 5.7). If the horizontal well is
perforated along 𝑆𝐻𝑚𝑎𝑥 , then 𝜃 = 90°, the expressions for 𝜎𝜃𝐿 and 𝜎𝜃𝑇 simplify to

𝜎𝜃𝐿 ≡ 𝜎𝜃𝜃𝑝 |

(5.6)

𝜃=90°,𝜃𝑝 =0°

= 9𝑆𝑣 − 3𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 + 2𝜈(𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 ) − 𝑝𝑝 − 4𝑝𝑤
𝜎𝜃𝑇 ≡ 𝜎𝜃𝜃𝑝 |

(5.7)

𝜃=90°,𝜃𝑝 =90°

= 3𝑆ℎ𝑚𝑖𝑛 − 𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 − (2 − 6𝜈)(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) − 𝑝𝑝
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A parallel designation can be made for a perforation at the top of the borehole (at 𝜃 = 0°,
parallel to 𝑆𝑣 ), by interchanging the 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 terms in Eqs. 5.6 and 5.7.
The Barnett Shale is a gas formation of Mississippian age located in the Fort Worth
Basin of Texas. The payzone is located at an average depth of 6,500 ft and is characterized
as having a normal faulting stress regime (Moos, 2012). Table 5.1 summarizes the stress
parameters and mechanical properties of the Barnett Shale, used as an application example
throughout this study.

Table 5.1.

Input parameters for the Barnett Shale in Texas.
Parameter

Symbol

Value

Payzone depth

𝐷𝑝𝑎𝑦

5,000-8,000 ft

Overburden stress

𝑆𝑣

7,215 psi

Maximum horizontal principal stress

𝑆𝐻𝑚𝑎𝑥

4,550 psi

Minimum horizontal principal stress

𝑆ℎ𝑚𝑖𝑛

3,900 psi

Formation pore pressure

𝑝𝑝

3,055 psi

Elastic Young’s modulus

𝐸

2×105 psi

Poisson’s ratio

𝜈

0.23-0.32

Tensile strength

𝑇

~0

The variation of the two fracturing stresses, 𝜎𝜃𝐿 and 𝜎𝜃𝑇 , with 𝑝𝑤 (which by the
second assumption is equal to 𝑝𝑝𝑒𝑟𝑓 ) is considered. Hossain et al.’s (2000) analytical
approximation – followed by Michael et al.’s (2018) modification – shows 𝜎𝜃𝑇 being
independent from 𝑝𝑤 , remaining at a constant value as 𝑝𝑤 increases (Eq. 5.7), contrary to
𝜎𝜃𝐿 which becomes more tensile (negative) as 𝑝𝑤 increases (Eq. 5.8). Assuming that the
rock formation’s tensile strength, 𝑇 = 0, and 𝜎𝜃𝑇 independent from 𝑝𝑤 , transverse fracture
initiation occurs as 𝜎𝜃𝑇 < 0 and 𝜎𝜃𝑇 < 𝜎𝜃𝐿 , conditions which exist between 𝑝𝑤 = 0 and
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the finite 𝑝𝑤 value at which 𝜎𝜃𝑇 = 𝜎𝜃𝐿 . This 𝑝𝑤 range was defined as the “breakdown
pressure window” first by Michael et al. (2018). The upper-limit of the 𝑝𝑏 window is
indicated by 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 . A pair of expressions for calculating 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 is presented later (Eqs.
5.10a or 5.10b), depending on the in-situ stress state in question. If 𝑝𝑏 < 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 ,
transverse fracture initiation is promoted. This is a paramount constraint, because the
practitioners on the surface can, to an extent, impact 𝑝𝑏 . Lower pressurization rates
suppress 𝑝𝑏 for a given in-situ state, compared to higher pressurization rates (Zoback et al.,
1977; Weijers, 1995). Thus, low pressurization rates can be strategically used to ensure
𝑝𝑏 ≤ 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 and that transverse fracture initiation is promoted.
The Kirsch’s (1898) theory is a purely 2D theory, developed assuming a state of
plane strain. Hossain et al.’s (2000) idea of applying the Kirsch analysis twice in an attempt
to simulate a 3D problem could not yield exact solutions for 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 . Based on
this, Hossain et al.’s (2000) closed-form analytical expressions (Eqs. 5.6 and 5.7) are
referred to as the “approximated” solutions of the two fracturing stresses (𝜎𝜃𝐿 and 𝜎𝜃𝑇 ).
Numerical assessment performed using finite volume modeling (Michael et al., 2018;
2020; Michael, 2019a) however, found these approximated solutions to be insufficient in
predicting the actual 3D solutions for 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 .

5.3.2 Perforation Direction and Preferred Perforation Alignment
The preferred perforation alignment (PPA) is a concept introduced by Michael and
Gupta (2019), referring to the perforation direction which is optimal for the promotion of
favorable orientation of fracture initiation (along PFP). For a horizontal well drilled parallel
to 𝑆ℎ𝑚𝑖𝑛 , this favorable orientation would be transverse to the wellbore. For a given in-situ
stress state, the 𝑝𝑏 window is maximized for perforations parallel to the PPA direction. The
148

PPA direction (Figure 5.4a) was shown (Michael and Gupta, 2019; 2020) to depend solely
on the in-situ stress regime (Anderson, 1951). For normal faulting stress states as the
Barnett Shale, PPA is parallel to 𝑆𝐻𝑚𝑎𝑥 (side of the borehole, at 𝜃 = 90°), whereas for
strike-slip faulting stress states as the Marcellus Shale (Michael and Gupta, 2019; 2020),
PPA is parallel to 𝑆𝑣 (top of the borehole at 𝜃 = 0°).
The preferred perforation alignment (PPA) is a concept introduced by Michael and
Gupta (2019), referring to the perforation direction which is optimal for the promotion of
favorable orientation of fracture initiation (along PFP). For a horizontal well drilled parallel
to 𝑆ℎ𝑚𝑖𝑛 , this favorable orientation would be transverse to the wellbore. For a given in-situ
stress state, the 𝑝𝑏 window is maximized for perforations parallel to the PPA direction. The
PPA direction (Figure 5.4a) was shown (Michael and Gupta, 2019; 2020) to depend solely
on the in-situ stress regime (Anderson, 1951). For normal faulting stress states as the
Barnett Shale, PPA is parallel to 𝑆𝐻𝑚𝑎𝑥 (side of the borehole, at 𝜃 = 90°), whereas for
strike-slip faulting stress states as the Marcellus Shale (Michael and Gupta, 2019; 2020),
PPA is parallel to 𝑆𝑣 (top of the borehole at 𝜃 = 0°).
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Figure 5.4. (a) Configurations for the preferred perforation alignment (PPA) in horizontal
wells drilled parallel to 𝑆ℎ𝑚𝑖𝑛 under normal or strike-slip faulting stress
regime (from Michael and Gupta, 2020). The PFP for a horizontal well drilled
parallel to 𝑆ℎ𝑚𝑖𝑛 is orthogonal to the wellbore. (b) Oriented perforating
configurations for horizontal wells drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in locations under
stress regimes that honor Anderson’s (1951) theory.

For reverse faulting stress regime, where 𝑆𝐻𝑚𝑎𝑥 > 𝑆ℎ𝑚𝑖𝑛 > 𝑆𝑣 , the PFP is
perpendicular to the least compressive stress, which is 𝑆𝑣 . This implies that transverse
fracture initiation in reverse faulting stress states is best promoted from vertical wells with
the PPA direction being that of 𝑆ℎ𝑚𝑖𝑛 . Nevertheless, multiple transverse fractures is
generally not an objective in vertical wells, drilled through horizontal geologic formation
layers, where longitudinal fractures are the most efficient stimulation option (Economides
and Martin, 2010; Yang, 2014).
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5.3.3 Numerical Correction
A “true-3D” numerical model based on those from Michael et al. (2018; 2020) and
Michael (2019a) was used to calculate solutions for 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 . The model (Figure
5.5) was built on FLAC3D (Fast-Lagrangian Analysis of Continua in 3 Dimensions) which
uses explicit finite volume formulations to simulate non-linear mechanical behavior
involving high degrees of displacement (Itasca Consulting Group, 2009 for Version 4.0)
The mechanics of the modeled solid medium are derived from definitions of stress and
displacement (strain) with constitutive relationships describing the behavior of the
material. The resulting partial differential equations (PDEs) relate mechanical stress to
induced strain and vice versa and are solved under the specified boundary and initial
conditions.
The true-3D numerical model consists of a 1/8th square block of length, 𝐿, height,
𝐻, and width, 𝑊, which are 16 times larger than 𝑟𝑤 , where 𝑟𝑤 is 6 times larger than the
perforation radius 𝑟𝑝𝑒𝑟𝑓 . The perforation tunnel length, 𝑙𝑝𝑒𝑟𝑓 , is 1.8 times larger than 𝑟𝑤
(Figure 5.5). The true-3D numerical model is designed to model blocks of dimensions fixed
at the aforementioned relative geometry and is applicable to any multiples of the example
set of geometric dimensions summarized on Table 5.2 for a case of a block model with
𝑟𝑤 = 4 in. Michael et al. (2018) found 𝜎𝜃𝜃𝑝 (and subsequently 𝜎𝜃𝐿 and 𝜎𝜃𝑇 ) to be more
sensitive to 𝑟𝑝𝑒𝑟𝑓 than 𝑙𝑝𝑒𝑟𝑓 , unlike Hossain et al’s (2000) approximations, where 𝜎𝜃𝜃𝑝 was
completely independent of the perforation’s geometry as long as the perforation cavity is
cylindrical. Hence, both 𝑟𝑝𝑒𝑟𝑓 than 𝑙𝑝𝑒𝑟𝑓 were fixed such that their ratio with 𝑟𝑤 is
comparable to field-scale operations.
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Figure 5.5. The true-3D numerical model written in FLAC3D and based on those from
Michael et al. (2018; 2020) was used to calculate 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 for the
Barnett Shale.

The fundamental assumptions of Hossain et al. (2000) are honored, thus the well is
modeled as an openhole completion intersected orthogonally by a single perforation tunnel
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which is pressurized at 𝑝𝑤 . The stress field on the perforation base is evaluated at a varying
𝑝𝑤 for the in-situ parameters on Table 5.1. The verification of the true-3D numerical model
against analytical solutions was presented by Michael et al. (2018).

Table 5.2.

Absolute geometric dimensions of the true-3D numerical model for a
presumed 𝑟𝑤 = 4 in.
Parameter

Symbol

Value

Wellbore radius

𝑟𝑤

4 in

Perforation radius

𝑟𝑝𝑒𝑟𝑓

Perforation length

𝑙𝑝𝑒𝑟𝑓

7 in

Block height

𝐻

5 ft

Block length

𝐿

5 ft

Block width

𝑊

5 ft

2
3

in

1
5

1
3
1
3
1
3

Numerical simulations from Michael (2019a) showed that for the same 𝑝𝑤 range,
the stresses at the base of the perforation (i.e., the fracturing stresses, 𝜎𝜃𝐿 and 𝜎𝜃𝑇 ) differ
considerably from the values calculated using the closed-form analytical approximations
from Hossain et al. (2000), later modified for incorporating 𝑝𝑝 effects by Michael et al.
(2018). Unlike the predictions of the closed-form analytical approximations, 𝜎𝜃𝑇 is not
independent from 𝑝𝑤 variations. The numerical solutions suggest a positive relationship
between 𝜎𝜃𝑇 and 𝑝𝑤 (Figure 5.6a and 5.6b), with 𝜎𝜃𝐿 still becoming more tensile as 𝑝𝑤
increases, but at a shallower slope compared to the prediction of the closed-form analytical
approximation (Hossain et al., 2000).
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Figure 5.6. Comparison between the solutions of the two fracturing stresses (𝜎𝜃𝐿 with red
and 𝜎𝜃𝑇 with blue) according to the modified analytical expressions (Hossain
et al., 2000 modified by Michael et al., 2018 to incorporate 𝑝𝑝 effects) shown
by the solid lines, against the true-3D numerical solutions shown by the
triangular and circular points.

Hossain et al.’s (2000) model was based on closed-form approximations and did
not involve a full 3D analysis. It considered the wellbore and the perforation as pressurized
cylinders with the stress field around the wellbore not affected by the stress field around
the perforation and vice versa. This rendered the resulting expressions (Eqs. 5.6 and 5.7)
to be heavily approximated. Additionally, unlike the true-3D numerical model, the Hossain
et al.’s (2000) model was independent of the dimensions of the perforation tunnel (𝑟𝑝𝑒𝑟𝑓
and 𝑙𝑝𝑒𝑟𝑓 ), barring its cylindrical shape. The verification process of the true-3D numerical
model, presented by Michael et al. (2018; 2020) and Michael (2019), enhances our
confidence on our numerical results. Increased compression with increasing 𝑝𝑤 for 𝜎𝜃𝑇
was interpreted to be induced by the strong interaction between the radial stresses around
the wellbore and around the perforation (Michael et al., 2020). The way those radial
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stresses mutually interact alters the stress field around the wellbore, which in turn affects
the magnitude of 𝜎𝜃𝜃𝑝 | from which 𝜎𝜃𝐿 and 𝜎𝜃𝑇 are calculated.
𝜃𝑝

Using the results of the true-3D numerical simulations for the Barnett Shale case
study (Figure 5.6a and 5.6b), the linear correction factors shown on Table 5.3 are derived.
𝐶𝑚 is the correction factor for the slope of the 𝜎𝜃𝐿 or 𝜎𝜃𝑇 line versus 𝑝𝑤 , and 𝐶𝑐 is the
correction factor on the vertical intercept at 𝑝𝑤 = 0.
𝜎𝜃𝐿 |𝜃=90° = 9𝑆𝑣 − 3𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 + 2𝜈(𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 ) − 𝑝𝑝 − 4𝑝𝑤
+ [𝐶𝑚 ]𝜎𝜃𝐿 |𝜃=90° 𝑝𝑤 + [𝐶𝑐 ]𝜎𝜃𝐿 |𝜃=90°

(5.8)

𝜎𝜃𝑇 |𝜃=90° = 3𝑆ℎ𝑚𝑖𝑛 − 𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 − (2 − 6𝜈)(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) − 𝑝𝑝
+ [𝐶𝑚 ]𝜎𝜃𝑇 |𝜃=90° 𝑝𝑤 + [𝐶𝑐 ]𝜎𝜃𝑇 |𝜃=90°

(5.9)

where [𝐶𝑚 ]𝜎𝜃𝐿 |𝜃=90° and [𝐶𝑐 ]𝜎𝜃𝐿 |𝜃=90° are the correction factors for 𝜎𝜃𝐿 |𝑝𝑤 and [𝐶𝑚 ]𝜎𝜃𝑇 |𝜃=90°
and [𝐶𝑐 ]𝜎𝜃𝑇 |𝜃=90° are the correction factors for 𝜎𝜃𝑇 |𝑝𝑤 for a horizontal well parallel to 𝑆ℎ𝑚𝑖𝑛 ,
perforated along 𝜃 = 90°. Similar expressions with their respective correction factors 𝐶𝑚
or 𝐶𝑐 can be written for any well trajectory, as well as perforation direction; corresponding
𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 expressions for 𝜃 = 0° are obtained by interchanging 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 in
Eqs. 5.8 and 5.9. In all shale play case studies presented by Michael et al. (2020), the exact
numerical solutions of 𝜎𝜃𝐿 and 𝜎𝜃𝑇 calculated were found to vary linearly with 𝑝𝑤 .
Nevertheless, due to the non-linear nature of the stress interactions between the wellbore
and the perforation, linear correction factor sets as used in Eqs. 5.8 and 5.9 may not be
sufficient in adequately describing the 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 relationships. However, for the
scope of this study, which centers on the development of a modeling approach, Eqs. 5.8
and 5.9 modified using the correction factor set on Table 5.3 yields 100% match with the
exact numerical solutions for the Barnett Shale as per Michael et al. (2020).
155

Table 5.3.

5.4

Correction factor set (vis-à-vis Eqs. 5.8 and 5.9) developed for the Barnett
Shale.
𝐶𝑚

𝐶𝑐

Perforation direction

𝜎𝜃𝐿 |𝜃=0°

2.6752

-41,726.3

Non-PPA

𝜎𝜃𝑇 |𝜃=0°

0.5226

1,657.6

Non-PPA

𝜎𝜃𝐿 |𝜃=90°

2.6794

-28,013.4

PPA

𝜎𝜃𝑇 |𝜃=90°

0.5221

851.2

PPA

PRACTICAL UTILITY AND LIMITATIONS OF THE SEMI-ANALYTICAL MODEL

5.4.1 Application Case Study on the Barnett Shale
The semi-analytical model presented in the previous section, can be used for
predicting 𝑝𝑖 and the associated orientation of fracture initiation in a given basin. The
following subsections demonstrate an example application of the model on the Barnett
Shale.

5.4.1.1 Orientation Prediction for Fracture Initiation
Numerical simulations using the true-3D model (Figure 5.6 and 5.7) indicated 𝜎𝜃𝑇
becoming more compressive (positive using the convention followed in this study) with
increasing 𝑝𝑤 . Starting from a tensile (negative) value at 𝑝𝑤 = 0, 𝜎𝜃𝑇 increases linearly
with 𝑝𝑤 yielding narrower 𝑝𝑏 windows (yellow-shaded regions on Figures 5.7a and 5.7b)
than what the modified Hossain et al.’s (2000) analytical approximations (Eqs. 5.6 and 5.7)
yield. Quantitative comparisons between the modified Hossain et al.’s (2000)
approximations and exact numerical solutions are discussed in Michael et al. (2018; 2020).
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Figure 5.7. The two constraints to transverse fracture initiation; breakdown pressure
window and critical tensile strength for two extreme perforation directions
(PPA and non-PPA) from a horizontal well in the Barnett Shale drilled
parallel to 𝑆ℎ𝑚𝑖𝑛 . The 𝑝𝑏 window is represented by the yellow-shaded region,
while 𝑇𝑐𝑟𝑖𝑡 is given by the intercept of 𝜎𝜃𝑇 with the vertical axis. Both 𝑝𝑏
window 𝑇𝑐𝑟𝑖𝑡 are maximized for perforations parallel to PPA and are
minimized for perforations orthogonal to that in the non-PPA direction.

The 𝑝𝑏 breakdown window for perforations parallel to PPA (Figure 5.7a) is wider
than those for perforations in other directions. The 𝑝𝑏 breakdown window is minimum for
perforations perpendicular to PPA (“non-PPA” shown in Figure 5.7b). The upper-bound
of the 𝑝𝑏 breakdown window, 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 , can be calculated by rearranging Eq. 5.9 to solve
for 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 |𝜃 = 𝑝𝑤 at 𝜎𝜃𝑇 = −𝑇. For perforations along 𝜃 = 90° (PPA for normal
faulting stress states), 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 is given by

𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 |𝜃=90° =

𝑆𝐻𝑚𝑎𝑥 + 𝑆𝑣 − 3𝑆ℎ𝑚𝑖𝑛 + (2 − 6𝜈)(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) + 𝑝𝑝 − 𝑇 − [𝐶𝑐 ]𝜎𝜃𝑇 |𝜃=90°
[𝐶𝑚 ]𝜎𝜃𝑇 |𝜃=90°
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(5.10a)

where for a given in-situ stress state, transverse fracture initiation is promoted at 0 ≤ 𝑝𝑏 ≤
𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 . Using the in-situ parameters from the Barnett Shale (Table 5.1), 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 = 4,762
psi in the PPA direction (Figure 5.7a) and 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 = 1,393 psi in the non-PPA direction
(Figure 5.7b). For 𝑇 > 0, the 𝑝𝑏 window shrinks suppressing the likelihood of transverse
fracture initiation for a specific stress state. Published data on the Barnett Shale by Rybacki
et al. (2015) indicates an average 𝑇 of ~580 psi, which would shrink the 𝑝𝑏 windows,
yielding a 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 of 3,651 psi and 283 psi from perforations in the PPA and non-PPA
direction, respectively.
Nevertheless, there is a possibility that 𝜎𝜃𝑇 and 𝜎𝜃𝐿 become equal at a tensile (i.e.
negative at 𝑇 = 0) value. If this is true, then 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 is calculated by solving for the 𝑝𝑤 at
which 𝜎𝜃𝑇 = 𝜎𝜃𝐿 (Eqs. 5.8 and 5.9) yielding

𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 |𝜃=90° =

[𝐶𝑐 ]𝜎𝜃𝑇 |𝜃=90° −[𝐶𝑐 ]𝜎𝜃𝐿 |𝜃=90° + 8𝜈(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) + 4(𝑆𝐻𝑚𝑎𝑥 + 𝑆ℎ𝑚𝑖𝑛 ) − 12𝑆𝑣
[𝐶𝑚 ]𝜎𝜃𝑇 |𝜃=90° − [𝐶𝑚 ]𝜎𝜃𝐿 |𝜃=90° − 4

(5.10b)

for perforations along 𝜃 = 90°. Unlike Eq. 5.10a, Eq. 5.10b shows no dependency of
𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 on 𝑇, as it cancels out in the process of equating Eq. 5.8 and 5.9.
Furthermore, the positive slope of 𝜎𝜃𝑇 with 𝑝𝑤 creates a second constraint to
transverse fracture initiation, besides the 𝑝𝑏 window. The intercept of 𝜎𝜃𝑇 with the vertical
axis indicates the critical tensile strength, 𝑇𝑐𝑟𝑖𝑡 , defined first by Michael et al. (2018). 𝑇𝑐𝑟𝑖𝑡
represents the highest magnitude of 𝑇 for the rock formation, at which transverse fracture
initiation is possible; at 𝑇 > 𝑇𝑐𝑟𝑖𝑡 , transverse fracture initiation is impossible at any 𝑝𝑏
value. For perforations in the PPA direction (𝜃 = 90° for a normal faulting stress regime),
𝑇𝑐𝑟𝑖𝑡 is given as
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𝑇𝑐𝑟𝑖𝑡 |𝜃=90° ≡ 𝜎𝜃𝑇 |𝑝𝑤 =0,𝜃=90°
= 3𝑆ℎ𝑚𝑖𝑛 − 𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 − (2 − 6𝜈)(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) − 𝑝𝑝 + [𝐶𝑐 ]𝜎𝜃𝑇 |𝜃=90°

(5.11)

which for the in-situ stresses of the Barnett Shale (Table 5.1), 𝑇𝑐𝑟𝑖𝑡 is 2,482 psi (Figure
5.7a) and 1,676 psi (Figure 5.7b) for perforations in the PPA and non-PPA directions,
respectively.
For perforations parallel to PPA, both the 𝑝𝑏 window (i.e. 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 ) and 𝑇𝑐𝑟𝑖𝑡
constraints are maximized, while for perforations in the non-PPA, both constraints are
minimized. This enforces confidence in employing oriented perforating (Zeng et al., 2019;
Huang et al., 2020) solely along 𝑆𝐻𝑚𝑎𝑥 in the Barnett Shale as a strategy to promote
transverse fracture initiation (Figure 5.4b).

5.4.1.2 Fracture Initiation Pressure Prediction
During a fracture treatment, the pressure increases with 𝐿𝑂𝑃 and 𝑝𝑏 being easily
distinguishable by the engineers on the surface, a range within which fracture initiation
takes place. A close examination of 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 for PPA and non-PPA directions,
plotted on the same graph (Figure 5.8) can help indicate the exact values of 𝑝𝑖 . The
“fracture initiation window” is defined as the 𝑝𝑤 window within which fracture initiation
takes place, such 𝑝𝑝 ≤ 𝑝𝑖 ≤ 𝑝𝑏 , where 𝑝𝑝 denotes 𝐿𝑂𝑃. This is separate from the definition
of 𝑝𝑏 window, which is the range of 𝑝𝑏 values (0 − 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 ) within which transverse
fracture initiation occurs.
For the in-situ state of the Barnett Shale (Table 5.1), the fracture initiation window
is indicated by the yellow-shaded region on Figures 5.7a and 5.7b. Assuming that 𝑇 = 0,
pressurization of the wellbore under balanced conditions at 𝑝𝑝 /𝑆𝑣 = 0.42, a transverse
fracture(s) will initiate from the side of the borehole (parallel to 𝑆𝐻𝑚𝑎𝑥 , 𝜃 = 90° – the PPA
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direction) at up to the theoretical 𝑝𝑤 /𝑆𝑣 value of 0.66 (0.73 psi/ft), which is the 𝑝𝑤 at which
𝜎𝜃𝑇 = 0. Due to 𝑝𝑏 /𝑆𝑣 ≅ 0.54 (0.6 psi/ft, according to Ketter et al., 2006), the fracture
initiation window is restricted within 0.42 ≤ 𝑝𝑖 /𝑆𝑣 ≤ 0.54 (Figure 5.8). From perforations
on the top of the borehole (parallel to 𝑆𝑣 , 𝜃 = 0° – the non-PPA direction) longitudinal
fracture initiation(s) is expected all throughout the fracture initiation window (0.42 ≤
𝑝𝑖 /𝑆𝑣 ≤ 0.54), as 𝜎𝜃𝐿 = 0 at 𝑝𝑤 /𝑆𝑣 = 0.09 (0.10 psi/ft), a value much smaller than 𝑝𝑝
(Figure 5.8).

Figure 5.8. Variation of 𝜎𝜃𝐿 and 𝜎𝜃𝑇 with 𝑝𝑤 for the in-situ conditions of the Barnett
Shale calculated by the true-3D numerical model. The yellow-shaded region
indicates the 𝑝𝑝 − 𝑝𝑏 range in within which 𝑝𝑖 lies.
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The aforementioned results agree with Kurdi (2018) for the Barnett Shale, which is
under a strong normal faulting stress state (Table 5.1). Oriented perforating (Kurdi, 2018;
Huang et al., 2020) along 𝑆𝐻𝑚𝑎𝑥 (𝜃 = 90° on Figure 5.4b; the PPA direction), seems to be
ideal in promoting transverse fracture initiation. Nevertheless, the results of case study on
a single shale play (the Barnett) are not sufficient general conclusions on optimal
perforating direction, considering that this may not be solely-dependent on the in-situ stress
regime, as also concluded by Kurdi (2018).

5.4.2 Extension over a Range of In-Situ Stress States
The application of the true-3D numerical model can be expanded over a range of
in-situ stress regimes. To demonstrate the results in a single plot, allowable stress state
diagrams are employed (Figure 5.9). Allowable stress state diagrams, also known as “stress
polygons,” are simple 2D plots presenting the range of stable subsurface stress states, with
𝑆ℎ𝑚𝑖𝑛 on the horizontal axis and 𝑆ℎ𝑚𝑖𝑛 on the vertical axis. Both axes are normalized by
𝑆𝑣 . The dotted diagonal is the line of horizontal isotropy, where 𝑆𝐻𝑚𝑎𝑥 = 𝑆ℎ𝑚𝑖𝑛 and the
solid lines represent the frictional limits following
2
𝑆1 − 𝑝𝑝
≤ (𝜇 + √1 + 𝜇 2 )
𝑆3 − 𝑝𝑝

(5.12)

where 𝜇 is the friction coefficient of the fault, and 𝑆1 and 𝑆3 are respectively the largest and least
compressive principal stresses. In accordance with Anderson (1951), 𝑆1 = 𝑆𝑣 and 𝑆3 = 𝑆ℎ𝑚𝑖𝑛 for
normal faulting, 𝑆1 = 𝑆𝐻𝑚𝑎𝑥 and 𝑆3 = 𝑆𝑣 for reverse faulting, and 𝑆1 = 𝑆𝐻𝑚𝑎𝑥 with 𝑆3 = 𝑆ℎ𝑚𝑖𝑛
for strike-slip faulting. Typically the value of friction factor for rocks ranges between 0.6-0.8
(Byerlee 1978), which puts the ratio (𝑆1 − 𝑝𝑝 )⁄(𝑆3 − 𝑝𝑝 ) between 3.12 and 4.33. If the ratio
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exceeds this magnitude, shear fault slippage will occur. For a hydrostatic 𝑝𝑝 gradient of 0.43 psi/ft,
the allowable stress state region becomes the region enclosed by the polygon on Figure 5.9.

Figure 5.9: Allowable stress state diagram showing the range of stress states possible in
the Earth’s subsurface for 𝑝𝑝 /𝑆𝑣 = 0.43. The dotted diagonal line represents
horizontal isotropy (𝑆𝐻𝑚𝑎𝑥 = 𝑆ℎ𝑚𝑖𝑛 ), the thicker and thinner solid lines
represent the frictional limits for 𝜇 = 0.6 and 0.8, respectively. The region
enclosed by the frictional limits and the horizontal isotropy line, represents
the range of possible subsurface stress states.

Nelson et al. (2005) used allowable stress state diagrams to identify the range of
stress states which would promote transverse drilling-induced tensile fractures (DITFs)
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from non-perforated wells by considering the “region” between two straight lines added on
the allowable stress state diagram. The same approach is applied in this study for perforated
wells to predict the orientation of fracture initiation at specific 𝑝𝑤 , 𝑝𝑝 , and 𝜈 values. The
range of stress states, where transverse fracture initiation is promoted can be visually
displayed on an allowable stress state diagram, as the region behind both 𝜎𝜃𝑇 |𝑟𝑤 = 𝜎𝜃𝐿 |𝑟𝑤
and 𝜎𝜃𝑇 |𝑟𝑤 = −𝑇 lines (Michael et al., 2018; Michael, 2019a; Michael et al., 2020).
Figure 5.10 displays the range of stress states promoting longitudinal or transverse
fracture initiation from horizontal wells parallel to 𝑆ℎ𝑚𝑖𝑛 and perforated along 𝑆𝐻𝑚𝑎𝑥 at 𝑝𝑤
of 0.6 psi/ft, the approximate 𝑝𝑏 in the Barnett Shale (Ketter et al., 2006). The cyan and
green lines represent the stress states where 𝜎𝜃𝑇 = 0 (Eq. 5.8) and 𝜎𝜃𝑇 = 𝜎𝜃𝐿 (Eq. 5.9)
respectively, modified using the correction factor set developed for the Barnett Shale
(Table 5.3). The blue points indicate stress states for which the true-3D numerical model
predicts transverse fracture initiation at 𝑝𝑏 ≤ 0.6 psi/ft (𝜎𝜃𝑇 |𝑝𝑤 =0.6 𝑝𝑠𝑖/𝑓𝑡 < 0 and
𝜎𝜃𝑇 |𝑝𝑤 =0.6 𝑝𝑠𝑖/𝑓𝑡 < 𝜎𝜃𝐿 |𝑝𝑤 =0.6 𝑝𝑠𝑖/𝑓𝑡 . The red points indicate stress states for which the
true-3D numerical model predicts longitudinal fracture initiation at 𝑝𝑏 > 0.6 psi/ft
(𝜎𝜃𝑇 |𝑝𝑤 =0.6 𝑝𝑠𝑖/𝑓𝑡 > 0 or 𝜎𝜃𝑇 |𝑝𝑤 =0.6 𝑝𝑠𝑖/𝑓𝑡 > 𝜎𝜃𝐿 |𝑝𝑤 =0.6 𝑝𝑠𝑖/𝑓𝑡 ). Previous studies (Michael
and Gupta, 2019; 2020) showed the “blue region” shrinking as 𝑝𝑤 increases. For enhanced
clarity, not all red points are shown on Figure 5.10, whereas the blue points displayed are
to be considered representative of the full size of the blue region.
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Figure 5.10. Allowable stress state diagrams indicating the orientation of fracture initiation
at various points (red for longitudinal and blue for transverse) as predicted at
p𝑤 = 0.6 psi/ft and 𝑝𝑝 = 0.43 psi/ft by the true-3D numerical model. The cyan
and green lines (𝜎𝜃𝑇 = 0 and 𝜎𝜃𝑇 = 𝜎𝜃𝐿 , respectively) are drawn using Eq.
5.8 and 5.9 and the correction factors calculated for the Barnett Shale (Table
5.3).

Evidently from Figure 5.10, a more representative line-fit is possible between the
blue and red regions, as the correction factor set for the Barnett Shale (Table 5.3) provides
a conservative prediction for the 𝑆𝐻𝑚𝑎𝑥 while overestimating 𝑆ℎ𝑚𝑖𝑛 . This is in regards to
the range of stress states where transverse fracture initiation is promoted at the given
conditions (𝑝𝑤 = 0.6 psi/ft, 𝑝𝑝 = 0.43 psi/ft, and 𝜈 = 0.32). Caution is advised as this
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modeling approach requires using a correction factor set appropriate for the in-situ
conditions in question.
The correction factor set developed for the Barnett Shale (Table 5.3), significantly
decreases the range of stress states promoting transverse fracture initiation. Figures 5.11a
and 5.11b show the allowable stress state diagrams without correction for perforations on
𝜃 = 90° and 𝜃 = 0° (along 𝑆𝐻𝑚𝑎𝑥 and 𝑆𝑣 ), respectively, while Figures 5.11b and 5.11d
show the allowable stress state diagrams for 𝜃 = 90° and 𝜃 = 0° respectively, modified
according to the numerically-developed correction factor set (Table 5.3). The blue region
in Figures 5.11b and 5.11d is smaller than the blue region in Figures 5.11a and 5.11c,
respectively, highlighting the extent to which the modified Hossain et. al’s (2000)
analytical approximations overestimate transverse fracture initiation. An allowable stress
state diagram shows a range of stress states and thus the concept of PPA does not apply on
the diagram per se, unless a specific stress state is considered, in which case the PPA
concept applies (Figure 5.4a).
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Figure 5.11. Comparison between the resulting allowable stress state diagrams for (a)
perforations at 𝜃 = 90° and (b) 𝜃 = 0° without application of the correction
factor set (Table 5.3), with (c) perforations at 𝜃 = 90° and (b) 𝜃 = 0° with
the correction factors applied. The correction for both 𝜃 shrinks the blue
regions suggesting the uncorrected modified Hossain et al’s (2000) analytical
approximations overestimate transverse fracture initiation. For all diagrams
𝑝𝑤 = 0.6 psi/ft, 𝑝𝑝 = 0.43 psi/ft, and 𝜈 = 0.32.
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5.5

DISCUSSION

5.5.1 Fracturing Fluid Leakage around the Wellbore
Fracture initiation can occur from all around the wellbore if fractures fluids leak
(Alabbad, 2014; Barree and Miskimins, 2015; Michael, 2016b). In those situations, the
presence of the perforation must be “ignored” and the problem’s geometry is simplified to
the extent at which a fully-analytical solution can be defined. This simplifies the problem
to DITF initiation in linearly elastic rocks (Nelson et al., 2005), where 𝑝𝑖 can be given only
for longitudinal fracture initiation, as

𝑝𝑖 |𝜃 = 𝑚𝑖𝑛[𝑆𝑣 + 𝑆𝐻𝑚𝑎𝑥 − 2(𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 ) cos 2𝜃 − 𝑝𝑝 ]

(5.12)

Inelastic rock models, which indicate dependency of 𝜎𝑦𝑦 on 𝑝𝑤 allow derivation of
exact analytical solutions of 𝑝𝑖 for transverse fracture initiation for situations of fluid
leakage around the well. Nevertheless, following the theory of linear elasticity (Eq. 5.1),
𝜎𝑦𝑦 ≠ 𝑓(𝑝𝑤 ) rendering it impossible to derive an expression for 𝑝𝑖 for transverse fracture
initiation.
If the presence of the perforation tunnel is ignored, the fracture orientation will be
determined by 𝜎𝑦𝑦 |𝑟=𝑟

𝑤

and 𝜎𝜃𝜃 |𝑟=𝑟𝑤 substituting 𝜎𝜃𝑇 and 𝜎𝜃𝐿 , respectively, as the

transverse and longitudinal-inducing fracturing stresses. The resulting impact on 𝑇𝑐𝑟𝑖𝑡 and
the 𝑝𝑏 window varies depending on the perforation direction and the reference point on the
wellbore.
Figure 5.12a demonstrates the impact of fracturing fluid leakage around a
horizontal well in the Barnett Shale (Table 5.1), perforated along non-PPA (𝜃 = 0°, 𝑆𝑣
direction). The 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 lines (dotted) at 𝜃 = 0° are compared with the
𝜎𝜃𝜃 |𝑟=𝑟𝑤 ,𝑝𝑤 and 𝜎𝑦𝑦 |𝑟=𝑟

𝑤 ,𝑝𝑤

lines (dash-dotted) along the PPA direction, orthogonal to the
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perforations. Figure 5.12a shows 𝜎𝜃𝜃 |𝑟=𝑟𝑤 ,𝑝𝑤 and 𝜎𝑦𝑦 |𝑟=𝑟

𝑤 ,𝑝𝑤

becoming equal at a tensile

value which corresponds to a 𝑝𝑤 smaller than that at which 𝜎𝜃𝑇 = −𝑇 = 0. The former
intersection point therefore indicates 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 when no leakage has taken place (Eq. 5.10a).
Fluid leakage makes both 𝑇𝑐𝑟𝑖𝑡 and 𝑝𝑏 window vanish, as 𝜎𝑦𝑦 |𝑟=𝑟

𝑤 ,𝑝𝑤

> −𝑇 = 0, making

transverse fracture initiation impossible. Longitudinal fracture initiation is expected at a
much higher 𝑝𝑖 at 14,040 psi (Figure 5.12a).
Figure 5.12b displays the impact of fracturing fluid leakage for perforations
oriented along PPA (𝜃 = 90°, 𝑆𝐻𝑚𝑎𝑥 direction) in a horizontal well in the Barnett Shale.
For this configuration, the 𝑝𝑏 window is shown to shrink by 11% from 0-4,762 psi to 04,241 psi. Also, 𝑇𝑐𝑟𝑖𝑡 decreases by 65% from 2,482 psi to 861 psi. This is demonstrated by
comparing the 𝜎𝜃𝜃 |𝑟=𝑟𝑤 ,𝑝𝑤 and 𝜎𝑦𝑦 |𝑟=𝑟

𝑤 ,𝑝𝑤

lines (dash-dotted) at 𝜃 = 0°, with the 𝜎𝜃𝐿 |𝑝𝑤

and 𝜎𝜃𝑇 |𝑝𝑤 lines (solid) for perforations along PPA. The net impact of the changes in the
𝑝𝑏 window and 𝑇𝑐𝑟𝑖𝑡 inhibits the promotion of transverse fracture initiation for wells
perforated along PPA (Figure 5.12b). Specifically, at 4,241 < 𝑝𝑏 < 4,762 psi, fracturing
fluid leakage induces longitudinal fracture initiation instead of transverse which is what
happens expected in the no leakage scenario.
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Figure 5.12. Longitudinal fracture-inducing 𝝈𝜽𝜽 |𝒓=𝒓𝒘 and transverse fracture-inducing
𝝈𝒚𝒚 |
with dashed-dotted lines for the Barnett Shale (Table 5.1) along (a)
𝑟=𝒓𝒘

non-PPA (𝜃 = 0°, 𝑆𝑣 direction) compared with 𝜎𝜃𝐿 and 𝜎𝜃𝑇 (solid lines) along
PPA (𝜃 = 90°, 𝑆𝐻𝑚𝑎𝑥 direction), and (b) 𝝈𝜽𝜽 |𝒓=𝒓𝒘 and 𝝈𝒚𝒚 |
along PPA
𝒓=𝒓𝒘

compared with 𝜎𝜃𝐿 and 𝜎𝜃𝑇 along non-PPA. The wellbore stresses (𝝈𝜽𝜽 |𝒓=𝒓𝒘
and 𝝈𝒚𝒚 |
) determine the orientation of fracture initiation in the event of
𝒓=𝒓𝒘

fracturing fluid leakage around the wellbore. In (a) fluid leakage makes
transverse fracture initiation harder because it reduces the 𝑝𝑏 window and
𝑇𝑐𝑟𝑖𝑡 , while for (b) the 𝑝𝑏 window and 𝑇𝑐𝑟𝑖𝑡 remain the same as without fluid
leakage.

It has to be stated that the aforementioned results apply for the Barnett Shale case
study performed, but can vary significantly for other shale plays as the results are highly
sensitive to the local in-situ stress state and other geomechanical parameters (Table 5.1).
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Utilizing allowable stress state diagrams to expand our analysis over the entire
range of stress states stable in the subsurface, fracturing fluid leakage around the wellbore
is shown to suppress total fracture initiation, either longitudinal or transverse. When
leakage takes place, the red (𝜎𝜃𝐿 = 0) and blue solid lines (𝜎𝜃𝑇 = 0) indicating the limits
of longitudinal and transverse fracture initiation on Figure 5.13a for 𝜃 = 90° and Figure
5.13c for 𝜃 = 0° are replaced respectively by the longitudinal fracture-inducing, 𝜎𝜃𝜃 |𝑟𝑤 =
0 and transverse fracture-inducing, 𝜎𝑦𝑦 |𝑟 = 0, the red and blue dash-dotted lines on
𝑤

Figures 5.13b and 5.13d.
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Figure 5.13. The effect of fracturing fluid leakage around the wellbore in for (a)
perforations parallel to 𝑆𝐻𝑚𝑎𝑥 , without and (b) with leakage, (c) perforations
parallel to 𝑆𝑣 without and (d) with leakage. For both perforation directions,
leakage reduces the range of stress states in which fracture initiation (either
longitudinal, or transverse) takes place.

5.5.2 The Effect of Cemented Casing at the Point of Cement Curing
A well-cemented casing will potentially shield stress alterations induced by 𝑝𝑤
variations (Fallazadeh et al., 2017; Michael et al., 2018; 2020). The radial strains the
cemented wellbore experiences will be less than the radial strains of an openhole
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configuration. Michael et al. (2018; 2020) mimicked this effect in a fully-analytical
manner, by re-computing the analytical results for a perfectly cemented wellbore, where
𝝈𝜽𝜽 |𝒓𝒘 is fixed at time cement is cured, assuming a balanced condition with 𝑝𝑤 = 𝑝𝑝 .
These wellbore stresses remain the de facto “remote” loading at the perforation base and
the pressure in the perforation tunnel, which is equal to 𝑝𝑤 , continues as the fracturing
pressure. Using Barnett Shale parameters (Table 5.1), it is apparent that the shielding effect
induced by the cemented casing makes both 𝜎𝜃𝐿 and 𝜎𝜃𝑇 to become more tensile as 𝑝𝑤
increases (Figure 5.14). This suggests that good cement jobs without annular leakage help
transverse fracture initiation.
Furthermore, in this uniquely extreme case, 𝑝𝑖 will decrease almost to the
magnitude of 𝑝𝑝 as shown on Figure 5.14, suggesting that transverse fracture initiation
occurs as soon as injection of fracturing fluid commences from balanced conditions inside
the wellbore. Hence, the magnitude of 𝑝𝑏 is expected to decrease, responding to the
extremely low 𝑝𝑖 value becoming much lower than what Figure 5.14 shows for 𝑝𝑏 (taken
from Ketter et al., 2006). Subsequently, the yellow region will be considerably narrower
than what is depicted on Figure 5.14. The case discussed here is however idealistic and its
occurrence is expected to be extremely rare (Michael, 2019a; Michael et al., 2020).
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Figure 5.14. Extreme case of a perfectly-cemented borehole, with both 𝜎𝜃𝐿 and 𝜎𝜃𝑇
becoming more tensile (at the same slope) as 𝑝𝑤 increases for Barnett Shale
parameters (Table 5.1). In this case, transverse fracture initiation would
always be promoted regardless of 𝑝𝑤 , with 𝑝𝑖 reduced to about 𝑝𝑝 . The same
fracture initiation window is shown with Figure 5.8, however in such case
(which is highly idealistic and unlikely) 𝑝𝑏 is expected to follow suit and
decrease significantly.

5.6 CONCLUSIONS
The novelty of this work lies in the application of the variation in the stresses on
the perforation base to develop a framework for a semi-analytical modeling approach to
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predict 𝑝𝑖 and the orientation of fracture initiation from perforated wells. The developed
procedure was applied on a Barnett Shale case study and the following conclusions are
obtained:
•

Linear correction factors (𝐶𝑚 and 𝐶𝑐 ), can be calculated numerically and used to
modify existing closed-form analytical (approximated) expressions for 𝜎𝜃𝐿 |𝑝𝑤 and
𝜎𝜃𝑇 |𝑝𝑤 to match exact solutions from the literature. Transverse fracture initiation
occurs if 𝑝𝑏 is below 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 and 𝑇 is lower than 𝑇𝑐𝑟𝑖𝑡 .

•

In wells drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in the Barnett Shale, which is under strong normal
faulting stress regime, the 𝑝𝑏 window and 𝑇𝑐𝑟𝑖𝑡 are maximized for perforations on
the side of the borehole (𝜃 = 90°, 𝑆𝐻𝑚𝑎𝑥 direction). This perforation direction,
which best promotes transverse fracture initiation is known as the preferred
perforation alignment (PPA).

•

Applying the semi-analytical modeling method developed in this work to the
Barnett Shale, transverse fracture initiation occurs if 𝑝𝑏 is kept lower than the
𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 of 4,762 psi and 𝑇 lower than the 𝑇𝑐𝑟𝑖𝑡 of 2,482 psi for perforations along
PPA (𝜃 = 90°, 𝑆𝐻𝑚𝑎𝑥 direction). For perforations along the non-PPA (𝜃 = 0°, 𝑆𝑣
direction), 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 and 𝑇𝑐𝑟𝑖𝑡 are both reduced by 71% and 32.5% respectively, to
1,393 psi and 1,676 psi. Transverse fracture initiation is predicted for the entire
fracture initiation window at 0.42 ≤ 𝑝𝑖 /𝑆𝑣 ≤ 0.54 from perforations in the PPA
direction, while for from perforations in the non-PPA direction, longitudinal
fracture initiation is expected.

•

For both perforation directions (PPA and non-PPA), the correction factors decrease
the range of in-situ stress states promoting transverse fracture initiation.
Application of the correction factor set developed for the Barnett Shale yields
conservative predictions of transverse fracture initiation when applied over the
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range of stress states stable in the Earth’s subsurface. Aggregate correction factors
can be developed considering a broad range of stress states, in future studies.
•

Fracturing fluid leakages around the wellbore can compromise 𝑝𝑖 predictions and
suppress transverse fracture initiation. For the Barnett Shale conditions, leakage of
fracturing fluid was found to reduce 𝑇𝑐𝑟𝑖𝑡 by 65% and the 𝑝𝑏 window by 11% for
perforations in the PPA direction, while for perforations along the non-PPA
direction, transverse fracture initiation is made impossible. For the entire range of
stress states possible to exist in the Earth’s subsurface, fracturing fluid leakage is
shown to suppress fracture initiation, either longitudinal or transverse.

The procedure used in this study may be extended to different reservoirs around the
world. Numerical modeling can be employed to calculate correction factors for any given
set of geomechanical conditions, which can be then used to estimate 𝑝𝑖 and predict the
orientation of fracture initiation for a given 𝑝𝑏 . The results can be used to evaluate potential
application of oriented perforating strategies in order to optimize a fracture treatment.

175

Chapter 6. Oriented Perforating: A Comparative Study on Seven Shale
Plays
Oriented perforating strategies have been proposed as a method of suppressing
fracture initiation pressures and optimizing the orientation of the initiated fractures,
including a semi-analytical procedure for predicting the fracture initiation pressure for
given in-situ stress conditions and the orientation of fracture initiation (longitudinal or
transverse-to-the-wellbore). In this study, a comparative analysis is made on the fracture
initiation in seven prolific shale gas plays, Barnett, Bakken, Fayetteville, Haynesville,
Niobrara, Marcellus and Vaca Muerta, for cases of horizontal wells drilled parallel to the
least horizontal principal stress. The semi-analytical model is employed to determine the
optimal perforation direction for each play, targeting transverse fracture initiation and
fracture initiation pressure minimization. This involves a numerical model used to derive
correction factors for closed-form analytical approximations from the literature, which are
used to evaluate the stresses acting on the perforation base. While the leak-off and
breakdown pressures can easily be pointed out from pressure monitoring, the fracture
initiation pressures are not easily distinguishable. Reliable fracture initiation pressure
estimations is of importance to stimulation engineers planning a treatment, as it controls
the number and capacity of the injection pumps needed as well as being a major input for
computational modeling. For normal faulting stress states, transverse fracture initiation is
best promoted by perforations on the side of the hole, while for strike-slip faulting stress
states, by perforations on the top of the hole. When only longitudinal fracture initiation is
possible, the fracture initiation pressure is minimized from perforations on top of the
borehole in normal faulting stress states and from the side of the borehole for strike-slip
faulting stress states. Fracturing fluid leakage around the wellbore makes transverse
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fracture initiation harder and can also impose a major impact on the fracture initiation
pressures, in either direction (increase or decrease).

6.1

INTRODUCTION
The industrial impact of hydraulic fracturing has been massive and is responsible

for the advances in the development of tight unconventional resources such as shale gas,
which would otherwise be non-producible (Economides and Martin, 2010). Oriented
perforating strategies have been proposed for optimizing hydraulic fracturing treatments in
horizontal wells (Kurdi, 2018; Michael, 2019a; Michael and Gupta, 2020b; Michael et al.,
2020). Accurate prediction of the formation fracture initiation pressure, 𝑝𝑖 , is important in
designing of a hydraulic fracture stimulation treatment and a major factor to the treatment’s
eventual success (Michael and Gupta, 2020a). Hydraulic fracturing operations in wells
perforated at a single phase angle, can achieve treatment pressure minimization and optimal
fracture initiation geometry maximizing the stimulation treatment’s net present value
(Balen et al., 1988; Michael, 2019b). Current analytical models underestimate 𝑝𝑖 , a
parameter observed in laboratory and field-scale studies to be highly sensitive to the
pressurization rates (Zoback et al., 1977; Weijers, 1995; Zhuang et al., 2018).
Numerical 3D models have been employed to assess the validity of the model for
fracture initiation from perforated wellbores due to approximations involved in its
derivation (Michael et al., 2020). Results of numerical simulations have been employed to
develop correction factors for analytical expressions for evaluating the tangential stresses
at the extreme positions on the perforation base, representing the longitudinal and
transverse fracture initiation stresses (Michael and Gupta, 2019; 2020a). The well is
modeled as an openhole completion (microannulus between the cement and the
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surrounding rock, after Behrmann and Nolte, 1998) with a cylindrical perforation. In-situ
stress state, wellbore pressure, 𝑝𝑤 , and the formation’s geomechanical properties are
considered as independent variables, all controlling 𝑝𝑖 , which is the 𝑝𝑤 value at which the
tensile failure criterion is exceeded. The general semi-analytical modeling approach for
estimating fracture initiation pressures and the orientation of fracture initiation employed
in this study was first presented in Michael and Gupta (2020a).
In this study, seven prolific shale plays from the United States namely the Barnett,
Bakken, Fayetteville, Haynesville, Marcellus, and Niobrara, and Vaca Muerta (Argentina)
are modeled using predictions from the true-3D numerical models (Michael et al., 2020).
Values of 𝑝𝑖 for each play are predicted for fracture treatments in horizontal wells.
Breakdown pressure, 𝑝𝑏 values from the seven shale plays are taken from the
literature (Kettler et al., 2006; Hammes et al., 2011; Barth et al., 2012; Kosset et al., 2014;
Schlumberger, 2014; Koskella et al., 2015; Lynk et al., 2017) and are used to predict 𝑝𝑖
values and the respective orientation of fracture initiation for the shale play. Besides
wellbore trajectory, the results depend on perforation direction as well as the orientation of
the resultant fracture initiation. For horizontal wells drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in strike-slip
faulting regimes, the preferred perforation alignment (PPA) for promoting transverse
fractures, thus along the preferred fracture plane (PFP) that maximizes the wells poststimulation productivity.
Dimensionless plots are used to illustrate the results including comparative
analyses. The numerically-corrected analytical approximations can be used to predict the
𝑝𝑖 in oilfield fracturing operations for a given wellbore trajectory, perforation direction,
and resultant fracture initiation orientations.
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6.2

THEORETICAL BACKGROUND

6.2.1 Near-Wellbore Stress State and Fracture Orientation
The earliest derivation of stress concentrations for a circular hole under uniform
compression were given by Kirsch (1898) and were later modified by Hubbert and Willis
(1957) to incorporate biaxial stress loading and fluid pressure inside the hole. For a
horizontal well drilled parallel to the y-axis, which is assumed to be parallel to the least
horizontal principal stress, 𝑆ℎ𝑚𝑖𝑛 , and perpendicular to the overburden and maximum
horizontal principal stresses (𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 , respectively) in a homogeneous, isotropic
rock, the stresses on the wellbore radius, 𝑟 = 𝑟𝑤 were analytically defined by Zoback
(2007) and are summarized on Table 6.1. Figure 6.1a shows the configuration of the radial,
tangential, and axial effective stresses (𝜎𝑟𝑟 , 𝜎𝜃𝜃 , and 𝜎𝑦𝑦 , respectively) on the radius of the
horizontal well.

Table 6.1.

Summary of the near-wellbore cylindrical stresses (the “Kirsch solutions”).

Stress name

Radial

Symbol

Effective stress (𝒓 ≥

Equation

𝒓𝒘 )

number

𝜎𝑟𝑟 |𝑟 = 𝑆𝑟𝑟 |𝑟 − 𝑝𝑝

(6.1)

𝜎𝜃𝜃 |𝑟 = 𝑆𝜃𝜃 |𝑟 − 𝑝𝑝

(6.2)

Stress concentration at 𝒓 = 𝒓𝒘
𝑆𝑟𝑟 |𝑟=𝑟𝑤 = 𝑝𝑤

𝑆𝑟𝑟

Tangential
(“hoop” or

𝑆𝜃𝜃 |𝑟=𝑟𝑤

𝑆𝜃𝜃

= 𝑆𝑣 + 𝑆𝐻𝑚𝑎𝑥 − 2(𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 ) cos 2𝜃 − 𝑝𝑤

circumferential)
Axial

𝑆𝑦𝑦

𝑆𝑦𝑦 |𝑟=𝑟 = 𝑆ℎ𝑚𝑖𝑛 − 2𝜈(𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 ) cos 2𝜃

𝜎𝑦𝑦 |𝑟 = 𝑆𝑦𝑦 |𝑟 − 𝑝𝑝

(6.3)

Shear

𝑆𝑟𝜃

𝑆𝑟𝜃 |𝑟=𝑟𝑤 = 0

𝜎𝑟𝜃 |𝑟 ≡ 𝑆𝑟𝜃 |𝑟

(6.4)

𝑤

𝜃 is the angle around the wellbore cross section taken clockwise from 𝑆𝑣 and 𝜈 is the Poisson’s ratio for the rock formation. 𝑆𝑟𝑟 , 𝑆𝜃𝜃 , and 𝑆𝑦𝑦 represent
total normal stress concentrations and can be converted to the corresponding effective stresses, 𝜎𝑟𝑟 , 𝜎𝜃𝜃 , and 𝜎𝑦𝑦 (fourth column) respectively by
subtracting pore pressure, 𝑝𝑝 from the third column (Eq. 6.1-6.3). Shear stress, 𝜎𝑟𝜃 (sometimes denoted by 𝜏𝑟𝜃 ), is zero at the wellbore radius (Eq. 6.4).
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Figure 6.1. (a) Stresses configuration on the radius of a horizontal well drilled parallel to
𝑆ℎ𝑚𝑖𝑛 . 𝑆𝐻𝑚𝑎𝑥 , 𝑆ℎ𝑚𝑖𝑛 and 𝑆𝑣 are then along the x, y and z-axis, respectively.
Shear stress is not shown (𝜎𝑟𝜃 |𝑟=𝑟𝑤 ,𝑝𝑤 = 0). (b) Longitudinal 𝜎𝜃𝐿 and
transverse 𝜎𝜃𝑇 fracturing stresses on the perforation base (𝜃𝑝 = 0° and 𝜃𝑝 =
90°, respectively). The well is parallel to the y-axis with perforations parallel
to the x-axis. (c) Fracture orientation configurations from a horizontal well,
longitudinal (red) and transverse-to-the-wellbore (blue). The variable r
represents a distance from the center of the wellbore. This figure is modified
from Michael and Gupta (2019e).
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For a horizontal well, initiated fractures can assume arbitrary orientations but with
reference to the wellbore can be bounded by longitudinal and transverse configurations.
Following Hossain et al.’s (2000) assumption that fractures initiate from the perforation
base (i.e. the intersection point between the perforation tunnel and the wellbore), which is
backed by the experimental results of Behrman and Elbel (1991), the orientation of fracture
initiation is determined by the magnitude of the tangential stress on the perforation base,
𝜎𝜃𝜃𝑝 (Figure 6.1b), in two extreme locations; parallel and orthogonal to the axis through
the center of the wellbore. 𝜃𝑝 (Figure 6.1b) is the positive angle on the perforation base,
taken clockwise from the y-axis (the wellbore axis, parallel to 𝑆𝑦𝑦 and 𝜎𝑦𝑦 ). The tangential
stress on the perforation base orthogonal to 𝜎𝑦𝑦 (𝜃𝑝 = 0° on Figure 6.1b) is the stress that
should be overcome in tension to generate longitudinal fracture initiation, hence called the
longitudinal fracturing stress, 𝜎𝜃𝐿 . Similarly, the tangential stress on the perforation base
parallel to 𝜎𝑦𝑦 (𝜃𝑝 = 90° on Figure 6.1b) is the stress that must be overcome in tension for
transverse fracture initiation to take place and is called the transverse fracturing stress, 𝜎𝜃𝑇
(Hossain et al., 2020; Michael and Gupta, 2019; Michael et al., 2020). Fractures parallel to
the wellbore axis are longitudinal/“axial”, while fractures that propagate orthogonal are
transverse/“lateral” (Figure 6.1c).
Hydraulic fracture orientation impacts well performance following a stimulation
treatment with transverse fractures enhancing the productivity compared to longitudinal
(relative to a horizontal wellbore), unless the latter are in higher permeability zones and
frac-and-pack operations (Economides and Martin, 2010). In this study, 𝑝𝑏 is used as an
independent variable for predicting 𝑝𝑖 and orientation for given in-situ stress conditions.
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6.2.2 Fracture Initiation, Propagation, and Closure
Hydraulic fracture treatments need bottomhole pressure (BHP) and injection
flowrate monitoring. At a steady injection flowrate, BHP increases linearly with time, but
becomes non-linear when the injected fracturing fluid begins leaking into the formation
(Figure 6.2). The pressure at which the leakage begins is called the leak-off pressure (LOP)
and can be measured reliably using data from “leak-off tests” performed during drilling.
Despite the leak-off, the BHP continues to build up until a sudden, distinct drop (Figure
6.2) occurs at 𝑝𝑏 . Fracture initiation (initial crack) occurs at 𝑝𝑖 , at 𝐿𝑂𝑃 < 𝑝𝑖 < 𝑝𝑏 .

Figure 6.2. BHP variation with time during a typical hydraulic fracture treatment
(modified from Zoback et al., 2003).
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After breakdown, further injection makes the initiated fracture(s) to extend from
the induced crack(s). This happens at fracture propagation pressure, 𝑝𝑝𝑟𝑜𝑝 . Once injection
stops the pressure drops, leveling off at fracture closure pressure, 𝑝𝑓𝑐 , which is considered
a good proxy for the least compressive stress. For normal and strike-slip faulting stress
states, the least compressive principal stress is 𝑆ℎ𝑚𝑖𝑛 .
While LOP and 𝑝𝑏 are distinct and easily observable by the practitioner on the
surface during pressure monitoring, the 𝑝𝑖 magnitude is often unclear, yet required for
fracture modeling considerations. As mentioned previously, fracture initiation occurs at 𝑝𝑖 ,
which can range from LOP to, and is often lower than, 𝑝𝑏 (Detournay and Carbonell, 1997;
Lecampion et al., 2017; Bunger and Lecampion, 2017). One of the primary factors the 𝑝𝑖
value depends upon, is the orientation of the resultant fracture initiation with respect to the
wellbore axis (Weijers, 1995; Hossain et al., 2000; Michael et al., 2018; Kurdi, 2018).
Multiple experimental studies using porous media (Zoback et al., 1977; Weijers,
1995; Zhuang et al., 2018) showed the 𝑝𝑖 and hence 𝑝𝑏 magnitudes to be highly dependent
on the injection flowrate used. Thus, the higher the injection flowrate is, the higher the 𝑝𝑖
and 𝑝𝑏 are, for a given set of in-situ conditions.
Operators are highly motivated in keeping 𝑝𝑏 as low as possible. Formation
breakdown in hard rocks exhibiting high tensile strength values, under high in-situ stresses
can be challenging, thus suppressing 𝑝𝑏 will be highly convenient. Moreover, high 𝑝𝑏
values can compromise the efficiency of perforation clusters in initiating fractures, leading
to uneven flow distribution between the clusters (McClure et al., 2020). If breakdown
occurs in some perforation clusters earlier than others and 𝑝𝑤 decreases, it becomes more
difficult to induce breakdown in the remaining perforation clusters. This is because 𝑝𝑝𝑟𝑜𝑝
is lower than 𝑝𝑏 (Figure 6.2); the fracturing fluid following the path of least resistance
would “prefer” to propagate an existing fracture than initiating a new fracture within the
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stage. Higher 𝑝𝑏 values accentuate this problem, leading to inactive perforation clusters
yielding no fractures (Miller et al., 2011; Michael, 2016b). Limited entry techniques
(Lagrone and Rasmussen, 1963) are often employed to mitigate such effects, nevertheless
if 𝑝𝑏 is too high, then the effectiveness of these limited entry techniques is challenged
(Weddle et al., 2018; McClure et al., 2020).

6.2.3 The Seven Shale Plays in this Study
Seven unconventional shale formations (Figure 6.3) under current development
(Barnett, Bakken, Fayetteville, Haynesville, Niobrara, Marcellus and Vaca Muerta) are
used to evaluate fracture initiation and orientation. The values of 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 were
calculated using published in-situ stress state data (Prioul et al., 2011; Moos, 2012; Yang
and Zoback, 2014; Koskella et al., 2015; Kowan and Ong, 2016) shown on Table 2 and are
displayed on a stress polygon (Zoback, 2007) on Figure 6.4.
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Figure 6.3. Map of the counties/provinces active on the development of the seven shale
plays studied (Source: www.mapchart.net, filled using information from the
U.S. EIA).

The in-situ stress state of each shale gas play, is quantified by 𝐴∅ after Simpson
(1997), which varies from zero for extreme normal faulting stress states to three for extreme
reverse faulting stress states (Figure 6.4, modified from Lund Snee, 2020). For strike-slip
faulting stress states, 1 < 𝐴∅ < 2 (Figure 6.4). The parameter 𝐴∅ relates to the absolute
stress magnitudes by
1
𝑆2 − 𝑆3
1
𝐴∅ = (𝑛 + ) + (−1)𝑛 ([
]− )
2
𝑆1 − 𝑆3
2
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(6.5)

where, 𝑆1, 𝑆2 , and 𝑆3 are respectively the most compressive, intermediate and least
compressive in-situ principal stresses. Following Simpson (1997), for normal faulting
stress states, 𝑆1 = 𝑆𝑣 , 𝑆2 = 𝑆𝐻𝑚𝑎𝑥 , and 𝑆3 = 𝑆ℎ𝑚𝑖𝑛 , with parameter 𝑛 = 0. Similarly, for
strike-slip faulting stress states, 𝑆1 = 𝑆𝐻𝑚𝑎𝑥 , 𝑆2 = 𝑆𝑣 , 𝑆3 = 𝑆ℎ𝑚𝑖𝑛 , and 𝑛 = 1. Finally, for
reverse faulting stress states, 𝑆1 = 𝑆𝐻𝑚𝑎𝑥 , 𝑆2 = 𝑆ℎ𝑚𝑖𝑛 , 𝑆3 = 𝑆𝑣 , and 𝑛 = 2 (Eq. 6.5).

Table 6.2.

Summary of the in-situ stress states and 𝑝𝑝 of the seven shale gas plays studied
(data taken from Kettler et al., 2006; Hammes et al., 2011; Barth et al., 2012;
Kosset et al., 2014; Schlumberger, 2014; Koskella et al., 2015; Lynk et al.,
2017).
𝑺𝑯𝒎𝒂𝒙 (psi)

𝑺𝒉𝒎𝒊𝒏 (psi)

𝒑𝒑 (psi)

𝑺𝟐 − 𝑺𝟑
𝑺𝟏 − 𝑺𝟑

𝑨∅

Shale play

Location

𝑺𝒗 (psi)

Barnett

TX

7,215

4,550

3,900

3,055

0.1961

0.1961

Bakken

MN, ND, and Canada

10,605

10,302

8,080

6,666

0.88

0.88

Fayetteville

AR and OK

5,085

4,388

4,050

1,913

0.3266

0.3266

Haynesville

AR, LA, and TX

13,320

12,600

12,000

10,200

0.4545

0.4545

Niobrara

CO, KS, NE, and WY

7,102

~5,360

5,025

3,283

0.1613

0.1613

9,152

9,568

6,656

4,576

0.8571

8,692

8,856

6,724

5,330

0.9231

NY, MD, NJ, OH, PA, VA,
Marcellus

1.1429

and WV
Vaca Muerta

Argentina

1.0769

Frictional failure stability is determined by the Mohr-Coulomb failure limit which
defines the bounds of the polygon on Figure 6.4. This is given by Jaeger et al. (2007) as
𝑆1 − 𝑝𝑝
2
< ([1 + 𝜇 2 ]1/2 + 𝜇) ≈ 3.12
𝑆3 − 𝑝𝑝
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(6.6)

where 𝜇 is the friction factor for the rock fault. Byerlee (1978) estimated 𝜇 ≈ 0.6, which
sets the right-hand side (RHS) of Eq. 6.6 equal to 3.12. If the fraction on the left-hand side
(LHS) of Eq. 6.6 exceeds 3.12 fault slippage will take place, as a result of shear failure,
making the in-situ stress state considered (𝑆1 and 𝑆3 ), unstable and virtually impossible to
exist in the Earth’s subsurface.

Figure 6.4. The in-situ stress state of each of the seven shale plays displayed on a stress
polygon. The frictional limits on the polygon are drawn for a hydrostatic 𝑝𝑝
gradient of 0.43 psi/ft.
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Table 6.3 summarizes depth and 𝑝𝑏 values for each of the seven plays using
published data from published literature. These 𝑝𝑏 values provide the upper-bound of the
“fracture initiation window” that is the 𝑝𝑤 range containing 𝑝𝑖 . Due to unavailability of
consistent LOP data for the seven shale gas plays, 𝑝𝑝 replaces LOP as the lower-bound,
such that 𝑝𝑝 < 𝑝𝑖 < 𝑝𝑏 . This leads to a wider fracture initiation window compared to the
yellow-shaded region on Figure 6.2. However, the authors advice caution when doing this,
since low 𝑝𝑖 predictions that are only marginally higher than 𝑝𝑝 could be unrealistic, due
to these 𝑝𝑖 values been smaller than LOP (i.e. LOP > 𝑝𝑖 ), which cannot be true.

Table 6.3.

Summary of the average depth and 𝑝𝑏 values for the seven shale plays.
Estimated 𝒑𝒃

Shale play

Average depth (ft)

Fracture gradient (psi/ft)

Source
(psi)

Barnett

6,500

0.60

3,900

Ketter et al. (2006)

Bakken

10,070

0.90

9,063

Schlumberger (2014)

Fayetteville

5,000

1.10

5,500

Lynk et al. (2017)

Haynesville

13,000

1.00

13,000

Hammes et al. (2011)

Niobrara

7,500

0.85

6,375

Koskella et al. (2015)

Marcellus

6,250

1.10

6,875

Barth et al. (2012)

Vaca Muerta

9,500

1.18

11,210

Kosset (2014)

6.3

MODELING OF THE LONGITUDINAL AND TRANSVERSE FRACTURING STRESSES
The semi-analytical procedure used in this study for calculating the fracturing

stresses from perforated wells was first presented in Michael and Gupta (2020a). Numerical
modeling is employed to develop correction factors for closed-form analytical expressions
describing the variation of the longitudinal and transverse fracture-inducing stresses with
𝑝𝑤 .
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6.3.1 Closed-Form Analytical Approximations
Hossain et al. (2000) proposed an approximation of the stresses on the perforation
base by performing a second “Kirsch analysis” using 𝜎𝑦𝑦 and 𝜎𝜃𝜃 as inputs (Eq. 6.7) to
derive an expression for 𝜎𝜃𝜃𝑝 . Assuming that the pressure in the perforation tunnel is equal
to 𝑝𝑤 for a specific perforation angle, 𝜃

𝜎𝜃𝜃𝑝 | = 𝜎𝑦𝑦 |
𝜃

𝜃,𝑟=𝑟𝑤

+ 𝜎𝜃𝜃 |𝜃,𝑟=𝑟𝑤 − 2 (𝜎𝑦𝑦 |

𝜃,𝑟=𝑟𝑤

− 𝜎𝜃𝜃 |𝜃,𝑟=𝑟𝑤 ) cos 2𝜃𝑝 + 𝑝𝑝 −𝑝𝑤

(6.7)

with the longitudinal and transverse fracturing stresses (𝜎𝜃𝐿 and 𝜎𝜃𝑇 , respectively) hence
defined as
𝜎𝜃𝐿 |𝜃,𝑝𝑤 ≡ 𝜎𝜃𝜃𝑝 |

𝜃,𝑝𝑤 ,𝜃𝑝 =0°

(6.8a)

𝜎𝜃𝑇 |𝜃,𝑝𝑤 ≡ 𝜎𝜃𝜃𝑝 |

𝜃,𝑝𝑤 ,𝜃𝑝 =90°

(6.8b)

Kirsch’s (1898) theory is purely 2D, assuming a state of plane strain. Hossain et
al.’s (2000) idea of applying this theory twice in an attempt to simulate a 3D problem could
not yield analytically-exact solutions for 𝜎𝜃𝐿 and 𝜎𝜃𝑇 . Hence, the derived expressions (Eqs.
6.8a and 6.8b) are called the “approximated” solutions of the two fracturing stresses.
The fracture initiation equations are examined using numbers typical for the
Marcellus Shale. The tensile strength of the rock formation, 𝑇, is assumed to be zero with
𝐸 at 200,000 psi and 𝜈 at 0.32. The graphical solution of the two fracturing stresses against
𝑝𝑤 , 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 , is shown on Figure 6.5 for the Marcellus Shale, demonstrating the
effect of 𝑝𝑤 on the two fracturing stresses. According to the analytical solution, as 𝑝𝑤
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increases the 𝜎𝜃𝑇 indicated with the blue line stays constant but 𝜎𝜃𝐿 , indicated by the red
line, becomes more tensile (negative).

Figure 6.5. Variation of 𝜎𝜃𝐿 and 𝜎𝜃𝑇 with 𝑝𝑤 for the Marcellus Shale stress state. For
perforations parallel to 𝑆𝑣 the 𝑝𝑏 window is wider compared to perforations
parallel to 𝑆𝐻𝑚𝑎𝑥 .
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Following Michael et al.’s (2018) “𝑝𝑏 window” concept, if 𝑝𝑏 (which is the highest
pressure achieved during the hydraulic fracture treatment) falls within the region on the
left of the 𝜎𝜃𝐿 and 𝜎𝜃𝑇 lines (red and blue, respectively) on Figure 6.5, transverse fracture
initiation occurs because within this region, 𝜎𝜃𝑇 < −𝑇 = 0 and 𝜎𝜃𝑇 = 𝜎𝜃𝐿 . For all
purposes of this study, 𝑇 = 0. If 𝑝𝑏 is higher than the intersection of the 𝜎𝜃𝐿 and 𝜎𝜃𝑇 lines
on Figure 6.5, longitudinal fracture initiation would occur because 𝜎𝜃𝐿 is more tensile than
𝜎𝜃𝑇 (i.e., 𝜎𝜃𝑇 > 𝜎𝜃𝐿 ). If 𝜎𝜃𝑇 > −𝑇 = 0 (i.e., compressive), no 𝑝𝑏 window exists for
transverse fracture initiation.

6.3.2 True-3D Numerical Solutions of 𝝈𝜽𝑳 |𝒑𝒘 and 𝝈𝜽𝑻 |𝒑𝒘
Numerical assessments performed using finite volume modeling (Michael et al.,
2018; 2020; Michael, 2019a) indicated these approximated solutions to be error-bearing.
A “true-3D” numerical model (Figure 6.6), built on FLAC3D (Fast-Lagrangian Analysis of
Continua in 3 Dimensions by the Itasca Consulting Group), was presented in detail by
Michael (2019a) and Michael et al. (2020). The true-3D numerical model was used to
calculate the fully-exact solutions of 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 , which features a 1/8th block model
of height, 𝐻, length, 𝐿, width, 𝑊 and includes a cylindrical wellbore of radius, 𝑟𝑤 ,
intersected by a cylindrical perforation tunnel of radius, 𝑟𝑝𝑒𝑟𝑓 . The block model’s relative
geometry is stated in Figure 6.6.
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Figure 6.6. The true-3D numerical model written in FLAC3D and used to calculate 𝜎𝜃𝐿 |𝑝𝑤
and 𝜎𝜃𝑇 |𝑝𝑤 for the seven shale plays.

The simulations performed using the true-3D numerical model showed the stresses
on the perforation base with variation in the 𝑝𝑤 differing considerably with Hossain et al.’s
(2000) analytical expressions (Michael et al., 2018; 2020; Michael, 2019a). In all
simulations, 𝑝𝑝𝑒𝑟𝑓 = 𝑝𝑤 . Increased compression with increasing 𝑝𝑤 for 𝜎𝜃𝑇 was
interpreted to be caused by the interaction between the 𝜎𝑟𝑟 around the wellbore and the 𝜎𝑟𝑟
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around the perforation. The way those 𝜎𝑟𝑟 mutually interact alters the stress field around
the wellbore, which in turn changes 𝜎𝜃𝜃𝑝 from which 𝜎𝜃𝐿 and 𝜎𝜃𝑇 are calculated.
The numerically-calculated exact solutions of 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 for the
geomechanical parameters of the Marcellus Shale (Figure 6.7) shows 𝜎𝜃𝑇 becoming more
compressive (positive) as 𝑝𝑤 increases and 𝜎𝜃𝐿 becoming more tensile (negative), but at a
shallower slope than what the analytical approximation (Hossain et al., 2000) dictates. This
creates an additional constraint to transverse fracture initiation besides the 𝑝𝑏 window. That
is critical tensile strength, 𝑇𝑐𝑟𝑖𝑡 , which is equal to 𝜎𝜃𝑇 |𝑝𝑤 =0 and represents the maximum 𝑇
at which transverse fracture initiation is possible (Figure 6.7). At 𝑇 > 𝑇𝑐𝑟𝑖𝑡 , transverse
fracture initiation is impossible, independent of the 𝑝𝑏 .
Figure 6.7 suggests that pressurization of the wellbore yields to transverse fracture
initiations from the top of the hole (𝜃 = 0°, 𝑆𝑣 direction) at 𝑝𝑤 /𝑆𝑣 = 0.50, which justifies
the use of oriented perforating in this direction for the Marcellus Shale, despite the low
anisotropy between 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 . The effectiveness of oriented perforating strategies is
expected to increase with (𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) anisotropy (Kurdi, 2018; Michael et al., 2020). The
calculated 𝑝𝑖 value is in close proximity with 𝑝𝑝 and it is to be noted that if 𝑝𝑝 < 0.48𝑆𝑣
transverse fracture initiation would occur from perforations on the side of the borehole
(𝜃 = 90°, 𝑆𝐻𝑚𝑎𝑥 direction).
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Figure 6.7. Variation of 𝜎𝜃𝐿 and 𝜎𝜃𝑇 with 𝑝𝑤 for the in-situ conditions of the Marcellus
Shale calculated by the true-3D numerical model with the yellow region
indicating the 𝑝𝑖 range.

6.3.3 Numerically-Developed Correction Factors
Because the Hossain et al.’s analytical approximations yield straight lines for
𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 just as the exact 3D solutions do, the approximated expressions can be
made to match the numerical solutions by one hundred percent via the application of a set
of correction factors.
For each play at a fixed well trajectory, these correction factors vary with
perforation direction, 𝜃. Therefore, two sets of two correction factors are necessary to
evaluate 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 from the two perforation direction extremes; a total of four for
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a specific 𝜃. For a well drilled parallel to 𝑆ℎ𝑚𝑖𝑛 and perforated along 𝑆𝐻𝑚𝑎𝑥 (𝜃 = 90°),
𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 are given by

𝜎𝜃𝐿 |𝜃=90° = 9𝑆𝑣 − 3𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 + 2𝜈(𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 ) − 𝑝𝑝 − 4𝑝𝑤
+ [𝐶𝑚 ]𝜎𝜃𝐿 |𝜃=90° 𝑝𝑤 + [𝐶𝑐 ]𝜎𝜃𝐿 |𝜃=90°

𝜎𝜃𝑇 |𝜃=90° = 3𝑆ℎ𝑚𝑖𝑛 − 𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 − (2 − 6𝜈)(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) − 𝑝𝑝
+ [𝐶𝑚 ]𝜎𝜃𝐿 |𝜃=90° 𝑝𝑤 + [𝐶𝑐 ]𝜎𝜃𝐿 |𝜃=90°

(6.9a)

(6.9b)

where, 𝐶𝑚 is ths correction factor on the slope of the 𝜎𝜃𝐿 or 𝜎𝜃𝑇 line with 𝑝𝑤 and 𝐶𝑐 is the
correction factor on the vertical intercept at 𝑝𝑤 = 0. Similar expressions with their respective
correction factors 𝐶𝑚 or 𝐶𝑐 can be written for any well trajectory, as well as perforation direction.

6.3.4 Orienting Perforations to Promote Transverse Fracture Initiation or
Minimize 𝒑𝒊
The preferred perforation alignment (PPA) is a concept introduced by Michael and
Gupta (2019), where a perforation direction is identified as optimal considering the
promotion of favourable fracture initiation vis-à-vis orientation (transverse to a horizontal
well drilled parallel to 𝑆ℎ𝑚𝑖𝑛 ). The PPA direction (Figure 6.8) depends on the in-situ stress
regime (Anderson, 1951). For normal faulting stress states such as the Barnett Shale, PPA
is parallel to 𝑆𝐻𝑚𝑎𝑥 (side of the hole), whereas for strike-slip faulting stress states such as
the Marcellus Shale, PPA is parallel to 𝑆𝑣 (top of the hole).
Kurdi (2018) developed a computational model for predicting 𝑝𝑏 in unconventional
shale plays. The simulation results indicated minimum 𝑝𝑏 to occur for perforations parallel
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to 𝑆𝐻𝑚𝑎𝑥 for normal faulting stress states and parallel to 𝑆𝑣 for strike-slip faulting stress
states – same as PPA. Oriented perforating (Figure 6.9) is a practically easy-to-implement
technique that can potentially exploit the performance variation between different
perforation directions in order to promote favorable fracture initiation, optimizing for either
transverse fracture initiation promotion or 𝑝𝑖 and thus 𝑝𝑏 minimization.

Figure 6.8. The preferred perforation alignment (PPA) configurations for horizontal
wellbores drilled parallel to 𝑆ℎ𝑚𝑖𝑛 under normal and strike-slip faulting stress
regimes (modified from Michael and Gupta, 2019e).
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Figure 6.9. Oriented perforating configurations for horizontal wells drilled parallel to
𝑆ℎ𝑚𝑖𝑛 in locations under stress regimes that obey Anderson’s (1951) theory.

Although the 𝑝𝑏 window concept implies that transverse fracture initiation, when
possible, occurs at lower the 𝑝𝑏 values, perforations along PPA would not yield the lowest
𝑝𝑖 and subsequently the lowest 𝑝𝑏 , presuming a direct correlation between the two (Zoback
et al., 1977; Weijers, 1995; Zhuang et al., 2018) in scenarios were transverse fracture
initiation is impossible. When longitudinal fracture initiation is the only possible outcome
due to the upper-bound of the 𝑝𝑏 window being lower than LOP, then 𝑝𝑖 will be minimized
from perforations orthogonal to PPA, in what is called the non-PPA direction (Michael and
Gupta, 2019e).
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6.4

RESULTS

6.4.1 Normal Faulting Stress States
The Barnett, Bakken, Fayetteville, Haynesville and Niobrara (Table 6.2) are shale
formations located in the United States (Figure 6.3) that are under normal faulting in-situ
stress states where 𝑆𝑣 > 𝑆𝐻𝑚𝑎𝑥 > 𝑆ℎ𝑚𝑖𝑛 . The PPA for these formations is thus in the 𝑆𝐻𝑚𝑎𝑥
direction (Figure 6.8). Table 6.4 summarizes the 𝐶𝑚 and 𝐶𝑐 values for these five shale gas
plays. Figure 6.10 shows the graphical solutions of 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 and the 𝑝𝑖 range
bounded from 𝑝𝑝 (Table 6.2) due to absence of reliable and consistent LOP data to 𝑝𝑏
(Table 6.3).

Table 6.4.

Numerically-developed correction factors for the shale plays, studied that are
under normal faulting stress states.
𝐶𝑚

𝐶𝑐

Perforation direction

𝜎𝜃𝐿 |𝜃=0°

2.6752

-13,157.54

Non-PPA

𝜎𝜃𝑇 |𝜃=0°

0.5226

1,657.6

Non-PPA

𝜎𝜃𝐿 |𝜃=90°

2.6794

-28,013.4

PPA

𝜎𝜃𝑇 |𝜃=90°

0.5221

424.8

PPA

𝐶𝑚

𝐶𝑐

Perforation direction

𝜎𝜃𝐿 |𝜃=0°

2.5948

-36,951.7

Non-PPA

𝜎𝜃𝑇 |𝜃=0°

0.2513

2231.04

Non-PPA

𝜎𝜃𝐿 |𝜃=90°

2.6015

-38,615.1

PPA

𝜎𝜃𝑇 |𝜃=90°

0.2532

2121.06

PPA

(a)

(b)

Barnett

Bakken
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𝐶𝑚

𝐶𝑐

Perforation direction

𝜎𝜃𝐿 |𝜃=0°

2.5284

-13,359.4

Non-PPA

𝜎𝜃𝑇 |𝜃=0°

-0.0211

1,152.86

Non-PPA

𝜎𝜃𝐿 |𝜃=90°

2.5289

-17,090.3

PPA

𝜎𝜃𝑇 |𝜃=90°

-0.0207

892.44

PPA

(c)

𝐶𝑚

𝐶𝑐

Perforation direction

𝜎𝜃𝐿 |𝜃=0°

2.6829

-46,534.3

Non-PPA

𝜎𝜃𝑇 |𝜃=0°

0.5252

-30.96

Non-PPA

𝜎𝜃𝐿 |𝜃=90°

2.6812

-50,522.1

PPA

𝜎𝜃𝑇 |𝜃=90°

0.5231

-345.66

PPA

𝐶𝑚

𝐶𝑐

Perforation direction

𝜎𝜃𝐿 |𝜃=0°

2.6826

-16,631.7

Non-PPA

𝜎𝜃𝑇 |𝜃=0°

0.5244

420.59

Non-PPA

𝜎𝜃𝐿 |𝜃=90°

2.6693

-26,333.1

PPA

𝜎𝜃𝑇 |𝜃=90°

0.5244

-365.28

PPA

(d)

Haynesville

(e)

a

Fayetteville

Niobrara

PPA: along 𝑆𝐻𝑚𝑎𝑥 and 𝑆𝑣 for a well drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in a normal and strike-slip faulting stress regime, respectively. Location where transverse

fracture initiation is promoted the most.
b

Non-PPA: along 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 for a well drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in a normal and strike-slip faulting stress regime, respectively. Location where transverse

fracture initiation is least promoted.
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Figure 6.10. The exact 3D solutions of 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 for the five of the seven shale
gas plays studied, which are under normal faulting stress states. The yellowshaded region shows the 𝑝𝑖 range (𝑝𝑝 < 𝑝𝑖 < 𝑝𝑏 ).
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6.4.2 Strike-Slip Faulting Stress States
The Marcellus in the United States and Vaca Muerta in Argentina (Table 6.2, Figure
6.3) are two shale formations where the in-situ stress state is strike-slip faulting with
𝑆𝐻𝑚𝑎𝑥 > 𝑆𝑣 > 𝑆ℎ𝑚𝑖𝑛 . The PPA for horizontal wells aligned with 𝑆ℎ𝑚𝑖𝑛 in these plays is
parallel to 𝑆𝑣 (Figure 6.8). Table 5 summarizes the 𝐶𝑚 and 𝐶𝑐 values for these two shale
gas plays. The graphical solutions of 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 is shown on Figure 6.11, with the
𝑝𝑖 range shaded in yellow bounded by 𝑝𝑝 and 𝑝𝑏 (Tables 6.2 and 6.3, respectively).

Table 6.5.

Numerically-developed correction factors for the shale plays studied that are
under strike-slip faulting stress states.
𝐶𝑚

𝐶𝑐

Perforation direction

𝜎𝜃𝐿 |𝜃=0°

2.6824

-33,289.8

PPA

𝜎𝜃𝑇 |𝜃=0°

0.5243

875.22

PPA

𝜎𝜃𝐿 |𝜃=90°

2.6815

-30,979.2

Non-PPA

𝜎𝜃𝑇 |𝜃=90°

0.5243

1,068.98

Non-PPA

𝐶𝑚

𝐶𝑐

Perforation direction

𝜎𝜃𝐿 |𝜃=0°

2.6818

-31,138.2

PPA

𝜎𝜃𝑇 |𝜃=0°

0.5235

1085.58

PPA

𝜎𝜃𝐿 |𝜃=90°

2.6817

-30,863.8

Non-PPA

𝜎𝜃𝑇 |𝜃=90°

0.5235

868.72

Non-PPA

(a)

Marcellus

(b)

a

Vaca Muerta

PPA: along 𝑆𝐻𝑚𝑎𝑥 and 𝑆𝑣 for a well drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in a normal and strike-slip faulting stress regime, respectively. Location where transverse

fracture initiation is promoted the most.
b

Non-PPA: along 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 for a well drilled parallel to 𝑆ℎ𝑚𝑖𝑛 in a normal and strike-slip faulting stress regime, respectively. Location where transverse

fracture initiation is least promoted.
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Figure 6.11. The exact 3D solutions of 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 for the two shale gas plays that
are under strike-slip faulting stress states. Similar to Figure 6.10, the 𝑝𝑖 range
(𝑝𝑝 < 𝑝𝑖 < 𝑝𝑏 ) is shown by the yellow-shaded region.

6.4.3 Orientation of Fracture Initiation, 𝒑𝒊 , and Optimal Perforation Direction
Figures 6.10 and 6.11 can be used to provide an indication of the (i) 𝑝𝑖 value, (ii)
orientation of fracture initiation, and (iii) the perforation direction at which the fracture
initiation takes place from each shale gas play. Table 6.5 summarizes these results for 𝑇 =
0, 𝐸 = 200,000 psi, and 𝜈 = 0.32. Transverse fracture initiation is predicted only for two
of the seven shale gas plays; the Barnett and the Marcellus (Figures 6.10 and 6.11), from
perforations parallel to the respective PPA for each play (along 𝑆𝐻𝑚𝑎𝑥 , 𝜃 = 90° for the
Barnett and along 𝑆𝑣 , 𝜃 = 0°, for the Marcellus Shale).
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Longitudinal fracture initiation is predicted for the Bakken and Fayetteville Shales
(Figure 6.10) as well as for the Vaca Muerta Shale (Figure 6.11). However, for the Bakken
and Fayetteville Shales, fracture initiation is expected from perforations at the top of the
borehole, which is the non-PPA direction for normal faulting stress states (along 𝑆𝑣 , 𝜃 =
0°), while for the Vaca Muerta Shale, fracture initiation is expected from perforations on
the side of the borehole (parallel to 𝑆𝐻𝑚𝑎𝑥 , 𝜃 = 90°); the non-PPA direction for strike-slip
faulting stress states. The cases of the Haynesville and Niobrara Shales are more complex
(Figure 6.10) with none of the four fracture initiation lines crossing the line for 𝑇 = 0
within the 𝑝𝑖 range. Thus, the most tensile of the four fracturing stresses dictates fracture
initiation and orientation. Hence, longitudinal fracture initiation is expected from the top
of the borehole (𝑆𝑣 direction, 𝜃 = 0°) in both the Haynesville and Niobrara Shales (Figure
6.10), which is the non-PPA direction. The longitudinal fracture initiation predictions for
the five of the seven shale gas plays (Bakken, Fayetteville, Haynesville, Niobrara, and Vaca
Muerta), is expected to lead to either (i) premature termination of the fracture growth, or
(ii) reorientation as the fracture propagates away from the wellbore (Economides and
Martin, 2010; Michael, 2019a; Michael et al., 2020), when the in-situ (far-field) stresses
begin to gradually dominate over the near-wellbore stresses (Kirsch, 1898). This
subsequently generates near-wellbore tortuosity, which can be problem-bearing yielding
short-term completion-related problems, such as early screenouts and long-term
production-related problems such as poor post-stimulation well performance (Barree and
Miskimins, 2015).
The modeling results provide motivation for the use of oriented perforating
strategies (Figure 6.9) for either (i) promoting transverse fracture initiation, or (ii) when
transverse fracture initiation is impossible, minimizing 𝑝𝑖 and hence suppressing surface
pumping horsepower and stimulation treatment costs. This is useful for completion
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engineers; fracturing operations in wells perforated at a single, fixed phase angle, can
achieve treatment pressure minimization or optimal fracture initiation orientation
maximizing the stimulation treatment’s net present value. The fourth column on Table 6.5
indicates the optimal oriented perforating direction with the reasoning the reasoning stated
on the fifth column.

Table 6.6.

Predicted orientation of fracture initiation, 𝑝𝑖 , and optimal oriented
perforating direction forthe shale plays studied.

Shale play

Fracture initiation

𝒑𝒊 (psi)

Optimal perforation direction

Objective

Barnett

Transverse

<4,754

𝑆𝐻𝑚𝑎𝑥 (PPA)

Transverse fracture initiation

Bakken

Longitudinal

6,689

𝑆𝑣 (non-PPA)

Minimize 𝑝𝑖

Fayetteville

Longitudinal

3,643

𝑆𝑣 (non-PPA)

Minimize 𝑝𝑖

Haynesville

Longitudinal

>10,200

𝑆𝑣 (non-PPA)

Minimize 𝑝𝑖

Niobrara

Longitudinal

>3,283

𝑆𝑣 (non-PPA)

Minimize 𝑝𝑖

Marcellus

Transverse

<4,615

𝑆𝑣 (PPA)

Transverse fracture initiation

Vaca Muerta

Longitudinal

6,711

𝑆𝐻𝑚𝑎𝑥 (non-PPA)

Minimize 𝑝𝑖

Determining the optimal perforating strategy for promoting transverse fracture
initiation may not lead to the minimum 𝑝𝑖 and vice versa. Promotion of transverse fracture
initiation suppresses near-wellbore tortuosity, which as mentioned earlier, can be highly
problematic for fracture treatments (Economides and Martin, 2010; Barree and Miskimins,
2015; Michael, 2019a; Michael et al., 2020). Nevertheless, there are also numerous
incentives for keeping 𝑝𝑖 minimum regardless of the orientation of fracture initiation. In
extreme stress state magnitudes and especially hard (high 𝑇) rock, fracture initiation per
se, is difficult. High 𝑝𝑖 leads to high 𝑝𝑏 , which can negatively impact perforation efficiency
in a multi-stage fracture treatment, where a main goal is to accomplish uniform fluid flow
between clusters. Reservoir layering and heterogeneity of elastic properties generate
variance in 𝑝𝑖 and subsequently 𝑝𝑏 across different areas of the reservoir even within the
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horizontal lateral of a well. If 𝑝𝑏 values are high, once fracture initiation is induced within
a few perforation clusters, 𝑝𝑤 falls off, making further fracture initiation from the
remaining perforation clusters harder. Limited entry is often employed to help mitigate
this, but as 𝑝𝑏 increases, more and more limited entry is required, resulting in lower
perforation efficiency and eventually lower production.
Figure 6.12 shows the variation of two types of fracture stresses against perforation
direction (given by 𝜃) for the Barnett and the Marcellus; 𝑝𝑖 for longitudinal fracture
initiation and 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 in regards to transverse fracture initiation. These are the two shale
gas plays, where our analysis suggested that oriented perforating can be used to promote
transverse fracture initiation. The two lines show 𝑝𝑖 for longitudinal fracture initiation
calculated without the correction factor set (the 𝑝𝑤 value at which 𝜎𝜃𝐿 = −𝑇), yielding
minimum values at the corresponding non-PPA point for each play; 𝜃 = 0° for the Barnett
and 𝜃 = 90° for the Marcellus. The four red points added on Figure 6.12, indicate the
numerically corrected values at the two extreme perforation directions, for which
correction factors were calculated (Tables 6.4a and 6.5a). Although not overlapping the
line, the relative trend is preserved with the non-PPA direction resulting in the lowest 𝑝𝑖
for longitudinal fracture initiation.
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Figure 6.12. Diagram showing two types of fracture stress; the 𝑝𝑖 for longitudinal fracture
initiation and the 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 for transverse fracture initiation. In both cases
presented (the Barnett and Marcellus Shale plays), the 𝑝𝑖 for longitudinal
fracture initiation is minimized for perforations in the non-PPA, while the
𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 for transverse fracture initiation is maximized for perforations in the
PPA direction.

Due to the non-corrected version of 𝜎𝜃𝑇 not containing 𝑝𝑤 terms, 𝑝𝑖 values for
transverse fracture initiation cannot be calculated. The blue points added on Figure 6.12
indicate the 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 (the smallest 𝑝𝑤 value at which either 𝜎𝜃𝑇 = −𝑇 or 𝜎𝜃𝑇 = 𝜎𝜃𝐿 ) in
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regards to transverse fracture initiation for the two extreme perforation directions for which
correction factors were calculated (Tables 6.4a and 6.5a). For each shale play, 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 is
maximized along the PPA direction, suggesting that perforations oriented in this direction
(𝜃 = 90° for the Barnett and 𝜃 = 0° for the Marcellus) enhance the likelihood of achieving
transverse fracture initiation. For practicality, all 𝑝𝑖 and 𝑝𝑏,𝑢𝑝𝑝𝑒𝑟 values reported are
normalized by 𝑆𝑣 .

6.5

DISCUSSION

6.5.1 Leakage of Fracturing Fluid around the Wellbore
For situations where fracturing fluid may leak around the cross-section of a
wellbore (Alabbad, 2014; Barree and Miskimins, 2015; Michael, 2016b) generating
possibilities of fracture initiation from all around the wellbore, the presence of the
perforation must be “ignored” and the problem’s geometry is simplified to the extent at
which a fully-analytical solution can be defined. If the perforation is ignored, 𝜎𝑦𝑦 |𝑝 and
𝑤

𝜎𝜃𝜃 |𝑝𝑤 will determine the orientation of fracture initiation substituting 𝜎𝜃𝑇 |𝑝𝑤 and 𝜎𝜃𝐿 |𝑝𝑤
respectively, as the transverse and longitudinal-inducing fracturing stresses (Figures 6.13a
and 6.13b). This “reduces” the problem to that of drilling-induced tensile fractures (DITFs)
for linearly elastic rock model (Nelson et al., 2005) and 𝑝𝑖 can be given only for
longitudinal fracture initiation, as

𝑝𝑖 |𝜃 = 𝑚𝑖𝑛[𝑆𝑣 + 𝑆𝐻𝑚𝑎𝑥 − 2(𝑆𝐻𝑚𝑎𝑥 − 𝑆𝑣 ) cos 2𝜃 − 𝑝𝑝 + 𝑇]

207

(6.10)

Using the Marcellus Shale as an example, 𝜎𝑦𝑦 |𝑝 > 0, both the 𝑝𝑏 window and
𝑤

𝑇𝑐𝑟𝑖𝑡 constraints for transverse fracture initiation vanish, suggesting that transverse fracture
initiation is impossible for oriented perforating either along 𝑆𝑣 (Figure 6.13a) or along
𝑆𝐻𝑚𝑎𝑥 (Figure 6.13b). Also, the intersection point of 𝜎𝜃𝜃 and 𝜎𝑦𝑦 represents a compressive
(positive) stress. This leads to longitudinal fracture initiation taking place at 𝑝𝑤 /𝑆𝑣 = 1.45
(Figure 6.13a) and 𝑝𝑤 /𝑆𝑣 = 1.64 (Figure 6.13b) for wells perforated along 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 ,
respectively This translates to a 190% (Figure 6.13a) and 228% (Figure 6.13b) increase
compared to 𝑝𝑖 expected with no fracturing fluid leaks around the well (Figure 6.7).

Figure 6.13. Comparison between the longitudinal fracture-inducing 𝜎𝜃𝜃 and the
transverse fracture-inducing 𝜎𝑦𝑦 (dash-dotted lines) and 𝜎𝜃𝐿 and 𝜎𝜃𝑇 for (a)
perforations parallel to 𝑆𝑣 (PPA) and (b) perforations parallel to 𝑆𝐻𝑚𝑎𝑥 (nonPPA), for the Marcellus Shale. During fracturing fluid leakage, both the 𝑝𝑏
window and 𝑇𝑐𝑟𝑖𝑡 for vanish making transverse fracture initiation for the
Marcellus Shale impossible.
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For the Barnett Shale, the fracturing fluid leakage analysis is presented on Figure 6.14a
and b. Similar to Figures 6.11a and 6.11b, fracturing fluid leakage around wellbores
perforated along 𝑆𝑣 (Figure 6.14a), makes the 𝑝𝑏 window to vanish, making transverse
fracture initiation impossible during leakage.

Figure 6.14. Comparison between the longitudinal fracture-inducing 𝜎𝜃𝜃 and the
transverse fracture-inducing 𝜎𝑦𝑦 (dash-dotted lines) and 𝜎𝜃𝐿 and 𝜎𝜃𝑇 for (a)
perforations parallel to 𝑆𝑣 (PPA) and (b) perforations parallel to 𝑆𝐻𝑚𝑎𝑥 (nonPPA), for the Barnett Shale. During fracturing fluid leakage, both the 𝑝𝑏
window and 𝑇𝑐𝑟𝑖𝑡 for vanish for (a) making transverse fracture initiation
impossible, while for (b) both the 𝑝𝑏 window and 𝑇𝑐𝑟𝑖𝑡 decrease, making
transverse fracture initiation harder to achieve.
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Longitudinal fracture initiation takes place at 𝑝𝑖 = 1.97𝑆𝑣 (Figure 6.14a), a 294% increase
from the 𝑝𝑖 of the no fracturing fluid leakage scenario (Figure 6.7). Nevertheless, for
perforations along 𝑆𝐻𝑚𝑎𝑥 (PPA for the Barnett Shale) the 𝑝𝑏 window does not vanish, yet
still shrinks by 12% (Figure 6.14b) compared to the 𝑝𝑏 window when no fracturing fluid
leakage occurs (Figure 6.7).

6.5.2 Rock Anisotropies and Natural Fractures
Stress and elastic properties anisotropy will strongly impact fracture propagation.
Fracture initiation, which is the focus of this study, the stress and elastic property values to
the analytical expressions (Eqs. 6.9a and 6.9b) must hold true for the fracture initiation
location, assumed to be the perforation base. Rock formations such as shale tend to exhibit
vertical transverse isotropy (VTI) with 𝐸 parallel to the bedding layers often much higher
than perpendicular to the bedding (Waters et al., 2011; Sone and Zoback, 2013). Studies
(Karpfinger et al., 2011; Zhu et al., 2014; Sesetty, and Ghassemi, 2018) showed that VTI
in 𝐸 and 𝜈 influences the magnitudes of 𝜎𝜃𝜃 and 𝜎𝑦𝑦 on the wellbore radius impacting
DITF initiation in VTI formations. Consequently, 𝜎𝜃𝜃𝑝 on the perforation base will be
influenced (and hence the magnitudes of 𝜎𝜃𝐿 and 𝜎𝜃𝑇 ), impacting fracture initiation from
perforated wells.
Interactions between induced hydraulic fractures with natural fractures were
examined in experimental and numerical studies (Lee et al., 2015). The presence of a
propagating hydraulic fracture may lead to either (i) crossing, (ii) divergence, or (iii) stepover, depending on various parameters such as the angle at which the fractures meet and
the minerals present in the natural fracture, for instance calcite. Nonetheless, this falls into
topics related to fracture propagation, beyond the scope of this study, which focuses on
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initiation. Concerning fracture initiation per se, a natural fracture will have an impact only
if it is located on the perforation base, the fracture initiation point. This is a rare, but
possible situation and numerical models can be used to predict the outcome of such a
unique occurrence.

6.6

CONCLUSIONS
The goal of this study is to develop a predictive model for 𝑝𝑖 prediction and the

orientation of fracture initiation from perforated wells. Numerically-developed correction
factors are presented for closed-form analytical expressions for 𝜎𝜃𝐿 |𝑝𝑤 and 𝜎𝜃𝑇 |𝑝𝑤 for
seven prolific shale gas plays. Based on the forgone analysis, the following conclusions
can be warranted:
•

An oriented perforating strategy can be effective for optimizing fracture treatments
by either promoting transverse fracture initiation, or suppressing 𝑝𝑖 and hence
treatment pressures.

•

Transverse fracture initiation is possible in the Marcellus and the Barnett Shales at
𝑝𝑖 lower than 4,615 and 4,754 psi respectively, and is best promoted by perforations
in the PPA direction (along 𝑆𝑣 for the Marcellus and along 𝑆𝐻𝑚𝑎𝑥 for the Barnett
Shale).

•

Only longitudinal fracture initiation is possible for the Bakken, Fayetteville,
Haynesville, and Niobrara Shales and 𝑝𝑖 is minimized for perforations in the 𝑆𝑣
direction (non-PPA for normal faulting stress states). Similarly, even though
transverse fracture initiation is impossible from the Vaca Muerta Shale, however 𝑝𝑖
is minimized when perforations are in the 𝑆𝐻𝑚𝑎𝑥 (non-PPA for strike-slip faulting
stress states). The predicted 𝑝𝑖 for the Bakken, Fayetteville, and the Vaca Muerta
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Shales are respectively, 6,689, 3,643, and 6,711 psi. The 𝑝𝑖 values for the
Hayneville and Niobrara Shales are estimated to be higher than 10,200 and 3,283
psi, respectively.
•

Leakage of fracturing fluid around the wellbore, hinders transverse fracture
initiation and can significantly increase 𝑝𝑖 . For the Marcellus Shale, fracturing fluid
leakage is shown to shrink the 𝑝𝑏 window for transverse fracture initiation by 12%
and in other cases yield longitudinal fracture initiation at 𝑝𝑖 190-294% higher than
without any leakages around the wellbore. These effects can compensate multistage fracture treatments leading to short-term completion and long-term
production problems.

•

Anisotropies in the rock formation and presence of natural fractures should be put
into consideration, especially if fracture initiation of an unexpected orientation is
observed.
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Chapter 7. Loss of Well Control Fracturing Prevention via Selecting the
Appropriate Capping Stack Shut-In Strategy
Following uncontrolled discharge during loss of well control events, fracture
initiation occurring during the post-blowout capping stage can lead to reservoir fluids
broaching to the seafloor. A classic example is Union Oil’s 1969 oil spill in Santa Barbara
Channel, where fracture initiation at various locations caused thousands of gallons per hour
to broach onto the ocean floor over a month before it could be controlled (Mullineaux,
1970; Easton, 1972). Disasters such as these could be prevented if the effects of the postblowout loss of well control stages (uncontrolled discharge and capping) are incorporated
into the shut-in procedures and the wellbore architectures are modified accordingly.
In this study, analytical models are used to simulate the loads on the wellbore during
the different stages of loss of control. Capping pressure build-up during the shut-in is
modeled to indicate fracture initiation points during the capping stage. Using these models,
the critical capping pressure for a well is determined and subsequent critical discharge
flowrates are calculated. Fracture initiation would occur if the actual discharge flowrate is
below the calculated critical discharge flowrate. A hypothetical case study using typical
deepwater Gulf of Mexico (GoM) parameters is performed demonstrating the likelihood
of fracture initiation during different discharge flowrates, discharge periods and capping
stack shut-in methods (single-step/“abrupt” or multi-step/“incremental”). An abrupt shutin for this case study leads to fracture initiation at about 8 hours after shut-in, while a 5step incremental shut-in is shown to prevent any fracture initiation during the 48 hours after
the beginning of the shut-in. Reservoir depletion through longer discharge periods or higher

Parts of this Chapter were presented in the following conference: Michael, A., and Gupta, I. (2020). Fracture
Prevention Following Offshore Well Blowouts: Selecting the Appropriate Capping Stack Shut-In Strategy.
Society of Petroleum Engineers. SPE Drilling & Completion, SPE-199673-PA
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discharge flowrates, despite the adverse environmental effect, can delay or even prevent
fracture initiations during post-blowout capping.
The ability to model these fracture failures enhances the understanding of wellbore
integrity problems induced during loss of control situations and helps create workflows for
predicting possible broaching scenarios during the post-blowout capping stage.
Dimensionless plots are used to present fracture initiation for different cases – this is useful
for drilling and wellbore integrity engineers for making contingency plans for dealing with
loss of well control situations.

7.1

INTRODUCTION
Broaching resulting from an underground blowout after loss of well control can

lead to rig loss and an environmental catastrophe, placing a huge financial burden on the
operator (Mullineaux, 1970; Easton, 1972). When targeting highly pressured formations as
in the deepwater GoM, wellbore architecture must be made with considerations of the
wellbore pressure variations during the two stages of loss of control (post-blowout
discharge and capping).
Worst case discharge (WCD) is defined by BOEMRE as the maximum daily
flowrate from an offshore well undergoing uncontrolled discharge (SPE Technical Report,
2015). During post-blowout discharge, the wellbore pressure drop may cause casing
collapse at various locations along the casedhole section, exposing the formations to the
fluid inside the wellbore (Michael and Gupta, 2018; 2019b; 2019c). As a result, the
wellbore pressure build-up in the subsequent capping stage may exceed the pressure
necessary to initiate a fracture either directly below the casing shoe or at any point along
the casedhole section where casing failure had previously occurred during discharge (Zaki
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et al., 2015). Wellbore pressure build-up during post-blowout capping can induce fracture
initiation when the pressure inside the wellbore surpasses the fracture initiation pressures
at a point where the rock surrounding rock formation is exposed to the fluid inside the
wellbore, such as the openhole section underneath the casing shoe. If casing failure has
previously taken place, then these casing failure location(s) replace the casing shoe as the
location most vulnerable to fracture initiation in our analysis (in regards to its depth). The
variation of pressure build-up with time during capping is translated to variation in the
wellbore stresses with time. The tensile failure criterion is used to determine whether
fracture initiation will take place or not considering the variation of the wellbore stresses
on the borehole wall. Propagation of those fractures upwards towards the seafloor can
provide a pathway for reservoir fluid broaching leading to an ecological disaster.
This study investigates tensile “Mode I” fracture initiation (Irwin, 1957) from
possible locations on the wellbore radius following extreme loss of well control events,
such as WCD. Mode I are tensile fractures “open” by doing work against the least
compressive strength acting on the location of fracture initiation. A critical capping stack
pressure and a corresponding critical discharge flowrate, below which fracture initiation
would occur, during capping, can be calculated analytically for single-step/“abrupt” and
multi-step/“incremental” capping stack shut-in procedures. These critical discharge
flowrates can complement the law-mandated WCD calculations for offshore wells, aiding
the development of protocols for effective well shut-in after a blowout. Intermediate casing
type and casing shoe depth decisions should be made reflecting such extreme scenarios.
Failures along the casing/cement, or cement sheath-rock formation interfaces are not
examined. Thus for this study, the cased section of the well is assumed to be perfectly
cemented without any microannuli present at the casing-cement sheath and cement sheathrock formation interfaces.
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7.2

THEORETICAL BACKGROUND

7.2.1 Stress State on the Wellbore Radius
Kirsch (1898) derived analytical solutions for the stress concentrations on a uniform
plate, with a circular hole under uniform tension in a linearly elastic medium. Hubbert and
Willis (1957) modified the Kirsch (1898) solutions to incorporate biaxial stress loading
and fluid pressure inside the hole. Haimson and Fairhurst (1967) further modified Hubbert
and Willis (1957) expressions for porous-permeable (poroelastic) media incorporating
fluid infiltration (Eqs. 7.1 through 7.3). For a vertical well drilled parallel to the z-axis,
parallel to the overburden principal stress 𝑆𝑣 and perpendicular to the maximum and
minimum horizontal principal stresses (𝑆𝐻𝑚𝑎𝑥 and 𝑆ℎ𝑚𝑖𝑛 , respectively) in a homogeneous,
isotropic rock, the stresses on the wellbore radius (𝑟 = 𝑟𝑤 ), are analytically defined by

𝜎𝑧𝑧 |𝑟=𝑟𝑤 = 𝑆𝑣 − 2𝜈(𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 ) cos 2𝜃 + 𝛼𝐵
1

1

2

2

1 − 2𝜈
(𝑝 − 𝑝𝑝 ) − 𝑝𝑤
1−𝜈 𝑤

𝜎𝜃𝜃 |𝑟=𝑟𝑤 = (𝑆𝑣 + 𝑆𝐻𝑚𝑎𝑥 ) − (𝑆𝑣 + 𝑆𝐻𝑚𝑎𝑥 ) cos 2𝜃 + 𝛼𝐵

1 − 2𝜈
(𝑝 − 𝑝𝑝 )
1−𝜈 𝑤

(7.1)

(7.2)

− 2𝑝𝑤

𝜎𝑟𝑟 |𝑟=𝑟𝑤 = 𝛼𝐵

1 − 2𝜈
(𝑝 − 𝑝𝑝 )
1−𝜈 𝑤

(7.3)

where, 𝜃 is the positive clockwise angle taken from 𝑆𝐻𝑚𝑎𝑥 , 𝑝𝑤 the wellbore pressure, 𝑝𝑝
the formation pore pressure, 𝜈 the rock Poisson’s ratio, 𝛼𝐵 the Biot’s poroelastic
coefficient, 𝜎𝑧𝑧 is the axial stress, 𝜎𝜃𝜃 is the tangential stress, which is also known as the
“hoop” or circumferential stress, and 𝜎𝑟𝑟 is the radial stress. Compressive stresses are
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indicated by positive values, consistent with the convention used in the petroleum
geomechanics literature. Eqs. 7.1 through 7.3 are applicable to unrestricted flow from the
rock formation into the well, which would be appropriate for blowouts, with the pressure
on the wellbore radius (𝑟 = 𝑟𝑤 ) equal to 𝑝𝑤 rather than the undisturbed 𝑝𝑝 beyond the
borehole influence (𝑟 = ∞). Figure 7.1 shows the configuration of 𝜎𝑧𝑧 , 𝜎𝜃𝜃 , and 𝜎𝑟𝑟 on the
wellbore radius of the openhole section of a vertical well.

Figure 7.1. Normal cylindrical (𝜎𝑧𝑧 , 𝜎𝜃𝜃 , and 𝜎𝑟𝑟 ) stresses on the wellbore radius, 𝑟 = 𝑟𝑤
in the openhole section. As 𝑟 increases the far-field in-situ stresses (𝑆𝑣 ,
𝑆𝐻𝑚𝑎𝑥 , and 𝑆ℎ𝑚𝑖𝑛 ) become more dominant.
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7.2.2 Stresses Inside the Casing Wall
Although commonly known as the “Lamé solutions,” the analytical expressions for
elastic stresses inside a thick-walled circular cylinder under internal and external pressures
(which can apply to strings of steel casing), was presented in a joint study by Lamé and
Clapeyron (1831). Similar to Kirsch (1898), three normal stresses in cylindrical coordinates
(Eqs. 7.4 through 7.6) are used to characterize the stress state inside the casing walls
𝑝𝑤 𝑅𝑖2 − 𝑝𝑝 𝑅𝑜2
𝑅𝑖2 − 𝑅𝑜2

(7.4)

𝑝𝑤 𝑅𝑖2 − 𝑝𝑝 𝑅𝑜2 𝑅𝑜2 𝑅𝑖2 (𝑝𝑤 − 𝑝𝑝 )
+ 2 2
𝑅𝑖2 − 𝑅𝑜2
𝑟 (𝑅𝑖 − 𝑅𝑜2 )

(7.5)

𝑝𝑤 𝑅𝑖2 − 𝑝𝑝 𝑅𝑜2 𝑅𝑜2 𝑅𝑖2 (𝑝𝑤 − 𝑝𝑝 )
=
− 2 2
𝑅𝑖2 − 𝑅𝑜2
𝑟 (𝑅𝑖 − 𝑅𝑜2 )

(7.6)

𝜎𝑧𝑧,𝑐𝑠𝑔 =

𝜎𝜃𝜃,𝑐𝑠𝑔 =

𝜎𝑟𝑟,𝑐𝑠𝑔

where, 𝑅𝑖 and 𝑅𝑜 are the inner and outer radii of the casing wall, respectively with 𝑅𝑖 ≤
𝑟 ≤ 𝑅𝑜 . The axial, tangential and radial stresses in the casing wall are indicated by 𝜎𝑧𝑧,𝑐𝑠𝑔 ,
𝜎𝜃𝜃,𝑐𝑠𝑔 , and 𝜎𝑟𝑟,𝑐𝑠𝑔 , respectively (Figure 7.2).
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Figure 7.2. Normal stresses configuration inside a “thick-walled” cylindrical casing.

7.3

LOSS OF WELL CONTROL
Post-blowout loss of well control is a two-stage process, consisting of (i) the

discharge stage where casing failure may take place, and (ii) the capping stage, where
fracture initiation may take place.

7.3.1 The Post-Blowout Discharge Stage: Casing Failure Potential
In the immediate aftermath of a blowout, 𝑝𝑤 drops dramatically, as reservoir fluids
gush through the wellbore to the seafloor (or the surface in the case of onshore wells). This
subjects the casing string already in place to tremendous stress loads, which may trigger
failure. The two loads acting on the casing during discharge are collapse and compressive.
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The von Mises (1913) criterion of maximum energy distortion, which is used to
assess the integrity of “thick-walled cylinders” over a range of conditions, is applied to
cylindrical steel casing at a variable 𝑝𝑤 . In its simple form, under plane strain assumption,
radial stresses are neglected and the criterion can be presented on a 2D plot (Figure 7.3).
The tangential stress inside the casing wall, 𝜎𝜃𝜃,𝑐𝑠𝑔 is plotted on the vertical axis, with the
axial stress inside the casing wall, 𝜎𝑧𝑧,𝑐𝑠𝑔 , plotted on the horizontal axis. Both axes
variables are normalized by the yield stress of the casing, 𝜎𝑦𝑖𝑒𝑙𝑑 . According to the von
Mises (1913) theory, the two stresses in the casing wall (𝜎𝜃𝜃,𝑐𝑠𝑔 and 𝜎𝑧𝑧,𝑐𝑠𝑔 ) can be lumped
into one term 𝜎𝑒 , or the “von Mises stress equivalent” as defined by
2

𝜎𝑒 = ±√(𝜎𝜃𝜃,𝑐𝑠𝑔 ) − 𝜎𝜃𝜃,𝑐𝑠𝑔 𝜎𝑧𝑧,𝑐𝑠𝑔 + (𝜎𝑧𝑧,𝑐𝑠𝑔 )

2

(7.7)

which results in an ellipse as shown on Figure 7.3.
Points outside the ellipsoid (𝜎𝑒 > 𝜎𝑦𝑖𝑒𝑙𝑑 ) indicate casing failure; burst versus
collapse from the vertical axis and tension versus compression on the horizontal axis.
During the discharge stage following a blowout, tangential collapse and compressive axial
stress loads suggest conditions relevant to the lower left quadrant of Figure 7.3 (green and
yellow regions). The yellow region in Figure 7.3 indicates the stress states at which casing
failure will take place.
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Figure 7.3. The von Mises failure criterion applied to casing failure. During the postblowout discharge stage, collapse and compression loads are acting on the
casing wall, suggesting locations in the lower left quadrant of the von Mises
ellipse (green and yellow regions). As long as the conditions remain within
the green region, no casing failure will take place. Points outside the ellipse
(yellow region) indicate casing failure.

7.3.2 The Post-Blowout Capping Stage: Potential for Fracture Initiation
Once control of the discharging well is regained and flow stops, the shut-in
wellbore pressure, 𝑝𝑤𝑠 builds up. At any point, 𝑝𝑤𝑠 may exceed the pressure needed for
tensile (Mode I) fracture failure, either (i) directly below the casing shoe, or (ii) any point
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on the casing string where casing collapse has occurred previously during the discharge
stage.
There are two methods of sealing off a well via installing of a capping stack on top
of the blowout preventer (BOP) of a well which is undergoing a WCD event. The fastest
method is the “abrupt” shut-in, where the flow from the well is sharply stopped. The second
method is the “incremental” shut-in, which is gentler compared to abrupt shut-in
procedures, where the well discharge flow is gradually stopped over a predetermined time
period/schedule involving a specific number of steps.
The orientation of the resulting fracture initiation is paramount to our modeling
approach and can be either longitudinal or transverse concerning the wellbore (Figure 7.4).
Longitudinal fractures initiate axially to the wellbore and are the most common, primarily
due to stress reorientation (Kirsch, 1898) in the near-wellbore region (Daneshy, 1973;
Michael and Gupta, 2019a; 2019d; 2019e; Michael, 2019a). Transverse fractures initiate
orthogonal to the wellbore and are likely to initiate from shallow depths with low
overburden stress.

222

Figure 7.4. Longitudinal versus transverse fracturing during the post-blowout capping
stage. Longitudinal fracture initiation takes place when 𝜎𝜃𝜃 |𝑟=𝑟𝑤 < −𝑇,
whereas transverse fracture initiation occurs when 𝜎𝑧𝑧 |𝑟=𝑟𝑤 < −𝑇.

7.4

ANALYTICAL APPROACH
A series of assumptions can be applied to simplify the problem to the point where

closed-form analytical solutions can be derived, linking discharge flowrate to fracture
initiation during post-blowout capping. Through this relationship, a critical discharge
flowrate, 𝑞𝑐𝑟𝑖𝑡 can be computed as a function of the discharge period, below which either
a longitudinal or transverse fracture will initiate.
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7.4.1 Fracture Initiation Pressure
The orientation criteria for fractures initiated during post-blowout capping are the
same as the orientation criteria for drilling-induced tensile fractures (Nelson et al., 2005;
Michael and Gupta, 2019a; 2019b; 2019c). Longitudinal fracture initiation occurs if 𝜎𝜃𝜃 is
less than the tensile strength of the rock, −𝑇 while transverse fracture initiation takes place
if 𝜎𝑧𝑧 is less than −𝑇. Following Haimson and Fairhurst (1967), an expression for the
longitudinal fracture initiation pressure, 𝑝𝑓𝑟𝑎𝑐,𝐿 for vertical wells is derived (Weijers, 1995)
by rearranging Eq. 7.2 for 𝑝𝑤 at 𝜎𝜃𝜃 |𝑟=𝑟𝑤 < −𝑇 which yields

𝑝𝑓𝑟𝑎𝑐,𝐿 |

∆𝑡

=

1 − 2𝜈
3𝑆ℎ𝑚𝑖𝑛 − 𝑆𝐻𝑚𝑎𝑥 − ( 1 − 𝜈 ) 𝛼𝐵 𝑝𝑝 |𝑟=𝑟

𝑤 ,∆𝑡

+𝑇
(7.8)

1 − 2𝜈
2 − ( 1 − 𝜈 ) 𝛼𝐵

Similarly, an expression for the transverse fracture initiation pressure, 𝑝𝑓𝑟𝑎𝑐,𝑇 can be
derived by rearranging Eq. 7.1 for 𝑝𝑤 such that 𝜎𝑧𝑧 |𝑟=𝑟𝑤 < −𝑇 and,

𝑝𝑓𝑟𝑎𝑐,𝑇 |

∆𝑡

=

1 − 2𝜈
𝑆𝑣 − 2𝜈(𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 ) − ( 1 − 𝜈 ) 𝛼𝐵 𝑝𝑝 |𝑟=𝑟

𝑤 ,∆𝑡

1 − 2𝜈
1 − ( 1 − 𝜈 ) 𝛼𝐵

+𝑇
(7.9)

7.4.2 Abrupt Capping Stack Shut-In Modeling
The Horner (1951) relationship (Eq. 7.10) used to analytically model the pressure
build-up, 𝑝𝑤𝑠 , during an abrupt shut-in for a reservoir at average initial (pore) pressure 𝑝𝑖𝑛𝑖
is
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𝑝𝑤𝑠 |∆𝑡 = 𝑝𝑖𝑛𝑖 −

𝑡𝑝 + ∆𝑡
162.6𝑞𝜇𝑜 𝐵𝑜
log (
)
𝑘ℎ
∆𝑡

(7.10)

where, 𝑞 and 𝑡𝑝 are the respectively the discharge flowrate in stock tank barrels per day
(positive value in STB/day) and the discharge period in days prior to the shut-in, ∆𝑡 is the
time elapsed, also in days since the shut-in, 𝑘 is the reservoir permeability in mD, ℎ is the
net pay thickness of the exposed zone in ft, and 𝜇𝑜 and 𝐵𝑜 are the oil viscosity in cp and
formation volume factor in reservoir barrels per stock tank barrels (RB/STB), respectively.
Fracture initiation takes place if 𝑝𝑤𝑠 exceeds the smallest of either 𝑝𝑓𝑟𝑎𝑐,𝐿 or 𝑝𝑓𝑟𝑎𝑐,𝑇 at a
certain time ∆𝑡 > 0 following the capping stack shut-in. Thus, setting 𝑝𝑤𝑠 |∆𝑡 >
𝑚𝑖𝑛 {𝑝𝑓𝑟𝑎𝑐,𝐿 | , 𝑝𝑓𝑟𝑎𝑐,𝑇 | } in Eq. 7.10 and solving for the discharge flowrate, 𝑞 =
∆𝑡

∆𝑡

𝑞𝑐𝑟𝑖𝑡 | ∆𝑡 , such

𝑞𝑐𝑟𝑖𝑡 | ∆𝑡 =

𝑘ℎ(𝑚𝑖𝑛 {𝑝𝑓𝑟𝑎𝑐,𝐿 | , 𝑝𝑓𝑟𝑎𝑐,𝑇 | } − 𝑝𝑖𝑛𝑖 )
∆𝑡

∆𝑡

𝑡𝑝 + ∆𝑡
162.6𝜇𝑜 𝐵𝑜 log ( ∆𝑡 )

(7.11)

It has to be noted that 𝑞𝑐𝑟𝑖𝑡 depends on ∆𝑡. If 𝑞 < 𝑞𝑐𝑟𝑖𝑡 | ∆𝑡 fracture initiation is predicted
to take place during capping if an abrupt shut-in is employed at a time before ∆𝑡 and after
𝑡𝑝 . Higher 𝑡𝑝 or ∆𝑡 values lead to lower 𝑞𝑐𝑟𝑖𝑡 values (Eq. 7.11) making fracture initiation
during abrupt shut-in less likely.

7.4.3 Incremental Shut-In Modeling
If a flowing well is shut over a time period, the flowrate is reduced gradually to
zero following a predetermined schedule. In the simplest case, the flowrate is reduced
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linearly by a constant proportion in every step increment. Eq. 7.12 can be used to determine
the flowrate in every step interval, 𝑞𝑖 (STB/day) for a total of 𝑁 steps
𝑖
𝑞𝑖 = 𝑞 (1 − )
𝑁

(7.12)

for 𝑖 = 1, 2, 3 … 𝑁. As demonstrated in Matthews and Russell (1967), for multiple flowrate
testing, the pressure variation in the wellbore with respect to time (build-up for drawdown
tests) is expressed by
𝑁

𝑝𝑤𝑠 |∆𝑡

162.6𝜇𝑜 𝐵𝑜
= 𝑝𝑖𝑛𝑖 −
∑(𝑞𝑖 − 𝑞𝑖−1 ) log(∆𝑡 − ∆𝑡𝑖−1 )
𝑘ℎ

(7.13)

𝑖=1

where, 𝑞 = 𝑞𝑖 @ ∆𝑡𝑖−1 ≤ ∆𝑡 ≤ ∆𝑡𝑖 with ∆𝑡 = 0, being the beginning of the incremental
shut-in (i.e. the first step) and “𝑞0 ” de facto being the post-blowout discharge flowrate 𝑞,
which for this problem is assumed to be constant. All time parameters must be in hours
contrary to Horner’s (1951) expression (Eq. 7.10) for an abrupt shut-in, where consistent
time units make the “Horner time” term, (

𝑡𝑝 +∆𝑡
∆𝑡

), dimensionless. Similar to an abrupt shut-

in, 𝑡𝑝 when applied to an incremental shut-in, refers to the discharge period prior to the
first shut-in step. Therefore, Eq. 7.13 can be modified to
𝑁

𝑝𝑤𝑠 |∆𝑡

162.6𝜇𝑜 𝐵𝑜
= 𝑝𝑖𝑛𝑖 −
[𝑞 log(∆𝑡 + 𝑡𝑝 ) + ∑(𝑞𝑖 − 𝑞𝑖−1 ) log(∆𝑡 − ∆𝑡𝑖−1 )]
𝑘ℎ
𝑖=2

Eq. 7.14 can be divided into 𝑁 segments during which the flowrate is constant
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(7.14)

𝑝𝑤𝑠 |∆𝑡 = 𝑝𝑖𝑛𝑖 −

162.6𝜇𝑜 𝐵𝑜
[𝑞 log(∆𝑡 + 𝑡𝑝 ) + (𝑞2 − 𝑞1 ) log(∆𝑡 − ∆𝑡1 )
𝑘ℎ
(7.15)

+ (𝑞3 − 𝑞2 ) log(∆𝑡 − ∆𝑡2 )
+ ⋯ (𝑞𝑁 − 𝑞𝑁−1 ) log(∆𝑡 − ∆𝑡𝑁−1 )]

Substituting Eq. 7.12 into Eq. 7.15 for a constant flowrate decrease per shut-in step, makes
𝑞

(𝑞𝑖 − 𝑞𝑖−1 ) = , which can be used to give an expression for 𝑝𝑤𝑠 |𝑡 in terms of 𝑞 only
𝑁
162.6𝑞𝜇𝑜 𝐵𝑜
log(∆𝑡 − ∆𝑡1 )
[log(∆𝑡 + 𝑡𝑝 ) +
𝑘ℎ
𝑁
)
log(∆𝑡 − ∆𝑡2
log(∆𝑡 − ∆𝑡𝑁−1 )
+
+⋯
]
𝑁
𝑁

𝑝𝑤𝑠 |∆𝑡 = 𝑝𝑖𝑛𝑖 −

(7.16)

where, N is dimensionless so it does not affect the relationship (Eq. 7.16) dimensionally in
any

way.

Rearranging

Eq.

7.16

to

solve

for

𝑞 = 𝑞𝑐𝑟𝑖𝑡 | ∆𝑡 @ 𝑝𝑤𝑠 |∆𝑡 =

𝑚𝑖𝑛 {𝑝𝑓𝑟𝑎𝑐,𝐿 | , 𝑝𝑓𝑟𝑎𝑐,𝑇 | }, which represents the limit of fracture initiation, yields
∆𝑡

𝑞𝑐𝑟𝑖𝑡 | ∆𝑡 =

∆𝑡

𝑁𝑘ℎ (𝑝𝑖𝑛𝑖 − 𝑚𝑖𝑛 {𝑝𝑓𝑟𝑎𝑐,𝐿 | , 𝑝𝑓𝑟𝑎𝑐,𝑇 | })
162.6𝜇𝑜 𝐵𝑜 [𝑁 log(∆𝑡 + 𝑡𝑝 ) +

∆𝑡
∆𝑡
𝑁
∑𝑖=1 log(∆𝑡 −

∆𝑡𝑖−1 )]

(7.17)

Eq. 7.17 shows that 𝑁 can have either a positive or negative impact on 𝑞𝑐𝑟𝑖𝑡 depending on
how the magnitude of the fracture initiation pressure compares to 𝑝𝑖𝑛𝑖 . Therefore, on a
case-by-case basis an optimal well shut-in schedule requires that 𝑞 < 𝑞𝑐𝑟𝑖𝑡 ensuring no
fracturing. As for an abrupt shut-in, longer discharge periods yield smaller 𝑞𝑐𝑟𝑖𝑡 values.
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7.5

RESULTS

7.5.1 Hypothetical Case Study: Deepwater GoM
A representative scenario (modified from Willson, 2012) is considered for
demonstrating the concept of 𝑞𝑐𝑟𝑖𝑡 and the influence of various parameters on its
magnitude. Tables 7.1 and 7.2 summarize the reservoir, petrophysical and geomechanical
properties. The mudline is at 5,100 ft under the rotary table, which is 100 ft above the
average sea level. A 95/8 in casing is set at 17,200 ft TVD from the rotary table and a 51/2
in drillpipe is present in the borehole at the start of the blowout (i.e., the well is drilling
ahead). The well is drilled with a 14.3 ppg drilling mud. Per Willson’s (2012) analyses, in
the event of a kick leading to a blowout, the well is expected to reach 155,040 STB/day
flowrates at a bottomhole flowing pressure, 𝑝𝑤𝑓 of 7,072 psi.

Table 7.1.

Input reservoir properties.
Parameter

Symbol

Value

Average reservoir depth

𝑑𝑟𝑒𝑠

18,135 ft

Casing shoe depth

𝑑𝑐𝑠𝑔

17,200 ft

Initial reservoir pressure

𝑝𝑖𝑛𝑖

12,247 psi

Permeability

𝑘

400 mD

Net pay thickness

ℎ

250 ft

Oil viscosity

𝜇𝑜

1.09 cp

Oil formation volume factor

𝐵𝑜

1.1 RB/STB

Oil specific gravity

𝛾𝑜

0.75

Productivity index

𝐽

30 STB/day/psi
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Table 7.2.

Input geomechanical/petrophysical properties.
Parameter

Symbol

Value

Overburden stress (from seafloor)

𝑆𝑣

0.82 psi/ft

Maximum horizontal stress

𝑆𝐻𝑚𝑎𝑥

0.95𝑆𝑣

Minimum horizontal stress

𝑆ℎ𝑚𝑖𝑛

0.87𝑆𝑣

Poisson’s ratio

𝜈

0.25

Biot’s poroelastic coefficient

𝛼𝐵

0.8

Tensile strength

𝑇

~0 psi

The zone of interest is under normal faulting stress regime (𝑆𝑣 > 𝑆𝐻𝑚𝑎𝑥 > 𝑆ℎ𝑚𝑖𝑛 ).
Figure 7.5a shows the overburden, 𝑆𝑣 , and shale/sand 𝑝𝑝 profiles. This data, which was
taken from Willson (2012) is used to calculate the corresponding longitudinal and
transverse fracture initiation gradients versus depth (Figure 7.5b) using Eqs. 7.8 and 7.9.
The magnitude of 𝑝𝑝 |𝑟=𝑟 is given by the purple line on Figure 7.5a (shale 𝑝𝑝 ). This
𝑤

procedure leads to underestimation of the fracture gradients (𝑝𝑓𝑟𝑎𝑐,𝐿 and 𝑝𝑓𝑟𝑎𝑐,𝑇 ) in postblowout capping considerations, because 𝑝𝑝 |𝑟=𝑟 increases with the pressure build-up
𝑤

inside the wellbore. Hence, evaluation of the wellbore stresses at the wellbore radius during
the pressure build-up (shown later on Figures 7.7 and 7.9) is necessary for determining
whether fracture initiation will take place or otherwise, rather than comparing 𝑝𝑤𝑠 |∆𝑡
against fixed 𝑝𝑓𝑟𝑎𝑐,𝐿 and 𝑝𝑓𝑟𝑎𝑐,𝑇 values. For estimating the variation of 𝑝𝑓𝑟𝑎𝑐,𝐿 |
𝑝𝑓𝑟𝑎𝑐,𝑇 |

∆𝑡

using Eqs. 7.8 and 7.9 during capping procedures, 𝑝𝑝 |𝑟=𝑟

𝑤 ,∆𝑡

approximation.
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∆𝑡

and

≈ 𝑝𝑤𝑠 |∆𝑡 is a good

Figure 7.5. (a) Overburden, 𝑆𝑣 and shale/sand 𝑝𝑝 profiles. (b) Longitudinal (𝑝𝑓𝑟𝑎𝑐,𝐿 ) and
transverse (𝑝𝑓𝑟𝑎𝑐,𝑇 ) fracture initiation pressure gradient profiles calculated
using Eqs. 7.8 and 7.9. The quantities on the vertical axes are in 10,000 ft.

The inflow performance relationship (IPR) of the reservoir is shown on Figure 7.6a
and is used to estimate the bottomhole flowing pressure, 𝑝𝑤𝑓 analogous to the flowrate
coming from the wellbore. Figure 7.6b shows the expected wellbore discharge flowrate
against time since the blowout took place and the corresponding 𝑝𝑤𝑓 variation during the
same time period according to Willson (2012).
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Figure 7.6. (a) Inflow performance relationship (IPR) for the reservoir. (b) Predicted
flowrates and subsequent bottomhole flowing pressures after a post-kick
blowout (produced using the results of Willson, 2012).

Assuming perfect casing integrity during the preceding discharge period, the casing
shoe depth is the primary line of defense against fracture initiation scenarios leading to
broaching. An abrupt shut-in procedure is first considered. Figure 7.7a shows the pressure
build-up in the wellbore using Eq. 7.10, for three different scenarios:
i.

Base Case: discharge flowrate, 𝑞 = 155,040 STB/day and discharge period, 𝑡𝑝 = 1
day.

ii.

A 5-fold increase in 𝑡𝑝 compared to the Base Case, while 𝑞 is kept the same as the
Base Case.

iii.

A 5-fold decrease in 𝑞 compared to the Base Case, while 𝑡𝑝 is kept the same as the
Base Case.
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Figure 7.7. (a) Pressure build-up in the wellbore during the first 24 hours following an
abrupt shut-in. (b) Variation of 𝜎𝜃𝜃 and 𝜎𝑧𝑧 (Base Case) during the same timeperiod showing longitudinal fracture initiation about 8 hours after shut-in. (c)
A 5-fold decrease in the discharge flowrate yields an increase from 1.5% to
7.9% in 𝑝𝑤𝑠 compared to the Base Case, preventing any fracture initiation.
(d) A 5-fold increase in the discharge period leads to a lower 𝑝𝑤𝑠 value by
from 3.4% to 4.7% compared to the Base Case, which leads to a longitudinal
fracture initiation earlier, at about 2 hours after well shut-in.

The values of 𝜎𝜃𝜃 |∆𝑡 and 𝜎𝑧𝑧 |∆𝑡 induced during the capping stage (Figures 7.7b
through 7.7d) can be calculated using 𝑝𝑤𝑠 |∆𝑡 data from Figure 7.7a and Eqs. 7.1 and 7.2.
The variation in the magnitudes of 𝜎𝜃𝜃 |∆𝑡 and 𝜎𝑧𝑧 |∆𝑡 can be compared to (– 𝑇) to indicate
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longitudinal or transverse fracture initiation, respectively. Increasing 𝑡𝑝 5-fold to 5 days
leads to a decreased 𝑝𝑤𝑠 value from 3.4% to 4.7% during 24 hours after the abrupt shut-in
compared to the Base Case. Contrary, a 5-fold decrease in 𝑞 to 31,008 STB/day, yields an
increase in 𝑝𝑤𝑠 from 1.5% to 7.9% during 24 hours after the abrupt shut-in.
Using this procedure, the minimum capping pressures (at the stack, or anywhere
along the wellbore), which lead to fracture initiation can be calculated, and from there the
critical (maximum) discharge flowrate values corresponding to fracture initiation are hence
evaluated. These critical discharge flowrates can be compared with WCD estimations to
decide on appropriate shut-in strategies for capping the well undergoing uncontrolled flow.
An incremental shut-in procedure is considered next.
The discharge period before the start of the shut-in process is kept constant at 1 day.
The total time the shut-in takes for the flow to completely stop is set at 1 day also. Thus,
the interval period varies depending on the number of steps, 𝑁, but the flow from the well
measured in million stock tank barrels per day (MMSTB/day) ceases completely 24 hours
after the start of the beginning of the shut-in (Figure 7.8a). The first step, 𝑖 = 1 at ∆𝑡1 = 0
represents the flowrate, 𝑞1 = 124,032 STB/day, after the first shut-in step is completed
which is which is smaller than the post-blowout discharge flowrate, 𝑞 = 155,040 STB/day.
The flowrate after the second shut-in step (𝑖 = 2) is completed is 𝑞2 = 93,024 STB/day
and so on, such that 𝑞 > 𝑞1 > 𝑞2 … > 𝑞𝑁−1=4. The value of 𝑞𝑁 (for this case, 𝑞5 ) is always
equal to zero. Figure 7.8b shows the 𝑝𝑤𝑠 |∆𝑡 at the casing shoe depth for a 5-step incremental
shut-in.
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Figure 7.8. (a) Discharge flowrate versus time and (b) casing shoe pressure versus time
for a 5-step incremental capping stack shut-in procedure.

Similar to the abrupt shut-in case, higher discharge flowrates and longer discharge
periods suppress 𝑝𝑤𝑠 |∆𝑡 keeping 𝜎𝜃𝜃 |∆𝑡 and 𝜎𝑧𝑧 |∆𝑡 more compressive and decrease the
possibility of longitudinal or transverse (tensile) fracture initiation at any point inside the
wellbore. Figure 7.9 displays four incremental shut-in scenarios with a 5-step shut-in for
Base Case parameters preventing fracture initiation for the first 48 hours after the beginning
of the shut-in (24 hours after the well is fully shut-in) as shown on Figure 7.9a. A 5-fold
increase in the post-blowout discharge period to 5 days makes 𝜎𝜃𝜃 and 𝜎𝑧𝑧 more
compressive by 123% and 14%, respectively compared to the Base Case (Figure 7.9b).
This prevents fracture initiation at any point during the 48 hours after the beginning of the
shut-in (72 hours from the blowout). A 5-fold decrease in the discharge period to 31,008
STB/day, makes 𝜎𝜃𝜃 and 𝜎𝑧𝑧 more tensile relative to the values for the Base Case by 172%
and 19%, respectively (Figure 7.9c). This leads to an early longitudinal fracture initiation.
A 10-step incremental shut-in for Base Case parameters makes 𝜎𝜃𝜃 and 𝜎𝑧𝑧 more tensile
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than the corresponding values for Base Case parameters by 56% and 6.3%, respectively
(Figure 7.9d). As for an abrupt shut-in, longer discharge periods and higher discharge
flowrates suppress the possibility of fracturing during post-blowout capping (Figure 7.9bc), although unattractive due to the higher associated adverse environmental impact.
Although a 10-step incremental shut-in (Figure 7.9d) yields wellbore stresses more tensile
than what a 5-step shut-in (Figure 7.9a) does, both capping stack shut-in strategies prevent
fracturing during the 48 hours after the beginning of the shut-in.
Wellbore integrity engineers can use the estimates of WCD rates (SPE Technical
Report, 2015, Vasquez Cordoba, 2018) and compare them with 𝑞𝑐𝑟𝑖𝑡 calculations deciding
in advance on the optimal shut-in strategy for the possibility of a blowout considering all
relevant parameters. This will prevent the need for costly well integrity tests (Hickman et
al., 2012; McNutt et al., 2012; Michael and Gupta, 2019b) and quickly, safely, and
effectively cap the discharging well, mitigating any undergoing or possible environmental
disaster.
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Figure 7.9. Longitudinal (𝜎𝜃𝜃 , red lines) and transverse (𝜎𝑧𝑧 , blue lines) fracturing
stresses for four different combinations of shut-in parameters. (a) Base Case
parameters with 𝑁 = 5, (b) a 2-fold increase in the discharge flowrate
compared to the Base Case, (c) a 10-fold increase in the discharge period
compared to the Base Case, and (d) Base Case parameters with 𝑁 = 10.

7.5.2 Allowable Stress State Diagrams
The range of in-situ stress states, which can occur in the Earth’s subsurface can be
visualized using a simple 2D plot called the allowable stress state diagram (Nelson et al.,
2005; Zoback, 2007). This plot has 𝑆𝐻𝑚𝑎𝑥 normalized by 𝑆𝑣 on the vertical axis and 𝑆ℎ𝑚𝑖𝑛
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normalized by 𝑆𝑣 on the horizontal axis (Figure 7.10). The dotted-diagonal is the line of
horizontal isotropy, where 𝑆𝐻𝑚𝑎𝑥 = 𝑆ℎ𝑚𝑖𝑛 and the solid black lines represent the frictional
limits according to Eq. 7.18 for rock friction factors, 𝜇 = 0.6 (thicker line) and 𝜇 = 0.8
(thinner line), consistent with Byerlee’s (1978) findings (𝜇 is equal to the tangent of the
friction angle). The frictional limit lines are drawn using 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 for 𝑆1 and using 𝑆𝑣
and 𝑆ℎ𝑚𝑖𝑛 for 𝑆3 . Any stress state outside those bounds is virtually unstable; if a fault exists
under those stress state conditions, it will automatically fail in shear as there will be fault
slippage.
Following Nelson et al.’s (2005) use of the allowable stress state diagrams in
drilling-induced tensile fracture diagnosis, Michael and Gupta (2018; 2019b; 2019c;
2020b) added two lines to Figure 7.10. The red line for the stress states for which 𝜎𝜃𝜃 = 0
signifying longitudinal fracture initiation, and the blue line for the stress states for which
𝜎𝑧𝑧 = 0 signifying transverse fracture initiation for a given 𝑝𝑤 gradient. This 𝑝𝑤 gradient
is dictated by 𝑝𝑤𝑠 build-up during post-blowout capping and the most probable fracture
initiation location (primarily the casing shoe) depth. Figure 7.11 shows an example of this
graphical technique for the parameters of the hypothetical case study, 𝜈 = 0.25, 𝛼𝐵 = 0.8,
at balanced conditions, 𝑝𝑤 = 𝑝𝑝 = 0.68 psi/ft. The yellow region behind either of the two
lines represents the range of in-situ stress states where either longitudinal or transverse
fracture initiation is promoted at the given conditions.
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Figure 7.10. Allowable region for in-situ stress states in the Earth’s subsurface for 𝑝𝑝 =
𝑝𝑖𝑛𝑖 = 0.68 psi/ft (𝑝𝑝 ⁄𝑆𝑣 = 0.82). The dotted diagonal line represents
horizontal isotropy (𝑆𝐻𝑚𝑎𝑥 = 𝑆ℎ𝑚𝑖𝑛 ), the thicker solid lines represent the
frictional limits at 𝜇 = 0.6 and the thinner lines represent the frictional limits
at 𝜇 = 0.8. The region bounded by the frictional limits and the horizontal
isotropy diagonal, represents the range of possible subsurface stress states
(NF: normal faulting; RF: reverse faulting; SSF: strike-slip faulting –
Anderson, 1951).

Allowable stress state diagram analysis using published data was used by Michael
and Gupta (2019b; 2019c; 2020) to demonstrate the fracture initiation during the 1969
Union Oil’s A-21 well blowout in Santa Barbara, and the lack of fracture initiation during
the 2010 BP’s “Macondo” blowout in the GoM. The long discharge period combined with
the high discharge flowrates led to high depletion of the reservoir after the Macondo
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blowout, preventing any fracture initiation from taking place during capping (Hickman et
al., 2012; McNutt et al., 2012; Michael and Gupta, 2019b; 2019c; 2020). On the contrary,
the shallow casing shoe depth in Union Oil’s A-21 allowed fractures to initiate, despite the
lower capping pressures (Mullineaux, 1970; Easton, 1972, Michael and Gupta, 2019b).
Assuming perfect integrity of the casing string, the casing shoe depth remains the primary
line of defense against broaching scenarios.

Figure 7.11. Allowable in-situ stress diagram example for 𝑝𝑝 = 𝑝𝑤 = 𝑝𝑖𝑛𝑖 = 0.68 psi/ft
(𝑝𝑝 ⁄𝑆𝑣 = 0.82), showing the longitudinal fracture-inducing 𝜎𝜃𝜃 (red line)
and transverse fracture-inducing 𝜎𝑧𝑧 (blue line). The red and blue lines
indicate longitudinal and transverse fracture initiation, respectively for all
stress states behind them. Hence, the yellow area represents the in-situ stress
states in which fracture initiation (either longitudinal, or transverse) will occur
under the given conditions.
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Allowable stress state diagrams are used to illustrate the three different 5-step
incremental shut-in scenarios examined in the hypothetical case study, where 𝑝𝑝 = 𝑝𝑖𝑛𝑖 =
12,247 psi at 18,135 ft from Table 7.1, and 𝑆𝑣 = 0.82 psi/ft × 13,135 ft, resulting in 𝑝𝑝 /𝑆𝑣
= 0.82. Figure 7.12a shows the diagram for the discharge stage immediately after the
blowout when 𝑝𝑤 is extremely low. The low 𝑝𝑤 gradient pushes both fracture initiation
lines to the left. The green dot (Figure 7.12a), indicating the in-situ conditions is well
outside of the yellow region, signifying no fracture initiation. Figure 7.12b shows the
diagram for the capping conditions for Base Case parameters. The maximum 𝑝𝑤𝑠 attained
during the build-up moves both fracture initiation lines to the right, leaving the green dot
narrowly outside of the yellow region, suggesting that a 5-step incremental shut-in would
prevent any fracture initiation during the 48 hours after the beginning of the shut-in. The
diagram for the scenario with the longer post-blowout discharge period (Figure 7.12c)
displays the two fracture initiation lines shifted up and to the left, further away from the
green dot, showing how reservoir depletion can effectively prevent (with everything else
remaining constant) fracture initiation from taking place during the capping pressure buildup. On the contrary, a 5-fold decrease in the discharge flowrate (Figure 7.12d) enhances
the possibility of fracture initiation, moving the two fracture initiation lines (𝜎𝜃𝜃 = 0 and
𝜎𝑧𝑧 = 0) to the right, with the yellow region covering the green dot, indicating longitudinal
fracture initiation.
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Figure 7.12. Allowable stress state diagrams for the hypothetical case study using data
calculated for a 5-step incremental capping stack shut-in procedure, showing
(a) the post-blowout discharge stage, (b) the capping stage for Base Case
parameters (Figure 7.9a), (c) the capping stage for a longer discharge period
(Figure 7.9b), and (d) the capping stage for a lower discharge flowrate (Figure
7.9c).
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7.6

DISCUSSION

7.6.1

Reservoir Depletion
Pressure depletion during the post-blowout discharge stage impacts both the in-situ

stresses as well as the fracture initiation lines (𝜎𝜃𝜃 = 0 and 𝜎𝑧𝑧 = 0) and the polygon size
(Michael and Gupta, 2019b). For short discharge periods (Figure 7.12b and d), as well as
small discharge flowrates, the change in the reservoir average 𝑝𝑝 after discharge ends is
assumed to be negligible, and thus the in-situ stresses and thus 𝑝𝑓𝑟𝑎𝑐,𝐿 and 𝑝𝑓𝑟𝑎𝑐,𝑇 remain
constant.
This assumption is however questionable for a lengthy discharge period and high
discharge flowrate scenarios such as that of the Macondo blowout, which lasted 83 days
(Hickman et al., 2012). The longer the discharge period (or flowrate) is, the larger the total
volume of hydrocarbons removed from the reservoir will be, leading to a larger decrease
in 𝑝𝑝 . Nevertheless, the effect of 𝑝𝑝 depletion on the polygon size is secondary in
importance to the effect on the two fracture initiation lines. A decrease in reservoir 𝑝𝑝
(from 0.68 psi/ft, which is equivalent to 𝑝𝑝 /𝑆𝑣 = 0.82 to 0.43 psi/ft, which is equivalent to
𝑝𝑝 /𝑆𝑣 = 0.52 on Figure 7.13) enlarges the polygon increasing the range of in-situ stress
states possible in the subsurface. However, lower 𝑝𝑝 shifts both longitudinal and transverse
fracture initiation lines to the left (Figure 7.13, for balanced conditions; 𝑝𝑤 = 𝑝𝑝 ) shrinking
the yellow region counteracting the effect on the polygon size. Furthermore, the magnitude
of the two horizontal in-situ stresses will also decrease during depletion approximately by
∆𝑆𝐻𝑚𝑎𝑥 ≈ ∆𝑆ℎ𝑚𝑖𝑛 ≈ 𝛼𝐵 𝑝𝑝 . This is reflected in the allowable stress state diagram by a
movement of the in-situ stress state point on the diagram (green dot on Figures 7.12a
through 7.12d) parallel to that of horizontal isotropy diagonal towards the bottom left
corner, as shown by the green arrow on Figure 7.13.
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Figure 7.13. Allowable in-situ stress state diagram showing the effects of 𝑝𝑝 reduction
during depletion. The polygon expands as the 𝑝𝑝 gradient decreases from 0.68
psi/ft (𝑝𝑝 ⁄𝑆𝑣 = 0.82 after Figure 7.11) to 0.43 psi/ft, and the 𝜎𝜃𝜃 = 0 and
𝜎𝑧𝑧 = 0 lines shift to the left. The movement of the in-situ stress state during
reservoir depletion is parallel to the direction shown by the green dotted
arrow.

The actual reservoir 𝑝𝑝 can be estimated analytically or numerically if the areal
extent of the reservoir is known. In the absence of knowledge on the reservoir boundaries,
common for wildcat wells, reliable estimations and projections of the average 𝑝𝑝 are
difficult. The geomechanical parameters need to be considered holistically to accurately
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determine the net impact of 𝑝𝑝 reduction during a prolonged discharge period before
capping the well after a blowout.

7.6.2

Self-Killing Blowouts via Bridging
Scenarios of a well bridging-over and self-killing through the flow of cavings

induced by the underbalanced conditions have been investigated (Willson, 2012; Willson
et al., 2013). Analyses showed that self-killing via bridging is most likely if it takes place
while the kick is under development within the wellbore; once the kick reaches the
wellhead self-killing by bridging is no longer a possibility.
Bridging between the drillpipe and the formation wall in the openhole section
(Figure 7.14) is more likely to occur than when drillpipe is not present (Willson, 2012), for
instance during the development of a swabbing kick. Along with kick development,
borehole collapse, cavings volume and transport, and cavings bridging analyses performed
by Willson (2012) indicated the sanding rates shown in Figure 7.15 per specific wellbore
discharge flowrate.
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Figure 7.14. Wellbore bridging providing a passive cure to loss of well control (modified
from Willson et al., 2013).
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Figure 7.15. (a) Sanding rate and BHP increase induced by the wellbore discharge flowrate
for the hypothetical case study parameters (produced using the results of
Willson, 2012). (b) The sand mass accumulated in the wellbore and induced
BHP increase with time (produced using the results of Willson, 2012).

7.6.3

Fracture Growth Containment in a Layered Rock Formation
Seafloor broaching of reservoir fluids resulting after loss of well control can lead

to a severe environmental impact. The technical, economic and political implications of
Union Oil’s 1969 oils pill in the Santa Barbara Channel (Figure 7.16) are still strongly felt
in the state of California, even to this day. Flowing at 5,000 barrels per day, this was a
massive ecologic disaster (Figure 7.17) killing over 3,500 birds and other marine animals.
In the wake of the Santa Barbara oil spill, a huge environmental movement was born,
leading to the first “Earth Day” a year later in 1970. This incident changed California’s oil
industry forever.
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Figure 7.16. A schematic of Union Oil’s A-21 well showing the fractures through which
reservoir fluids broached to the seafloor (Dick Smith photo collection, UCSB,
1969-1971). Fractures initiating from the openhole section of the wellbore
can be seen within the purple circles). These fractures enabled the reservoir
fluids to broach to the seafloor.
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Figure 7.17. Aerial photo of the platform after the blowout with the broaching reservoir
fluids “boil-ups” visible (modified from Trimborn, 1969).

Fracture propagation may often follow a plane different from the fracture initiation
plane (Valko and Economides, 1995). This subsection discusses the propagation of
fractures initiated in the rock formation during loss of well control. The mechanisms under
which fracture initiation can occur during post-blowout capping was extensively discussed
earlier in this chapter. The growth of a fracture initiated from the side of the wellbore is
influenced by a variety of factors (Warpinski, 2016; Elnoamany et al., 2020), which are
found in any reservoir.

7.6.3.1 In-Situ Stress State
Contrasts in the in-situ stresses impose the biggest influence on fracture growth
(Simonson et al., 1978; Warpinski et al., 1982; Voegele et al., 1983; Palmer and Luiskutty,
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1985; Warpinski, 2016). Fracture height growth is constrained if the layers above and
below a growing fracture are under higher stress than the layer the fracture is propagating
in. Static analysis of a symmetrically-growing fracture surrounded by higher stress layers
was performed by Simonson et al. (1978). The stacked sequences common in the GoM
(Vasquez Cordoba, 2018) can lead to layering. Each of these layers exhibits different insitu stress loading and these contrasts may restrict fracture propagation to the seafloor after
fracture initiation taking place during post-blowout capping.

7.6.3.2 Elastic Properties of Stacked Layers
A mechanical property interface can affect fracture growth, despite Simonson et al.
(1978)’s indication that in ideal cases, material property interfaces can blunt fracture
growth (Warpinski, 2016). Nevertheless, analysis by Cleary (1978) demonstrated that
complexities in the property interfaces are difficult to analyze using standard tools.
Additional energy is required to cross interfaces which restricts further fracture height
growth. Modulus contrasts impact fracture width and can enhance or restrict the fluid flow
through the fracture.

7.6.3.3 Fracture Toughness
A high value of fracture toughness can constrain fracture growth by inducing high
pressure on the fracture tip and restricting the fracture height (Warpinski, 2016). Layered
media, such as GoM’s stacked sequences increase the complexity of the problem making
the derivation of analytical expressions difficult, especially in the presence of heterogeneity
in the layer’s elastic properties.
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7.6.3.4 Layer Interfaces
Presence of weak layer interfaces can blunt fracture growth (Perkins and Kern,
1961; Nierode, 1985; Warpinski, 2016) as noted in laboratory (Anderson, 1981; Teufel and
Clark, 1984) and mineback studies (Warpinski et al., 1982; Warpinski and Teufel, 1987;
Jeffrey et al., 1992; Zhang et al., 2007). This blunting effect is most important in shallow
depths at low 𝑆𝑣 values, which minimizes friction effects. However, overpressured zones
can decrease friction in deeper locations. Specifically, weak interfaces can (i) stop vertical
fracture growth completely, (ii) trigger fracture offsets, and (iii) initiate new fractures at
the layer interfaces. Additionally, weak layer interfaces can lead to narrowing of the
fractures across the interfaces (Barree and Winterfeld, 1998; Gu et al., 2008).

7.6.3.5 Discontinuities (e.g. Natural Fractures)
Discontinuities can influence fracture propagation. Natural fractures are the best
example of such discontinuities. Studies (Teufel, 1979; Lee et al., 2015) have demonstrated
the effect of angle of approach primarily and other factors (such as the interface material
and its properties) in controlling the extent of blunting and offsetting the propagating
fracture will experience. The highly complex fracture networks observed from mineback
tests (Branagan et al., 1996) is thought to be due to such discontinuities. Single planar
fracture growth is prevented, forcing the induced fracture to split into various intersecting
components (Warpinski, 2016).

7.6.3.5 High Permeability Interval
The presence of a high permeability interval can terminate fracture growth through
high leak-off. Those intervals, such as coal zones, provide a path of low resistance for the
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fluid in the fracture stopping it from growing. Nevertheless, high permeability intervals
can have the opposite effect providing a low resistance path for fluids to broach to the
seafloor after a loss of well control situation.

7.7

CONCLUSIONS
The goal of this study was to investigate wellbore integrity vis-à-vis fracturing

during extreme loss of well control situations that lead to blowouts. Based on analyses
presented in this study, the following conclusions are made:
•

Critical discharge flowrates can be calculated for a given capping stack shut-in
strategy and preceding discharge period, below which fracture initiation must be
expected during post-blowout capping. Upward propagation of these fractures can
provide a path for reservoir fluids to broach to the seafloor/surface.

•

These critical discharge flowrates can be compared with the mandatory-by-law
WCD calculations, for determining an appropriate capping stack shut-in strategy,
which would ensure safe and efficient capping of a well that has suffered a blowout.

•

For a hypothetical case study performed using typical deepwater GoM parameters,
a 5-fold increase in the discharge period leads to an decrease in 𝑝𝑤𝑠 from 3.4% to
4.7% and a 5-fold decrease in the discharge flowrate yields an increase in 𝑝𝑤𝑠 from
1.5% to 7.9% during 24 hours after an abrupt shut-in.

•

A 5-step incremental capping stack shut-in prevents fracturing over a 48-hour
timeframe after the beginning of the shut-in. Increasing the discharge period 5-fold
makes 𝜎𝜃𝜃 and 𝜎𝑧𝑧 more compressive by 123% and 14%, respectively. A 5-fold
decrease in the preceding discharge flowrate, makes 𝜎𝜃𝜃 and 𝜎𝑧𝑧 more tensile by
172% and 19%, respectively leading to an early longitudinal fracture initiation.
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Increasing the number of shut-in steps to 10 and keeping all other parameters the
same, makes 𝜎𝜃𝜃 and 𝜎𝑧𝑧 more tensile by 56% and 6.3%, respectively, yet still
prevent fracture initiation during the 48 hours after the beginning of the shut-in.
•

Reservoir depletion is the biggest factor in preventing fracturing during postblowout capping. Nevertheless, as depletion is proportional to larger hydrocarbon
volumes discharged, well control engineers must look into other fracture/broaching
prevention methods. Incremental shut-in capping stack strategies can be “tailored”
to the well and reservoir’s specific parameters, as well as the preceding discharge
flowrate and period.

•

Blowouts could be self-killed by sand bridging under specific conditions the most
important of which is the bridging taking place while the kick is developing inside
the borehole.

•

Several factors, primarily in-situ stress contrasts, control the growth of the initiated
fractures in a layered rock formation and can constrain fracture propagation to the
seafloor.
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Chapter 8. Stability Analysis During Loss of Well Control for a CasingCement Sheath-Rock Formation System
A robust evaluation of the casing-cement sheath-rock formation system is
foundational to ensuring wellbore integrity at any point in the lifetime of a well. Published
results from laboratory experiments show a-priori to cement curing, the cement stress
decreases and followed by an increase, leading to an eventual stabilization at the pore
pressure of the surrounding rock formation. This phenomenon is used to develop
expressions for the aggregate stress distribution within the casing-cement sheath-rock
formation system. Linear elasticity is used to model the mechanical behavior of steel casing
and cured cement sheath. The rock formation is also modeled using linear elasticity,
however with the incorporation of a static pore pressure. The tensile failures of debonding,
radial cracking, and disking are considered along with shear compressive failures within
the cement sheath. Once the cementation process is complete, the stress increments are
withstood by the casing-cement sheath-rock formation system. The aggregate stress
distribution model is applied on a hypothetical case study example, using numbers typical
to deepwater Gulf of Mexico (GoM), for loss of well control situation, following a blowout.
Loss of well control presents scenarios of high stress loading in the casing-cement sheathrock formation system, with the wellbore pressure abruptly decreasing during post-blowout
discharge, followed by an increase during the post-blowout capping procedures. The
impact of reservoir depletion induced by prolonged discharge periods, or high discharge
flowrates is discussed at the end.
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8.1

INTRODUCTION
Reliable modeling of the casing-cement sheath-rock formation stress distribution is

paramount for accurate wellbore integrity analysis in oil and gas wells both onshore and
offshore. The stress state within the casing-cement sheath-rock formation system has been
extensively studied analytically (Thiercelin et al., 1998; Yuan et al., 2013; Li et al., 2015;
Liu et al., 2017; Luo et al., 2020) and numerically (Wong and Yeung, 2005; Nabipour et
al., 2010). Conventional modeling considers the three-part system (casing, cement sheath,
and rock formation) as a single-part structure with stress and displacement boundary
conditions applied appropriately at given time-step (simultaneously) on the entire structure.
This assumption overlooks the fact that the process of drilling, running casing, cementliquid pouring, and cement curing are performed separately in a successive manner
(Amziane and Andriamanantsilavo, 2004; Gray et al., 2009; Agofack et al., 2019; Zuo and
Bennett, 2019; Luo et al., 2020), which makes the application of boundary condition
unrealistic to apply simultaneously on the entire model.
Throughout the life of a well, the stress state continues to change with changing
conditions (different stages in hydrocarbon recovery), with the stress state of a preceding
stage impacting the subsequent stage (Hu et al., 2019). This implies that a thorough analysis
of the evolution of the stress state along the stages of a well’s life cycle is paramount to
understanding and hence modeling the integrity of the casing-cement sheath-rock
formation system.
Hu et al. (2019) evaluated the evolution of the stress state inside the casing-cement
sheath-rock formation system during cement injection, cement curing, completions
(stimulation via hydraulic fracturing), and production stages. The stress state of the
aggregate casing-cement sheath-rock formation system upon wait-on-cement (WOC) is
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called the “initial stress state” (Fourmaintraux et al., 2005; Saint-Marc et al., 2008; Bois et
al., 2012; Shi et al., 2017; Luo et al., 2020). In order to solve for the initial stress state, the
stress distribution of the cement sheath conception needs to be defined and verified, which
is a challenging task. Luo et al. (2020) performed an experiment for examining the pore
pressures and the lateral stresses during the cement curing period. The results showed the
lateral stress becoming equal to the formation pore pressure once the formation became
penetrative (Luo et al., 2020). Hence, the evolution of the stress state within the casingcement sheath-rock formation system can be simplified by omitting the complex
solidification process during cement curing in the evaluation of the system’s initial stress
state.
The resulting expressions for the stress state of the casing-cement sheath-rock
formation system are applied to a hypothetical case study using numbers typical to
deepwater GoM. The extreme conditions taking place during loss of well control represent
the most critical stage of cement sheath integrity. The stability of the casing-cement sheathrock formation is assessed analytically for the post-blowout discharge and capping periods.

8.2

THEORETICAL CONSIDERATIONS
The geometry of the wellbore and casing and cement layers (Figure 2.11) makes

cylindrical coordinates the most appropriate in modeling the casing-cement sheath-rock
formation system. The deformation of the casing-cement and cement-rock subsystems can
be modeled by the plane strain theory (Fjaer, 2008), because the axial dimension of the
well (length) is much larger than the in-plane dimensions. The following assumptions are
made:
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i.

The steel casing and cement sheath are isotropic linearly elastic and cylindrical in
shape. Because the casing is impermeable and the cement sheath exhibits only low
permeability in the post-WOC period, the pore pressure variation in the casingcement sheath portion of the system is very slow (Hu et al., 2019). Hence,
poromechanical behavior is not considered in the casing and cement layers of the
system.

ii.

The casing is 100 percent centered, with the cement sheath completely filling the
annular space.

iii.

The rock formation is a porous-permeable medium and its mechanical response is
governed by the pressure of the fluid inside the pores. Poroelastic effects induced
by fluid infiltration in-and-out of the pores are neglected in this chapter, excluding
the considerations of shear failure and reservoir depletion (Sections 8.3 and 8.5).

For a vertical well drilled parallel to the vertical in-situ principal (overburden)
stress, 𝑆𝑣 , the initial stress is limited by the most and least compressive horizontal in-situ
principal stresses, 𝑆𝐻𝑚𝑎𝑥 and 𝑆ℎ𝑚𝑖𝑛 , respectively. The casing-cement sheath-rock
formation system can be split into its three components and evaluated discretely.
The presence of the wellbore, induces stress perturbations in the near-wellbore
region, which alter the local stress state significantly in comparison to the far-field, in-situ
stress state (𝑆𝑣 , 𝑆𝐻𝑚𝑎𝑥 , and 𝑆ℎ𝑚𝑖𝑛 following Anderson, 1951). Kirsch (1898) derived
analytical solutions for the stress concentrations on a uniform plate, with a circular hole
under uniform tension in a linearly elastic medium. The stresses comprising the stress field
are oriented in cylindrical coordinates and comprise of the axial stress, presumed to be
parallel to the z-axis, 𝜎𝑧𝑧 , tangential stress (commonly referred to as “hoop” or
circumferential), 𝜎𝜃𝜃 , and radial stress, 𝜎𝑟𝑟 , oriented orthogonally to the circumference of
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the wellbore. Figure 8.1 shows the configuration of 𝜎𝑧𝑧 , 𝜎𝜃𝜃 , and 𝜎𝑟𝑟 on the wellbore
radius, 𝑟𝑤 , where 𝜃 is the angle on the wellbore cross-section taken clockwise from 𝑆𝐻𝑚𝑎𝑥
for vertical wells.

Figure 8.1. Configuration of axial (𝜎𝑧𝑧 ), tangential (𝜎𝜃𝜃 ), and radial (𝜎𝑟𝑟 ) stresses on the
radius of the wellbore (𝑟 = 𝑟𝑤 ).

As the distance from the center of the wellbore, 𝑟 increases, the near-wellbore
stresses as 𝜎𝑧𝑧 , 𝜎𝜃𝜃 , and 𝜎𝑟𝑟 are collectively known, gradually become identical to the far257

field, in-situ stresses (𝑆𝑣 , 𝑆𝐻𝑚𝑎𝑥 , and 𝑆ℎ𝑚𝑖𝑛 ). In order to model the stress distribution in the
casing-cement sheath-rock formation system, the stress distribution in each of the three
layers (casing, cement sheath, and rock formation) has to be analyzed separately. The
distributions of each stress in all three layers are then superimposed to create the aggregate
distributions of 𝜎𝑧𝑧 , 𝜎𝜃𝜃 , and 𝜎𝑟𝑟 .

8.2.1 Stress State Inside the Casing Walls
The steel casing can be modeled as a thick-walled cylinder. The casing is subjected
to the hydrostatic pressure of the fluid column in the wellbore (𝑝𝑤 = 𝜌𝑤 𝑔𝐷) at the inner
boundary, where 𝜌𝑤 is the density of the fluid in the wellbore and 𝐷 is the depth along the
wellbore. On the outer boundary the casing is subjected by the cement slurry pressure,
𝑝𝑐𝑒𝑚 . The stress and displacement distribution within the thick-walled cylinder can be
modeled by the “Lamé solutions.” This refers to analytical expressions for the elastic
stresses inside a thick-walled circular cylinder under internal and external pressure loading
(which can apply to strings of steel casing), as was presented in a joint study by Lamé and
Clapeyron (1831). Using a convention that defines compression to be positive and tension
to be negative, the stress state inside the casing walls is given by

𝜎𝑧𝑧,𝑐𝑠𝑔

𝜎𝜃𝜃,𝑐𝑠𝑔 =

𝜎𝑟𝑟,𝑐𝑠𝑔

2
𝑝𝑤 𝑟𝑤2 − 𝑝𝑐𝑒𝑚 𝑟𝑐𝑠𝑔
=
2
𝑟𝑤2 − 𝑟𝑐𝑠𝑔

2
2
𝑝𝑤 𝑟𝑤2 − 𝑝𝑐𝑒𝑚 𝑟𝑐𝑠𝑔
𝑟𝑐𝑠𝑔
𝑟𝑤2 (𝑝𝑤 − 𝑝𝑐𝑒𝑚 )
+
2
2 )
𝑟𝑤2 − 𝑟𝑐𝑠𝑔
𝑟 2 (𝑟𝑤2 − 𝑟𝑐𝑠𝑔

2
2
𝑝𝑤 𝑟𝑤2 − 𝑝𝑐𝑒𝑚 𝑟𝑐𝑠𝑔
𝑟𝑐𝑠𝑔
𝑟𝑤2 (𝑝𝑤 − 𝑝𝑐𝑒𝑚 )
=
−
2
2 )
𝑟𝑤2 − 𝑟𝑐𝑠𝑔
𝑟 2 (𝑟𝑤2 − 𝑟𝑐𝑠𝑔
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(8.1)

(8.2)

(8.3)

where 𝜎𝑧𝑧,𝑐𝑠𝑔 , 𝜎𝜃𝜃,𝑐𝑠𝑔 , 𝜎𝑟𝑟,𝑐𝑠𝑔 are respectively the axial, tangential (also circumferential or
“hoop”), and radial stresses within the casing wall, at a point-of-interest dictated by radius,
𝑟, which extends from 𝑟𝑤 to the outer radius of the casing, 𝑟𝑐𝑠𝑔 (𝑟𝑤 ≤ 𝑟 ≤ 𝑟𝑐𝑠𝑔 ). Notably,
𝜎𝑧𝑧,𝑐𝑠𝑔 (Eq. 8.1) is independent of 𝑟, while 𝜎𝜃𝜃,𝑐𝑠𝑔 , 𝜎𝑟𝑟,𝑐𝑠𝑔 (Eqs. 8.2 and 8.3) depend 𝑟. The
wellbore pressure is denoted by 𝑝𝑤 and the formation pore pressure by 𝑝𝑝 .

8.2.2 Stress State Within the Cement Sheath
8.2.2.1 The Cement Injection Stage
During cement injection, the cement slurry remains in liquid phase, not being able
to withstand hydraulic pressure. According to Hu et al. (2019), the stress state in cement
slurry is equal to the hydrostatic pressure in the cement slurry, 𝑝𝑐𝑒𝑚 = 𝜌𝑐𝑒𝑚 𝑔𝐷, where 𝜌𝑐
is the cement slurry (liquid, pre-curing) density. On its outer boundary the cement slurry is
subjected to the earth’s local in-situ stresses.
The removal of the rock occupying the borehole volume during drilling made the
pressure a-priori applied at the borehole by local in-situ stress state to be replaced by the
hydraulic pressure of the drilling fluid (𝑝𝑤 ). During cement injection, the cement only
undertakes its own hydrostatic pressure, 𝑝𝑐𝑒𝑚 (Hu et al., 2019), making pressure variations
at the borehole to be offset by rock deformations, with the in-situ stresses not transferred
to the cement slurry and the steel casing (Hu et al., 2019). In a similar manner, 𝑝𝑤 is not
transferred from the casing to the cement slurry, or the surrounding rock formation.
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8.2.2.2 The Cement Curing Stage
During cement curing (setting), hydration converts the cement slurry injected in the
casing-rock formation annulus to a solid. During hydration, the cement’s volume may
shrink or expand according to the slurry formula and conditions in place (Hu et al., 2019),
generating what is known as “free strain” – strain induced without stress (Ulm and Coussy,
1996). As the pressure inside the casing (𝑝𝑤 ) remains constant, the system will undergo no
change if the cement volume also remains constant during curing. However, if cement
volume change occurs, the free strain in the cement will be constrained by the casing and
rock formation, inducing incremental stress (Hu et al., 2019). When the cement shrinks, its
ability to resist shear and tensile failure decreases, while when the cement sheath expands,
its ability to resist tensile and to some extend shear failure increases. The increase in 𝑝𝑐𝑒𝑚
with increase in depth (𝐷), improves the cement sheath’s ability to resist any failure mode
(radial, shear, tensile, and debonding).
Luo et al. (2020) performed a simple laboratory experiment with the objective of
evaluating the stress and pore pressure within the cement sheath, while WOC. A simple
laboratory setup (Figure 8.2) was used to simulate the casing-cement sheath-rock formation
system. PVC pipes were used to simulate the casing and the formation with drilled holes
used to mimic the porosity of the rock formation on the outer cylinder. Cement was pumped
in the annular region between the two pipes and water was injected inside the inner PVC
pipe and in the annular region between the outer PVC pipe and the outer cylinder. Filter
paper was wrapped around the outer PVC pipe to prevent the cement slurry from escaping
into the water. A computer system recorded lateral stress and pore pressure date, while the
cement slurry was pumped inside the annulus.
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Figure 8.2. A schematic of the laboratory setup used on the left and on the right a
photograph of the drilled outer PVC pipe, before and after being wrapped with
the filter paper (modified from Luo et al., 2020).

The results showed that the lateral stress variation of the cement sheath can be
divided into three distinct intervals (Figure 8.3). The lateral stress is a good proxy for the
three normal stresses acting on the edges of the cement sheath. Those are the axial, 𝜎𝑧𝑧,𝑐𝑒𝑚 ,
tangential, 𝜎𝜃𝜃,𝑐𝑒𝑚 , and radial, 𝜎𝑟𝑟,𝑐𝑒𝑚 , stresses.
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Figure 8.3. The lateral stress (proxy for 𝜎𝑟𝑟,𝑐𝑒𝑚 , 𝜎𝜃𝜃,𝑐𝑒𝑚 , and 𝜎𝑧𝑧,𝑐𝑒𝑚 ) during WOC
(schematic generated from Luo et al., 2020).

During Interval 1, the solidification of the slurry takes place, when the cement
gradually changes phase from liquid to solid, with the water within the cement sheath
consumed which gradually decreases the lateral stress. Then during Interval 2, water starts
entering the now fully-solidified cement sheath causing the lateral stress to increase
rapidly. The lateral stress gradually stabilizes at a magnitude roughly equal to the 𝑝𝑝 of the
adjacent rock formation during Interval 3 (Figure 8.3).
In accordance with Luo et al.’s (2020) experimental results, the initial stress of the
cement sheath following cement curing is equal to 𝑝𝑝 . This is true all along the cement
sheath radius which extends from 𝑟𝑐𝑠𝑔 to the outer radius of the cement sheath, 𝑟𝑐𝑒𝑚 . The
radial strain within the casing wall, 𝜀𝑟𝑟 , which is then represented by
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𝜀𝑟𝑟 =

2
𝑟(1 + 𝜈)(1 − 2𝜈)(𝑟𝑤2 𝑝𝑤 − 𝑟𝑐𝑠𝑔
𝑝𝑝 )
2 )
𝐸𝑐𝑠𝑔 (𝑟𝑤2 − 𝑟𝑐𝑠𝑔

+

2
𝑟𝑐𝑠𝑔
𝑟𝑤2 (1 + 𝜈)(𝑝𝑤 − 𝑝𝑝 )
2 )
𝑟𝐸𝑐𝑠𝑔 (𝑟𝑤2 − 𝑟𝑐𝑠𝑔

(8.4)

where 𝐸𝑐𝑠𝑔 is the elastic “Young’s” modulus of the casing walls. Using Luo et al.’s (2020)
experimental findings, the initial stress state within the cement sheath is simply Sgiven by

𝜎𝑧𝑧,𝑐𝑒𝑚 = 𝜎𝜃𝜃,𝑐𝑒𝑚 = 𝜎𝑟𝑟,𝑐𝑒𝑚 = 𝑝𝑝

(8.5)

8.2.3 Stress State Within the Rock Formation
The rock formation surrounding the cemented wellbore is modeled as a nonaxisymmetric problem assuming no internal and external pressure for the casing and the
cement sheath (Luo et al., 2020). Hubbert and Willis (1957) modification of the Kirsch
(1898) analytical solutions, to incorporate fluid pressure inside the hole in a linearly elastic
medium under biaxial stress loading. For a vertical well in a homogeneous, isotropic rock,
the initial stress state at 𝑟 ≥ 𝑟𝑐𝑒𝑚 are defined (from Zoback, 2014) by

𝜎𝑧𝑧,𝑓𝑜𝑟 |

𝜎𝜃𝜃,𝑓𝑜𝑟 |

𝑟≥𝑟𝑐𝑒𝑚

𝑟≥𝑟𝑐𝑒𝑚

= 𝑆𝑣 − 2𝜈(𝑆𝐻𝑚𝑎𝑥 − 𝑆ℎ𝑚𝑖𝑛 )

𝑟𝑤2
𝑟𝑤2
cos
2𝜃
−
𝑝
𝑟2
𝑟2 𝑝

1
𝑟𝑤2
(𝑆
)
=
+ 𝑆ℎ𝑚𝑖𝑛 (1 + 2 )
2 𝐻𝑚𝑎𝑥
𝑟
1
𝑟𝑤4
𝑟𝑤2
− (𝑆𝐻𝑚𝑎𝑥 + 𝑆ℎ𝑚𝑖𝑛 ) (1 + 3 4 ) cos 2𝜃 − 2 (𝑝𝑤 − 𝑝𝑝 )
2
𝑟
𝑟
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(8.6)

(8.7)

𝜎𝑟𝑟,𝑓𝑜𝑟 |

1

𝑟≥𝑟𝑐𝑒𝑚

= (𝑆𝑣 + 𝑆𝐻𝑚𝑎𝑥 ) (1 −

𝑟2𝑤

)

𝑟2
𝑟2𝑤
𝑟4𝑤
𝑟2𝑤
+ (𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ) (1 − 4 2 + 3 4 ) cos 2𝜃 + 2 (𝑝𝑤 − 𝑝𝑝 )
2
𝑟
𝑟
𝑟
2
1

(8.8)

where, 𝜎𝑧𝑧,𝑓𝑜𝑟 , 𝜎𝜃𝜃,𝑓𝑜𝑟 , 𝜎𝑟𝑟,𝑓𝑜𝑟 are the rock formation axial, tangential, and radial stresses,
respectively.
The initial stress state of a casing-cement sheath-rock formation system can be
obtained by superimposing the casing wall, cement sheath and rock formation distributions
for the axial (𝜎𝑧𝑧 = 𝜎𝑧𝑧,𝑐𝑠𝑔 + 𝜎𝑧𝑧,𝑐𝑒𝑚 + 𝜎𝑧𝑧,𝑓𝑜𝑟 ), tangential (𝜎𝜃𝜃 = 𝜎𝜃𝜃,𝑐𝑠𝑔 + 𝜎𝜃𝜃,𝑐𝑒𝑚 +
𝜎𝜃𝜃,𝑓𝑜𝑟 ), and radial stress (𝜎𝑟𝑟 = 𝜎𝑟𝑟,𝑐𝑠𝑔 + 𝜎𝑟𝑟,𝑐𝑒𝑚 + 𝜎𝑟𝑟,𝑓𝑜𝑟 ). A different in-situ stress
state (𝑆𝑣 , 𝑆𝐻𝑚𝑎𝑥 , and 𝑆ℎ𝑚𝑖𝑛 combination) will only impact the stress state within the rock
formation (Eqs. 8.6 through 8.8).

8.2.4 Casing Failure Criterion
The von Mises (1913) criterion of maximum energy distortion, which is used to
assess the integrity of “thick-walled cylinders” over a range of conditions, is applied to
cylindrical steel casing at a variable 𝑝𝑤 . In its simple form, under the assumptions of the
plane strain theory (Fjaer, 2008), the radial stresses are neglected and the criterion can be
presented on a 2D plot (Figure 8.4). The tangential stress inside the casing wall, 𝜎𝜃𝜃,𝑐𝑠𝑔 is
plotted on the vertical axis, with the axial stress inside the casing wall, 𝜎𝑧𝑧,𝑐𝑠𝑔 , plotted on
the horizontal axis. Both axes variables are normalized by the yield stress of the casing,
𝜎𝑦𝑖𝑒𝑙𝑑 . According to the von Mises (1913) theory, the two stresses in the casing wall
(𝜎𝜃𝜃,𝑐𝑠𝑔 and 𝜎𝑧𝑧,𝑐𝑠𝑔 ) can be lumped into one term, 𝜎𝑒 , or the “von Mises stress equivalent”
which is defined by
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2

𝜎𝑒 = ±√(𝜎𝜃𝜃,𝑐𝑠𝑔 ) − 𝜎𝜃𝜃,𝑐𝑠𝑔 𝜎𝑧𝑧,𝑐𝑠𝑔 + (𝜎𝑧𝑧,𝑐𝑠𝑔 )

2

(8.9)

which results in an ellipse as shown on Figure 8.4.

Figure 8.4. The von Mises (1913) failure criterion applied to casing failure, considering
four failure modes. These are (i) tension, (ii) compression, (iii) collapse, and
(iv) burst. As long as the conditions remain within the region inside the
ellipse, no casing failure will take place. Points outside the ellipse indicate
casing failure.

Points outside the ellipsoid (𝜎𝑒 > 𝜎𝑦𝑖𝑒𝑙𝑑 ) indicate casing failure; burst versus
collapse from the vertical axis and tension versus compression on the horizontal axis.
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8.2.5 Cement Sheath Failure Criteria
There are four main failure mechanisms observable in the cement sheath, which
can compromise the integrity of the casing-cement sheath-rock formation system. These
were described by Bois et al. (2011), as (i) inner and outer debonding, (ii) radial cracking,
(iii) shear cracking, and (iv) disking (Figure 8.5).

Figure 8.5. Mechanisms of failure within the cement sheath, (a) shows inner and outer
debonding, radial cracking, and shear cracking, with (b) showing disking.

For each failure mechanism an analytical criterion specifies the conditions under
which the particular failure mode takes place. Debonding is a form of tensile failure, which
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occurs when 𝜎𝑟𝑟 at either of the two interfaces in the casing-cement sheath-rock formation
system (at 𝑟 = 𝑟𝑐𝑠𝑔 or 𝑟 = 𝑟𝑐𝑒𝑚 ) becomes tensile, satisfying the condition on Eq. 8.10.
Inner debonding takes place on the casing-cement sheath interface (first interface), while
outer debonding occurs on the cement sheath-rock formation interface (second interface),
as

𝜎𝑟𝑟 |𝑟=𝑟𝑐𝑠𝑔 𝑜𝑟 𝑟=𝑟𝑐𝑒𝑚 < −𝑇𝑐𝑒𝑚

(8.10)

where 𝑇𝑐𝑒𝑚 is the tensile strength of the cement. Radial cracking is also a form of tensile
failure, taking place when 𝜎𝜃𝜃 becomes more tensile than 𝑇𝑐𝑒𝑚 as presented by Eq. 8.11,
as

𝜎𝜃𝜃 |𝑟𝑐𝑠𝑔 ≤𝑟≤𝑟𝑐𝑒𝑚 < −𝑇𝑐𝑒𝑚

(8.11)

These are tensile fractures initiating longitudinally to the axis parallel to the wellbore.
Disking takes place when 𝜎𝑧𝑧 becomes more tensile than 𝑇𝑐𝑒𝑚 (Eq. 8.12), generating tensile
fractures transversely to the wellbore.

𝜎𝑧𝑧 |𝑟𝑐𝑠𝑔 ≤𝑟≤𝑟𝑐𝑒𝑚 < −𝑇𝑐𝑒𝑚

(8.12)

The initiation of shear cracks is determined by the Mohr-Coulomb failure criterion,
presented on Eq. 8.13. When the shear stress, 𝜎𝑟𝜃 , (often denoted by “𝜏𝑟𝜃 ”) is greater than
the maximum shear stress possible within the cement, as

𝜎𝑟𝜃 |𝑟𝑐𝑠𝑔 ≤𝑟≤𝑟𝑐𝑒𝑚 > 𝐶𝑜 + 𝜇𝑐𝑒𝑚 𝜎𝑛
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(8.13)

where 𝐶𝑜 is the cohesion of cement, 𝜇𝑐𝑒𝑚 is the internal friction factor of the cement sheath,
equal to the tangent of the internal friction angle, and 𝜎𝑛 is the normal stress on the plane
of failure given by

𝜎𝑛 =

𝜎1 + 𝜎3
𝜎1 − 𝜎3
+(
) cos 2𝛽
2
2

(8.14)

where 𝛽 is the failure angle, with 𝜎1 and 𝜎3 being respectively, the greatest and least
compressive effective principal stresses, such

𝜎𝑖 = 𝑆𝑖 − 𝛼𝐵 𝑝𝑝

(8.15)

where 𝑆𝑖 may be 𝑆𝑣 , 𝑆𝐻𝑚𝑎𝑥 , or 𝑆ℎ𝑚𝑖𝑛 and 𝑖 in 𝜎𝑖 can be 1, 2, 3 depending on the relative
magnitude signifying the greatest, intermediate, and least compressive principal stresses,
respectively. The Biot’s (1941) poroelastic coefficient, 𝛼𝐵 , is used to incorporate the
mechanical effects of fluid infiltration in-and-out of the pores (see Chapter 3 and Appendix
B). According to the Mohr-Coulomb theory, shear failure is independent of 𝜎2 and 𝑝𝑤 .
Debonding, tensile, and shear failures become less likely with increasing depth.
Cement volume shrinkage decreases the cement sheath’s resistance in all failure modes,
while moderate expansion enhances the cement sheath’s overall integrity (Hu et al., 2019).
Well pressurization followed by depressurization can yield plastic deformation (Hu et al.,
2019) in the cement sheath, which presents the risk of debonding. Although in this study,
plastic behavior is neglected, Chu et al. (2015) assess the impact of plastic behavior on the
cement sheath.
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When calculating the system’s stress state, the in-situ stresses and internal casing
pressure are applied to the overall system. Nevertheless, due to the cement being in liquid
phase during injection, formation and casing take over leaving only post-cement curing
pressure variations to be applied on the casing-cement sheath-rock formation system. This
can yield an overestimation in the risk of cement sheath failure (Hu et al., 2019).

8.3

THE INITIAL STRESS STATE: A DEEPWATER GOM CASE STUDY
A hypothetical case study of a vertical well is performed as an application example

for evaluating the initial stress state of a casing-cement sheath-rock formation system,
using typical deepwater GoM numbers. The input geomechanical and petrophysical
parameters are taken from Michael and Gupta (2020c) and are shown in Table 8.1.

Table 8.1.

Input parameters for the deepwater GoM case study.

ι

Parameter

Symbol

Value

Average reservoir depth

𝑑𝑟𝑒𝑠

18,135 ft

Casing shoe depth

𝑑𝑐𝑠𝑔

17,200 ft

Formation pore pressure

𝑝𝑝

12,247 psi

Overburden stress (from seafloor)

𝑆𝑣

0.82 psi/ft

Maximum horizontal stress

𝑆𝐻𝑚𝑎𝑥

0.95𝑆𝑣

Minimum horizontal stress

𝑆ℎ𝑚𝑖𝑛

0.87𝑆𝑣

Poisson’s ratio

𝜈

0.25

Biot’s poroelastic coefficientι

𝛼𝐵

0.8

Cement tensile strength

𝑇𝑐𝑒𝑚

~0 psi

Please note that in this Chapter, all poroelastic effects were neglected in the
calculation of the stresses in the rock formation as per Eqs. 8.6 through 8.8.
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The mudline is at 5,100 ft under the rotary table, which is 100 ft above the average
sea level. A 95/8 in casing is set at 17,200 ft true vertical depth (TVD) from the rotary table
and a 51/2 in drillpipe is present in the borehole at balanced drilling conditions.
Figures 8.6 through 8.8 show the initial stress state of the casing-cement sheathrock formation system for 𝜃 = 0°, which is in the direction along 𝑆𝐻𝑚𝑎𝑥 and 𝜃 = 90°,
which is in the direction along 𝑆ℎ𝑚𝑖𝑛 , for a vertical well. Due to the cement sheath stress
being nearly equal to 𝑝𝑝 based on Luo et al.’s (2020) experimental results, the stress state
within the cement sheath would hence uniform, despite variations in the stress state of the
casing walls and the rock formation.

Figure 8.6. The axial stress, 𝜎𝑧𝑧 , distribution of the casing-cement sheath-rock formation
system at slightly overbalanced conditions, with 𝑝𝑤 = 12,790 psi.
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Figure 8.7. The tangential stress, 𝜎𝜃𝜃 , distribution of the casing-cement sheath-rock
formation system at slightly overbalanced conditions, with 𝑝𝑤 = 12,790 psi.
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Figure 8.8. The radial stress, 𝜎𝑟𝑟 , distribution of the casing-cement sheath-rock formation
system at slightly overbalanced conditions, with 𝑝𝑤 = 12,790 psi.

The Mohr Circle diagram for the cement sheath on Figure 8.9 is showing good
stability to shear compressive failure with the circumference of the Mohr Circle far from
the yellow Mohr-Coulomb failure envelope.
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Figure 8.9. Mohr Circle diagram used to evaluate the stability of the cement sheath to
shear cracking via the Mohr-Coulomb failure criterion.

8.4

WELLBORE INTEGRITY DURING LOSS OF WELL CONTROL
A mismanaged loss of control situation during drilling can easily lead to a blowout.

Following the blowout, there is a period of extremely low 𝑝𝑤 , when reservoir fluids are
gushing out of the wellbore usually at extremely high flowrates (the discharge period),
which is followed by (sometimes more than one) capping attempts, where 𝑝𝑤 builds up.
Loss of well control are the events which induce the most extreme fluctuations in the stress
loads acting on the casing-cement sheath-rock formation system, during the life of a well.
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8.4.1 Post-Blowout Discharge Period
For the parameters on Table 8.1 as well as the wellbore specifications measured in
the Section 8.3, Willson (2012) estimated the post-blowout discharge flowrate, 𝑞, to reach
155,040 STB/day at 26 minutes after the blowout, with the bottomhole flowing pressure,
𝑝𝑤𝑓 , equal to 7,072 psi. As mentioned by Luo et al. (2020), the updated stress state of the
casing-cement sheath-rock formation system is a superposed value on the initial stress state
of the entire system. The procedure for determining the stress state of the casing-cement
sheath-rock formation system can be divided into to two steps, (i) calculate the system’s
initial stress state, and (ii) add or subtract the 𝑝𝑤 difference to the system.
If 𝑝𝑤 is decreased from 12,047 psi (balanced conditions) to 7,072 psi during
discharge, it means that the 4,975 psi pressure difference are applied on the inner wall of
the casing. This puts the casing walls under collapse and compressive stress loads. Figure
8.10a indicates that the stress loads experienced by the casing during discharge are
expected to induce casing failure, as the point on the von Mises diagram is outside the
ellipse. This is dangerous, because locations of casing failure, because they are located
shallower than the casing shoe, can provide a location of possible fracture initiation during
the subsequent capping procedures.
Nevertheless, on the account that the cement sheath has already solidified, the stress
distributions within the cement sheath and rock formation (Figures 8.10b through 8.10d)
remain the same as Figures 8.6 through 8.8. Only the stress distribution inside the casing
wall changes, responding to the underbalanced conditions (𝑝𝑝 ≪ 𝑝𝑤 ). The Mohr Circle
diagram on Figure 8.9 remains unaltered following the drop in 𝑝𝑤 from slightly
overbalanced conditions at 𝑝𝑤 = 12,790 psi to significantly underbalanced conditions at
𝑝𝑤 = 7,072 psi.
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Figure 8.10. Evaluation of the casing-cement sheath-rock formation system during postblowout discharge at 𝑝𝑤 = 7,072 psi, which is the flowing bottomhole
pressure corresponding to a discharge flowrate of 155,040 STB/day (from
Willson, 2012).

During rapid discharge, the casing is heated up by the fluid flow and heat from the
reservoir formation, leading to casing expansion, which induces thermal stress. The
temperature increase during post-blowout discharge increases the likelihood of tensile and
shear cement sheath failure (Hu et al., 2019). The incremental stress induced by
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temperature variation in the cement sheath is smaller than the stress caused by 𝑝𝑤
differences with this disparity intensified during 𝑝𝑤 build-up during post-blowout capping.

8.4.2 Post-Blowout Capping Procedures
Michael and Gupta (2020c; 2020d) investigated potential fracture initiation during
the capping procedures following an offshore blowout. During capping, a capping stack is
installed on top of the severed – damaged or fully destroyed – blowout preventer (BOP)
and then is shut-in following a pre-determined schedule (Michael and Gupta, 2020c;
2020d). There are two method of capping stack shut-in. The fastest method is the “abrupt”
shut-in (Figure 8.11a), where the discharge flow from the well is suddenly stopped. The
second method is the “incremental” shut-in (Figure 8.11a), which is gentler compared to
abrupt shut-in procedures, where the well discharge flow is gradually stopped over a
predetermined time period/schedule involving a specific number of steps.
The capping stack shut-in induces 𝑝𝑤 build-up (Figure 8.11b), during which 𝑝𝑤 can
exceed the breakdown pressure, 𝑝𝑏 , either (i) directly below the casing shoe, or (ii) at any
point within the casing string where casing failure has previously taken place. This will
lead to tensile fracture initiation(s) from those locations. Vertical or lateral propagation of
those fractures can lead to them cutting across overlying layers and even reach the surface
or seafloor, providing a low resistance path for hydrocarbons from the reservoir to flow to
the ground or seawater causing an ecologic disaster.
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Figure 8.11. Comparison of the two methods of capping stack shut-in; single-step/“abrupt”
and multi-step/“incremental,” vis-à-vis (a) discharge flowrate and (b) casing
shoe pressure versus time (from Michael and Gupta, 2020c).

Hu et al. (2019) evaluated cement sheath integrity during hydraulic fracture
stimulation, identifying this as the most critical stage in lifetime of a well vis-à-vis the
integrity to cement sheath failure. The pressure inside the wellbore changes by ∆𝑝𝑤 =
(𝜌𝑓𝑟𝑎𝑐 − 𝜌𝑤 )𝑔𝐷 + 𝑝𝑤ℎ , where 𝜌𝑓𝑟𝑎𝑐 is the fracturing fluid density and 𝑝𝑤ℎ is the
fracturing pressure applied on the wellhead during the stimulation treatment. Due to the
∆𝑝𝑤 , additional radial compression along with additional tangential and axial tension are
generated in the casing and the rock formation. Pressure build-up during post-blowout
capping imposes de facto the same effects on the casing-cement sheath-rock formation
system as a hydraulic fracture stimulation treatment.
The pressure build-up was estimated for an abrupt shut-in by Michael and Gupta
(2020c) to reach maximum shut-in wellbore pressure, 𝑝𝑤𝑠 , reaches 11,823 psi, 24 hours
after an abrupt shut-in was implemented (Figure 8.11b). The calculated 𝑝𝑤𝑠 value was used
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to evaluate casing (Figure 8.12a) and cement sheath integrity (Figures 8.12b through 8.12d)
during post-blowout capping procedures at 𝑝𝑤𝑠 = 11,823 psi.

Figure 8.12. Evaluation of the casing-cement sheath-rock formation system during postblowout capping at 𝑝𝑤 = 11,823 psi, which is the pressure at the casing shoe
depth at 24 hours (from Michael and Gupta, 2020c) following a singlestep/“abrupt” capping stack shut-in.
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8.5

DISCUSSION

8.5.1 The Impact of Reservoir Depletion
Depletion of reservoir pressure during the post-blowout discharge stage impacts
both the in-situ stresses and hence the stability of the casing-cement sheath-rock formation
system. For short discharge periods and small discharge flowrates, the change in the
reservoir average 𝑝𝑝 after the ending of the post-blowout discharge period is assumed to
be negligible, and thus the in-situ stress state remains virtually constant. This assumption
however, is questionable for lengthy discharge period and high discharge flowrate
scenarios, such as that of the Macondo blowout that lasted 83 days (Hickman et al., 2012).
The longer the discharge period (at a given flowrate) is, the larger the total volume
of hydrocarbons removed from the reservoir will be, leading to a larger decrease in 𝑝𝑝 . A
decrease in 𝑝𝑝 from 0.68 psi/ft, which is equivalent to 𝑝𝑝 /𝑆𝑣 = 0.82 to 0.43 psi/ft, which is
equivalent to 𝑝𝑝 /𝑆𝑣 = 0.52 decreases the two horizontal in-situ stresses will also decrease
during depletion approximately by ∆𝑆𝐻𝑚𝑎𝑥 ≈ ∆𝑆ℎ𝑚𝑖𝑛 ≈ 𝛼𝐵 𝑝𝑝 . Since the deepwater GoM
location considered is under normal faulting stress regime (Table 8.1) and 𝑆𝑣 remains
constant, the decrease in 𝑆ℎ𝑚𝑖𝑛 enlarges the Mohr Circle (Figure 8.13) making its
circumference to get closer to the Mohr-Coulomb failure limit. Further decrease in 𝑝𝑝 to
0.18 psi/ft, which corresponds to 𝑝𝑝 /𝑆𝑣 = 0.22, further enlarges the Mohr Circle. Reservoir
depletion appears to hinder the cement sheath’s stability to shear compressive failure.
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Figure 8.13. The impact of reservoir depletion on the cement sheath’s stability to shear
failure. As 𝑝𝑝 decreases, the radius of the Mohr-Circle increases bringing its
circumference closer to the limit of the yellow shear failure zone according to
the Mohr-Coulomb failure criterion.

Reservoir 𝑝𝑝 can be reliably estimated if the areal extent of the reservoir is known.
In lieu of knowledge on the reservoir’s outer boundaries, something common in wildcat
wells, robust estimations and projections of the average 𝑝𝑝 are difficult. All geomechanical
and reservoir in-situ parameters need to be considered collectively in order to accurately
determine the net impact of 𝑝𝑝 reduction during a prolonged discharge period before
capping the well, following a blowout.
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8.5.2 Presence of a Microannulus on the Cement Sheath Interfaces
Bois et al. (2011) investigated the creation of a micoroannulus on the casing-cement
sheath and cement sheath-rock formation interfaces. These microannuli are induced by
chemical shrinkage and expansion (cement volume variations) during the cement hydration
process or casing contraction or casing contraction due to mud weight reduction or
temperature decrease. A microannulus, which can be seen as an extreme form of inner and
outer debonding (Figure 8.5) can compromise the aggregate stress distribution of the
casing-cement sheath-rock formation system, by establishing discontinuities in the stress
variation at the casing-cement sheath and cement sheath-rock formation interfaces.
To prevent the formation of a microannulus, cementing techniques that strengthen
the contact force of cement sheath with casing and rock formation can be taken such as the
use of the expansive cement slurry system, which applies annular pressure and reduces
fluid density during cement setting (Hu et al., 2019). Well integrity is strongly controlled
by this contact stress. Following post-blowout discharge and capping, if the contact stress
decreases, a microannulus might appear. Nevertheless, with increasing depth, the
compressive stress increases along with the ability of cement sheath to resist the
microannulus and tensile failure.

8.6

CONCLUSIONS
The thrust of this study was to develop expressions for the stress distribution in a

casing-cement sheath-rock formation system and investigate the effects of extreme loss of
well control situations on the system. The influence of the cement solidification process
was incorporated using conclusions of published laboratory work from the literature. Based
on the preceding analysis, the following conclusions are apparent:
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•

In porous-permeable formations, with good permeability, the initial stress in the
cement sheath can be assumed to be equal to 𝑝𝑝 .

•

Cement volume shrinkage adversely impacts the casing-cement sheath-rock
formation system’s resistance to debonding, tensile, and shear failures. Contrary,
small cement volume expansions enhance cement sheath’s integrity. Hence, cement
slurries with no shrinkage or minor expansion are recommended.

•

During a loss of well control hypothetical GoM application scenario, tensile
failures, such as inner/outer debonding, radial cracking, and disking are more likely
to take place than shear cracking.

•

Reservoir depletion during post-blowout discharge, although effective in
preventing tensile fracture initiation, following the capping stack shut-in, enhances
the likelihood of shear failure.

•

Presence of a microannulus either at the casing-cement sheath, or the cement
sheath-rock formation interfaces can compromise the aggregate stress distribution
of the casing-cement sheath-rock formation system destroying the continuity in the
stress variations.
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Chapter 9. Conclusion
This dissertation explored fluid-driven fracture initiation from oil and gas wells,
considering lifetime stresses. Topics addressed were related to fracture initiation during
drilling, completions (stimulation), and loss of well control following a blowout. The prime
dependent variables were the orientation of fracture initiation and fracture initiation
pressures. Independent variables were many with the in-situ stress loading, as well as
mechanical and fluid properties of the reservoir and the well.
Chapters 3 through 8 contain detailed conclusions with the chapter introductions
summarizing the findings of each chapter. The findings and conclusions help develop better
understanding on avariety of related topics and deliver practically useful recommendations.

9.1

DRILLING-INDUCED FRACTURES FOR DIAGNOSTIC PURPOSES
Fully-analytical modeling of drilling-induced tensile fracture (DITF) initiation was

performed incorporating the impact of fluid infiltration from the pressurized wellbore into
the surrounding porous-permeable rock formation. Although the impact of the effects of
fluid infiltration from the wellbore are minimal during balanced drilling conditions, as
shown on Chapter 2, neglecting these effects in overbalanced or underbalanced drilling
conditions, can impact DITF initiation and orientation.
In Chapter 3, DITF orientation is shown to be a useful diagnostic tool for
constraining the local in-situ stress tensor, in particular the magnitude of the maximum
horizontal principal stress, 𝑆𝐻𝑚𝑎𝑥 , which is commonly the most difficult aspect of the insitu stress tensor to constrain. Longitudinal DITFs can be used to constrain the lower-bound
of 𝑆𝐻𝑚𝑎𝑥 magnitude if 𝑆ℎ𝑚𝑖𝑛 magnitude is known (presumably from leak-off testing).
Transverse DITFs are a rarity compared to longitudinal DITFs, thus are much more
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effective in constraining 𝑆𝐻𝑚𝑎𝑥 . A graphical method was presented in Chapter 3, where the
range of in-situ stress states where transverse DITFs are promoted is clearly indicated as
the region between three lines. These lines are, (i) that of the stress states where the axial
stress on the wellbore radius equal to the tensile strength of the rock, 𝜎𝑦𝑦 |𝑟=𝑟 < −𝑇, (ii)
𝑤

that of the stress states where the axial and tangential stress on the wellbore radius are
equal, 𝜎𝑦𝑦 |𝑟=𝑟 < 𝜎𝜃𝜃 |𝑟=𝑟𝑤 , and (iii) the line of the magnitude of 𝑆ℎ𝑚𝑖𝑛 . Higher values of
𝑤

the Biot’s poroelastic coefficient, 𝛼𝐵 , and Poisson’s ratio, 𝜈, increase the range of stress
states promoting transverse DITF initiation. Higher wellbore pressures, 𝑝𝑤 , in
overbalanced drilling environments decreases the range of stress states in which transverse
DITFs are promoted.

9.2

COMPLETION-INDUCED HYDRAULIC FRACTURES FOR STIMULATION PURPOSES
In Chapter 3, an orientation criterion is developed for completion-induced

hydraulic fractures (CIHFs) from perforated wells, using closed-form analytical
expressions from the literature for longitudinal and transverse fracturing stresses. This was
achieved through the evaluation of the tangential stress in two extreme locations on the
perforation base. Transverse CIHF initiation, similar to transverse DITF initiation is a rarity
over longitudinal CIHF initiation and occurs when the breakdown pressure, 𝑝𝑏 , is within a
specific range, “window”. Nevertheless, transverse CIHF initiation is relatively more
frequent than transverse DITF initiation for the in-situ stress states that are stable in the
Earth’s subsurface, which implies that effective perforating aids transverse fracture
initiation.
In Chapter 4, the orientation criterion presented on Chapter 3 is numericallyassessed using a true-3D model and found to overestimate transverse CIHF initiation. Case
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studies were performed on seven shale plays; the Barnett, Bakken, Fayetteville,
Haynesville, Niobrara, Marcellus, and the Vaca Muerta Shales of the United Sates and
Argentina. A second constraint to transverse CIHF initiation is identified, besides the 𝑝𝑏
window and that is the “critical tensile strength,” 𝑇𝑐𝑟𝑖𝑡 ; if 𝑇 > 𝑇𝑐𝑟𝑖𝑡 , transverse CIHF is
impossible irrespective of the magnitude of 𝑝𝑏 . The perforation direction for a stress state
at which the 𝑝𝑏 window and critical tensile strength are maximized is called the “preferred
perforation alignment” (PPA). The frequent occurrence of longitudinal CIHF initiation in
horizontal wells drilled parallel to 𝑆ℎ𝑚𝑖𝑛 , leads to (i) premature fracture growth
termination, or (ii) reorientation as the fracture propagates away from near-wellbore
vicinity. This generates near-wellbore fluid tortuosity which leads to short-term
completion-related and long-term production-related problems, such as early screenouts
and poor post-stimulation well performance.
In Chapter 5, correction factor sets are derived using the true-3D numerical model.
The resultant semi-analytical approach can be used at a known 𝑝𝑏 to evaluate the
orientation of CIHF initiation and the fracture initiation pressure, 𝑝𝑖 . While the analytical
portion of the model derivation is basin-agnostic, the correction factors vary for every
stress state. In Chapter 6, this semi-analytical modeling approach is used to derive
correction factor sets for each of the seven shale plays (Barnett, Bakken, Fayetteville,
Haynesville, Niobrara, Marcellus, and Vaca Muerta). The results were used to
comparatively assess oriented perforating in those seven shale plays. As demonstrated,
oriented perforating strategies can be employed to promote transverse CIHF initiation, or
when only longitudinal CIHF initiation is possible, minimize 𝑝𝑖 . Fluid leakages around the
wellbore can compromise oriented perforating strategies.
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9.3

LOSS OF WELL CONTROL-INDUCED FRACTURES FOR BROACHING PREVENTION
During loss of well control situations after a mismanaged kick, a blowout can take

place. The post-blowout period is divided into two parts. The first part is the post-blowout
discharge period, 𝑝𝑤 decreases dramatically putting the casing string in place to extremely
high stress loads making it vulnerable to collapse or compressive failure. The second part
is the post-blowout capping period, which follows the installation of a capping stack on top
of the damaged blowout preventer (BOP). During the capping stack shut-in, 𝑝𝑤 builds up
and this can lead to tensile fracture(s) initiating either from (i) directly below the casing
shoe, or (ii) locations within the casing string where casing failure has taken place.
Propagation of these initiated fractures to the seafloor provide a migration pathway for
reservoir fluids to broach into the seawater.
In Chapter 7, capping stack shut-in strategy was coupled to fracture initiation in a
fully-analytical manner. For every capping stack shut-in configuration, a critical discharge
flowrate, 𝑞𝑐𝑟𝑖𝑡 , is calculated which is used to indicate fracture initiation or not during the
shut-in, when compared with the actual post-blowout discharge flowrate for a specifc postblowout-discharge period (from the blowout until the beginning of the capping stack shutin). This calculation can complement the worst case discharge (WCD) estimations, which
are mandated by the U.S. Bureau of Ocean Energy Management, Regulation, and
Enforcement (BOEMRE) a-priori to drilling an offshore well, following BP’s Macondo
blowout in 2010. For the case of a multi-step/“incremental” capping stack shut-in (as
opposed to a single-step/“abrupt”), this calculation can be used to determine the optimal
number of shut-in steps and the duration per step at which any fracture initiation is
effectively prevented. The calculation procedure is presented for a hypothetical case study
with numbers typical to deepwater GoM.
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The calculation of 𝑞𝑐𝑟𝑖𝑡 assumes perfect integrity of the interfaces between (i) the
steel casing and the cement sheath, and (ii) the cement sheath and the surrounding rock
formation. In Chapter 8, the implications from the results of a laboratory test from the
literature are used to derive a fully-analytical expression for the initial stress state of the
casing-cement sheath-rock formation system.

9.4

FUTURE WORK
There are many opportunities to extend the work presented in this dissertation.

These opportunities are divided into, (1) other sources of fluid-driven fracture initiation,
(2) time-dependent multiple fracture initiation, and (3) propagation and interaction of
already-initiated fractures.

9.4.1 Other Sources of Fluid-Driven Fracture Initiation
Besides drilling, completion (stimulation) and loss of well control, there can be
other scenarios during the lifetime of a well at which fluid-driven fractures may initiate.
Arguably, the most important other scenario is during plug-and-abandonment (P&A) of a
wellbore. This is when a previously active well is shut-in via the placement of a permanent
barrier, such as a cement column (“plug”) in the borehole, which prevents fluid flow from
the reservoir to the surface and vice versa.
Long-term P&A in deepwater wells is subject to changes in the reservoir over time.
Governmental regulation has been imposed on operators in an effort to prevent abandoned
wells from leaking into the seawater contaminating it. Investigation of modeling aspects of
fluid-driven interface debonding along the cross section of a system following P&A is a
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field under current investigation. Reliable modeling of the P&A barrier material’s behavior
over reservoir depletion and repressurization cycles is paramount when trying to assess
long-term post-abandonment wellbore integrity. After a well is plugged, integrity loss via
fluid-driven interfacial debonding has been identified as the primary root of wellbore
leakages.
Hydrocarbon production is modeled as a fatigue mechanism, while fluid leakage is
driven by long-term reservoir repressurization at the casing shoe, following abandonment.
Complex numerical simulations can be employed to quantify debonded fracture geometries
in the near-wellbore region and in the interface between the plug and the steel casing.
Laboratory experiments can be designed to assess proposed theoretical modeling
approaches and applicable for wellbore leakage detection, and long-term performance
assessment of industry acceptable plugging materials.

9.4.2 Time-Dependent Multiple Fracture Initiation
Multiple fracture (multi-frac) initiation is in many ways more complicated than
single fracture initiation. A fracture treatment within a stage involves pumping fluid
simultaneously to multiple perforation clusters from the same fluid source. Simultaneous
multi-frac initiation is something that virtually every theoretical modeler assumes for a
single-stage fracture treatment. Nevertheless, simultaneous multi-frac initiation within a
stage is an extreme rarity if at all a possibility. This renders the results of simultaneous
multi-frac initiation theoretical modeling to be highly unrealistic as fracture initiation at
different time-steps renders that each fracture tip encounters a different stress state.
Additionally, inactive perforation clusters, as well as dominant fracture creation (also
known as “runaway” fractures, when one fracture receives the vast majority of the fluid
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and thus its geometry dominates that of all other fractures) are aspects that need to be
addressed before reliable multi-frac modeling becomes possible. Both inactive perforation
clusters and dominant fractures were shown to exist, not following a certain pattern,
through scaled-laboratory testing and field-scale microseismic monitoring.

9.4.3 Fluid-Driven Fracture Propagation and Interaction
A typical fracture treatment of a horizontal well is comprised a number of stages.
Every stage consists of a number of perforation clusters; usually from three to six each with
multiple of perforations per cluster. Out of all perforations in each cluster “active”
perforations are the ones generating fractures.
The creation of a fracture generates a perturbation in the surrounding stress regime,
affecting the propagation of other fractures. This interference phenomenon is known as the
“stress shadow” effect. Quantitatively, in a transversely fractured horizontal well, stress
shadowing is manifested as an increase in the in-situ stress parallel to the wellbore (in the
majority of cases, 𝑆ℎ𝑚𝑖𝑛 ). During simultaneous multiple fracture initiation, the combined
stress shadow effects of the propagating fractures makes them grow dissimilarly as seen
on for three, five and six perforation clusters.
Mitigation of stress shadowing can significantly enhance the impact of hydraulic
fracturing treatments, increasing stimulated reservoir volume (SRV) leading to higher
production of hydrocarbons and subsequently raise the net present value (NPV) generated
from the development of unconventional resources.

289

Appendix A. Unit Conversions
Table A.1.

SI/metric – oilfield/English unit conversion factors.
Variable

Dimension

SI unit

Oilfield unit

Conversion factor

Length

[𝐿]

m

ft

3.281 ft/m

Area

[𝐿2 ]

m2

acres

2.475×10-4 acre/m2

Pressure

[𝑀𝐿−1 𝑇 −2 ]

Pa

psi

1.450×10-4 psi/Pa

Compressibility

[𝐿𝑇 2 𝑀−1 ]

Pa-1

psi-1 “sip”

6895 Pa/psi

Permeability

[𝐿2 ]

m2

mD

1.013×10-15 mD/m2

Viscosity

[𝑀𝐿−1 𝑇 −1 ]

Pa∙s

cp

1,000 cp/Pa∙s

Flowrate (liquid)

[𝐿3 𝑇 −1 ]

m3/s

STB/day

5.434×105 STB∙s/m3∙day

Flowrate (gas)

[𝐿3 𝑇 −1 ]

m3/s

Mscf/day

3,049 Mscf∙s/m3∙d
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Appendix B. Fluid Infiltration from a Pressurized Wellbore
The near-wellbore stress field can be significantly altered by fluid penetration in a porous,
permeable medium. The total component of the stress at particular position in the medium
will therefore include a poroelastic component (Weijers, 1995). This modifies the stressstrain expressions to include an extra term for the pore pressure, such

𝜀𝑟𝑟 =

1
(𝜎 − 𝜈𝜎𝜃𝜃 + 𝛼𝐵 𝑝𝑝 [1 + 𝜈][1 − 2𝜈])
𝐸 𝑟𝑟

(B.1)

𝜀𝜃𝜃 =

1
(𝜎 − 𝜈𝜎𝑟𝑟 + 𝛼𝐵 𝑝𝑝 [1 + 𝜈][1 − 2𝜈])
𝐸 𝜃𝜃

(B.2)

2(1 + 𝜈)
𝜎𝑟𝜃
𝐸

(B.3)

𝜀𝑟𝜃 =

where 𝛼𝐵 is defined by Eq. 3.5, effectively as the fluid volume change induced by bulk
volume changes in the drained condition and can range from 0 to 1.0. Using these stressstrain expressions (Eqs. B.1 through B.3) a biharmonic equation can be derived in
cylindrical coordinates applied to the near-wellbore stress field,
𝜕2
1 𝜕2
1𝜕
( 2+ 2 2+
) (𝜎𝜃𝜃 + 𝜎𝑟𝑟 )
𝜕𝑟
𝑟 𝜕𝜃
𝑟 𝜕𝑟
𝜕2
1 𝜕2
1𝜕
𝜕 2 𝛷 1 𝜕 2 𝛷 1 𝜕𝛷
=( 2+ 2 2+
)(
+
+
) ≡ ∇4 𝛷
𝜕𝑟
𝑟 𝜕𝜃
𝑟 𝜕𝑟 𝜕𝑟 2 𝑟 2 𝜕𝜃 2 𝑟 𝜕𝑟

(B.4)

∇4 𝛷 = 𝐴∇2 𝑝𝑝

(B.5)
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1−2𝜈

where 𝐴 is the poroelastic constant, 𝐴 = ( 1−𝜈 ) 𝛼𝐵 . Hence, the poroelastic component for
the tangential (“hoop” or circumferential) stress at radius 𝑟 and 𝑟𝑒 the drainage radius of
the wellbore, becomes
𝑟

𝑟𝑒

𝜎𝜃𝜃 (5) (𝑟) = 𝐴 (−𝑝𝑝 + 𝑟 −2 ∫ 𝜌𝑝𝑝 𝑑𝜌 + 𝑟𝑒−2[1 + 𝑟 −2 ] ∫ 𝜌𝑝𝑝 𝑑𝜌)
𝑟𝑤

𝑟𝑤

(B.6)

If the drainage radius approaches infinity (𝑟𝑒 → ∞), the last integral can be approximated,
such that Eq. A.6 can be reduced to
𝑟

𝜎𝜃𝜃

(5) (𝑟)

= 𝐴 (−𝑝𝑝 + 𝑟

−2

∫ 𝜌𝑝𝑝 𝑑𝜌 + [1 + 𝑟 −2 ]
𝑟𝑤

𝑝𝑝
)
2

(B.7)

considering that for an infinite drainage radius the average value of pore pressure is equal
to that in the virgin formation (Weijers, 1995). Finally, the poroelastic component of the
tangential stress at 𝑟𝑤 becomes

𝜎𝜃𝜃 (5) = 𝐴(𝑝𝑝 − 𝑝𝑤 ) − 𝑝𝑤
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(B.8)

Appendix C. A 2D Application of the Fracture Orientation Criteria
Analytical modeling starting from the plane-strain solutions from the stress field in
the near-wellbore region is used to present closed form analytical expressions for the
stresses controlling fracture initiation (Chapters 3 and 4). For non-perforated wells,
fractures are assumed to initiate from the radius of the wellbore. AlTammar et al. (2018)
performed experiments on thin square plate samples (2D proxy) observing longitudinal
fracture initiation (Figures C.1 and C.2). During AlTammar et al.’s (2018) lab-scale
experiments, the sample was viewed through a polycarbonate and an adhesive layer on top
of the specimen (not shown on Figure C.1). No stress is applied on a direction other than
the plane of the plat (xy-plane).

Figure C.1. The specimen configuration used in AlTammar et al.’s (2018) lab-scale
experiments (reproduced with the author’s permission).
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Figure C.2. Fracture trajectory and fluid injection history of one of AlTammar et al.’s
(2018) experimental tests (reproduced with the author’s permission). A
longitudinal fracture is observed opening against the least compressive stress,
which is in the y-direction and propagating along the x-direction.
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Due to the absence of pore pressure (𝑝𝑝 = 0), any poroelastic effects are ignored
and thus Eqs. 4.5 and 4.6 are used, which for AlTammar et al.’s (2018) configuration
(which follows in cartesian coordinates) become

𝜎𝑧𝑧 = 2𝜈(±𝑆𝑥𝑥 ∓𝑆𝑦𝑦 )

(C.1)

𝜎𝜃𝜃 = {3𝑆𝑥𝑥 − 𝑆𝑦𝑦 − 𝑝𝑤 , 3𝑆𝑦𝑦 − 𝑆𝑥𝑥 − 𝑝𝑤 }

(C.2)

Eqs. C.1 and C.2 allow the two criteria for fracture initiation (Eqs. 4.2 and 4.3) to be
simplified to

2𝜈(±𝑆𝑦𝑦 ∓𝑆𝑥𝑥 ) + 𝑇 < 0

(C.3)

{(1 − 2𝜈)𝑆𝑦𝑦 + (2𝜈 − 3)𝑆𝑥𝑥 + 𝑝𝑤 , (1 − 2𝜈)𝑆𝑥𝑥 + (2𝜈 − 3)𝑆𝑦𝑦 + 𝑝𝑤 } < 0

(C.4)

Applying AlTammar et al.’s (2018) conditions, 𝑇 = 173 psi and 𝜈 = 0.25. A 65 psi
compressive stress is applied along the x-direction (i.e. 𝑆𝑥𝑥 = 65 psi), while no stress is
applied along the y-direction (i.e. 𝑆𝑦𝑦 = 0 psi).
Table C.1 shows the quantitative results of the criterion’s application. With the
conditions used in AlTammar et al. (2018) none of the two conditions necessary for
transverse initiation are satisfied (Eqs. C.3 and C.4). With 𝜎𝜃𝜃 |𝑟=𝑟𝑤 < −𝑇 in the xdirection (-458 psi) it is implied that longitudinal fracture initiation is promoted in that
direction, which is what was observed in AlTammar et al.’s (2018) experiment (Figure
C.2). The observed fracture initiation pressure of 393 psi is very close to the longitudinal
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fracture initiation pressure prediction of 386 psi one can obtain analytically using Hubbert
and Willis’ (1957) expression for 𝜎𝜃𝜃 , setting 𝜎𝜃𝜃 equal to −𝑇 and solving for 𝑝𝑤 .

Table C.1.

𝑆𝑥𝑥 (psi)

65

325

Application of the fracture initiation criterion on AlTammar et al.’s (2018)
experimental conditions.

𝑆𝑦𝑦 (psi)

0

0

𝑝𝑤 (psi)

𝜎𝑧𝑧 |𝑟=𝑟𝑤 (psi) in x

Corresponding

Eq. C.3

Eq. C.4

Fracture

and y-directions

𝜎𝜃𝜃 |𝑟=𝑟𝑤 (psi)

condition

condition

initiation

Not

Not

32.5 and -32.5

-458 and -198
satisfied

satisfied

Not

Not

satisfied

satisfied

393

1,148ι

162.5 and -162.5

Longitudinal

-1,473 and -173

Longitudinal

350

0

<1,225ιι

175 and -175

<-1,575 and <-175

Satisfied

Satisfied

Transverse

550

200

<1,975ιιι

175 and -175

<-2,025 and <-175

Satisfied

Satisfied

Transverse

ι

Calculated using the expression of 𝑝𝑤 = 𝜎𝜃𝜃 |𝑟=𝑟𝑤 (after Hubbert and Willis, 1957) for longitudinal fracture initiation.
The longitudinal fracture initiation pressure, calculated using Hubbert and Willis’ (1957) expression is 1,223 psi.
ιιι
The longitudinal fracture initiation pressure, calculated using Hubbert and Willis’ (1957) expression is 1,623 psi.
ιι

A 5-fold increase in 𝑆𝑥𝑥 to 325 psi (and stress anisotropy, since 𝑆𝑦𝑦 remains zero),
still is not satisfying neither Eq. C.3 nor C.4. Yet, longitudinal fracture initiation is still
promoted along the x-direction, as 𝜎𝜃𝜃 |𝑟=𝑟𝑤 = −1,473 psi < −𝑇. It has to be noted that
the 𝑝𝑤 value given on the third column represents an estimate, calculated using Hubbert
and Willis’ (1957) expression for 𝜎𝜃𝜃 |𝑟=𝑟𝑤 = −𝑇, which is applicable exclusively to
longitudinal fracture initiation.
Further increasing 𝑆𝑥𝑥 and stress anisotropy to 350 psi, makes transverse fracture
initiation to be promoted marginally along the y-direction if 𝑝𝑤 (de facto fracture initiation
pressure) is kept below 1,225 psi. The values of 𝜎𝜃𝜃 |𝑟=𝑟𝑤 are calculated using a 𝑝𝑤 that
considers longitudinal fracture initiation, after Hubbert and Willis (1957). This makes it an
unrealistic prediction when it comes to transverse fracture initiation, for which the Hubbert
296

and Willis (1957) expressions cannot calculate the 𝑝𝑤 , as these expressions consider 𝜎𝑧𝑧 to
be completely independent of 𝑝𝑤 (i.e. 𝜎𝑧𝑧 ≠ 𝑓(𝑝𝑤 )). Using a non-zero, compressive value
for 𝑆𝑦𝑦 , can still promote transverse fracture initiation, but at 𝑆𝑥𝑥 values that are higher
than the examples where 𝑆𝑦𝑦 was kept at zero. For instance, a combination with 𝑆𝑥𝑥 = 550
psi and 𝑆𝑦𝑦 = 200 psi will also promote transverse fracture initiation, marginally along the
y-direction.
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Appendix D. Approximation of the Tangential Stress on the Perforation
Base
Following Hossain et al., (2000) the expressions for 𝜎𝜃𝜃 |𝑟=𝑟𝑤 and 𝜎𝑦𝑦 |𝑟=𝑟 from Eq. 4.2
𝑤

and 4.3 can be inserted back into the original expression for 𝜎𝜃𝜃 |𝑟=𝑟𝑤 (Eq. 4.2) substituting
the principal stresses 𝑆𝑣 and 𝑆𝐻𝑚𝑎𝑥 respectively, for a horizontal wellbore aligned with
𝜎𝑦𝑦 , which in this study is assumed to be parallel to 𝑆ℎ𝑚𝑖𝑛 . This makes 𝜎𝜃𝜃𝑝 , the tangential
stress around an arbitrarily-oriented perforation at angle 𝜃 take the form

𝜎𝜃𝜃𝑝 = 𝜎𝑦𝑦 |𝑟=𝑟 + 𝜎𝜃𝜃 |𝑟=𝑟𝑤 − 2 (𝜎𝑦𝑦 |𝑟=𝑟 − 𝜎𝜃𝜃 |𝑟=𝑟𝑤 ) cos 2𝜃𝑝 − 𝑝𝑝𝑒𝑟𝑓
𝑤

𝑤

+ 𝑝𝑝

(D.1)

where 𝜃𝑝 is the angle measured from the azimuth of 𝜎𝑦𝑦 . Substituting Eq. 4.2 and 4.3 at
𝑟 = 𝑟𝑤 into Eq. D.1 yields

𝜎𝜃𝜃𝑝 = (𝑆𝐻𝑚𝑎𝑥 + 𝑆ℎ𝑚𝑖𝑛 − 2𝜈[𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ] cos 2𝜃 + 𝑆𝑣 )
+ 2(𝑆𝐻𝑚𝑎𝑥 + 𝑆𝑣 − 𝑆ℎ𝑚𝑖𝑛 + 2𝜈[𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 ] cos 2𝜃) cos 2𝜃𝑝
− 2(𝑆𝑣 − 𝑆𝐻𝑚𝑎𝑥 )(cos 2𝜃 + 2cos 2𝜃 cos 2𝜃𝑝 )

(D.2)

− 𝑝𝑝𝑒𝑟𝑓 (2 cos 2𝜃𝑝 + 2) − 𝑝𝑝

For a perforation parallel to 𝑆𝐻𝑚𝑎𝑥 , 𝜃 = 90° and 𝑝𝑝𝑒𝑟𝑓 = 𝑝𝑤 , Eq. D.2 simplifies to

𝜎𝜃𝜃𝑝 |

𝜃=90°

= (1 − 2 cos 2𝜃𝑝 )𝑆ℎ𝑚𝑖𝑛 + ([4𝜈 − 2] cos 2𝜃𝑝 − 2𝜈 − 1)𝑆𝐻𝑚𝑎𝑥
+ (2𝜈 + 3 + [6 − 4𝜈] cos 2𝜃𝑝 )𝑆𝑣 − 𝑝𝑤 (2 cos 2𝜃𝑝 + 2) − 𝑝𝑝
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Contents from Chapter 5 were published in a conference paper titled “A SemiAnalytical Modeling Approach for Hydraulic Fracture Initiation and Orientation from
Perforated Wells,” which was presented in the 2020 Unconventional Resources
Technology Conference (URTeC). URTeC permits authors to reproduce the work.
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Contents from Chapter 7 were published in a peer-reviewed article titled “Fracture
Prevention Following Offshore Well Blowouts: Selecting the Appropriate Capping Stack
Shut-In Strategy” in the Society of Petroleum Engineers’ (SPE) Drilling & Completions
journal.
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